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SPATIALLY FLAT ROBERTSON-WALKER COSMOLOGY 
WITH MIXED RADIATION AND

THERMALIZED MASSLESS SCALAR FIELD CONTENT

CIPRIAN DARIESCU1 , SHINJI HAMAMOTO2

1 Department of Theoretical Physics “Al.[. Cuza” University, 6600 Iași, Romanța 

2 Department of Physics, Toyama University, Gofuku, Toyama 930, Japan

Abstract. Basically, in this paper, our interest has been focused on the fol- 
lowing problem: how did the thermalization of the minimally coupled mass- 
less scalar field go in the early radiation dominated spatially flat Robertson- 
Walker Universe and what kind of cosmologica! consequences did it have by 
its back-reaction effect? Therefore, we have worked out explicitly the exact 
frequency modes, quantized the massless field on the [k =  0)-radiation dom­
inated background and, finally, have estimated the many-particle expectation 
value of the conservative energy-momentum tensor, assuming a Bose-Einstein 
distribution (at the radiation equilibrium temperature) of the quanta. Unlike 
the Minkowskian case, when w =  3p for the massless scalar source, this time, we 

get equal supplementary contributions, 0 . , to the pressure and the energy- 
24a4

density of the thermalized field. They mainly come from the decaying am- 
plitude of the exact frequency modes and principially, strongly influence the 
evolution of the mixed radiation and thermalized massless scalar field domi­
nated (k =  0)-Robertson-Walker Universe by the back reaction elfect. It arises 
a maximal, Planckian-like, criticai temperature 3 /y î ( in  Planck units) and the 
mixed matter Universe smoothly goes from the phase of the coherent massless 
scalar field domination, when a ss t ^ 3 and the deceleration paramcter ț  =  2, to 
the usual phase of radiation a w t ^ 2 and ț  =  1. The exact solution of Einstein 
equations over the whole of this transition has been concrelely estimated in 
closed form as well as the “luminosity-distance versus cosmologica! red-shift” 
relation that fully characterizes the model.

Key words: spatially flat Robertson-Walker Universe, thermal background ra­
diation, scalar field quantization, thermalization procedure, cos- 
mologies with mixed matter content.
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122 C. Dariescu, S. Hamamoto 2

1. INTRODUCTION

As it is known, the (k = 0)-Robertson-Walker Universe is generically described 
by the line element

ds2 = e! ^ l^ /ll,d i ,‘d r‘' — (dt)2 , / i ,i /=  1,2,3 (1)

with t = z 4 being the cosmic (universal) time and f(l)  the primitive of the Hubble 
function h(t). With respect to the pseudo-orthonormal tetrads (dual to each other)

a) e^ = e d^, e4 = d^
b) wM - e-̂ dz*1, w4 = dz4 (2)

the only non-vanishing components of the Einstein tensor read

a) G^u — — [2/,44 + 3(/I4)2] 6pM
dfb) G44 = 3(/,4 )2 ,w ithf,4  = e4(/) = 4

and the Einstein’s field equations with a “background radiation” content,
a) ^  =

b) T4
(; ’ = wr ,

where
2

(5)

is the energy density at the radiation equilibrium temperature 7’r , have the explicit 
form:

2
a) 2/,w  + 3(/,4)2 = - ^ - T r

4

2 (6)
b) 3 ( b ) 2 = ^ - 7 r

4

The differential equation of the scale function f  is readily given by the combination
-[3(6.a) + (6.b)l, namely 
o

/,44 + 2 ( / 4)2 = 0 (7)

and possesses the non-trivial solution

/(C  = |ln (« t)  (8)

in the usual Minkowskian-like calibration a t(  = a - 1 :

^ - ' 1  =  0; M o"1) = Ao = l a
(9)

https://biblioteca-digitala.ro / https://www.astro.ro



3 Robertson-Walker Cosmology 123

Hence, the line element (1) and the (radiation) temperature evolution law, Tr { t \ 
are concretely given by (Robertson and Noonan 1968, Weinberg 1972)

a) ds2 = ( 2 M ) ^ d ;r"d a:,z -  (dt)2

(10)

b) î r ( i ) =  F  M ^ 2

2. THE MASSLESS SCALAR SOURCE AND ITS EXACT 
FREQUENCY MODES

Now, let us pass to the case when a minimally coupled massless scalar Held 
0, which later will be assumed in thermodynamical equilibrium with itself at a 
temperature Ts , comes into play. With respect to (2), its Lagrangian

M0] = j ^ l » ^  t 1 1 )

leads to the energy-momentum tensor

^ P  =  M i»  -  (>2 )

and to the Gordon equation

△0 -  (2/ioi) [0,44 + B/io^/iot)- 1 ^ ]  = 0, with A = i ' '1' ^  (13)

on the curved background (10.a). Due to the (latness of the {t = consi}-hyper- 
surfaces, the eigenmodes, «*(£)> ^ ^  appear in the usua) (generalized) Fourier 
representation

0(x) = y  d3 t  [at ut (r) + a£u fc(z)] (14)

of the field operator 0 and satisfy the orthonormalization relation

(ufc-, ufc) = i y  [uk'Ufc,4 -  uv,4“fe] (2/inO2 / J d3 i  -  6 (k1 -  k) , (15)

can be decomposed in
a) ut (^) = e, k *71+ ) (l)

. w i t h ^ t ^ ' / f ’fl) (16)
b) ^ ( r ) ^ ' ' - ^ ^ )

https://biblioteca-digitala.ro / https://www.astro.ro



124 C. Dariescu, S. Hamamoto 4

Thus, with (16) and (14), the Gordon equation (13) provides the differential
equation

d2Tt  3/2dT> |fc| 
di2 +  i di 2hot k = 0 (17)

for the time-dependent functions 7 ^ (1 ) -  Performing the coordinatc transformation

2ho t = r]\ w i th l ,^ E l i +  (18)

and the (function) substitution

^ ( i )  = ^ S ' ^ ) ,  with 7 G K, (19)

one gets from (17),

+  +  w i t h * = A  ( 2 0 )

ar/2 77 dt [ v J ho

For 7 = — 1, it obviously comes to the well-known differential equation

S  + W2^  = 0, (21)

possessing the fundamental Solutions

S ^ \ ^  = Nk ^ k \  (22)

where, the normalization constant /Vk will be appropriately determined from (15). 
Hence, going back along the chain (22), (19), (18), the eigenniodes { ^ ( r j .ă t ț i ) }
are explicitly given by

a) ufc( i)  =  (32!r3 |i|/iot) ^ e x p z I * z
\ ho

(23)

with (23.a) and (23.b) for positive and negative frequencies, respectively.

3. CANONICAL QUANTIZATION 
AND THERMALIZXT ION PROCEDURE

As the canonical momentum ir o f^  can be obtained from L[0] = -y/gL{<!>\ by 
the usual definition

* = d îT A t‘ ^ ^ 1  =  ' ^ • h  (24)

https://biblioteca-digitala.ro / https://www.astro.ro



5 Robertson-Walker Cosmology 125

and concretely reads

for

(25)

d>(x,t) = . ■. =
\/16ir3 /ioi

one gets, imposing the “equal time” Bohr-Heisenberg quantization relation

[ir(x ',t),^(l',t)] = - i i ( a : '- z ) ,  (27)

the well-known algebra
a) [ak ,-ah ] =  [a+,a+] = 0

, (28)
b ) l“ii>a k] =  ^  “  *).

satiafied by the annihilation and creation operators ak , ak (Birell and Davies 
1982, Kaku 1993). Thus, in principie, the normal ordered Lagrangian and energy- 
momentum tensor operators of the field ^ have the expressions

:L: -  I  a^,ak T)a ,,uk ^a uk ^d3 k'd3 k+
a )  1 /

l ^ ”1 [a vakUk ,|a uk |j +  a+,a+uk ,|a uk |6] d3 t 'd 3 i

, (29)
= /  “v a k [«k '|au

k |6 + M ’I‘I«] d3 t 'd 3 i+
b )  /

+ /  [avakUfcqo uk |t  + a+,a£ufcqa u)1|t ]d 3 Â:'d3 l:-77a t .L:

and taking the expectation values for a (generic) many-particle state | • • 'n*, • ■ ■) 
it results

a ) (l^-i) =  y  d3 fc»f*ufc|o uk |t nk

b ) (I ^la
..
 
 
-I) =  2 /; 

 
d3 f (3°)

h q a uk |l n t  -  r)ab / d3 ^ cduk |cuk |dnk ,

where nk is the number density of quanta, “centered” on k, in the i-space (Birell 
and Davies 1982). For an isotropic distribution nk depends on k and so, all the 
integrals containing free tp-terms vanish. Hence, the only essential componenta of 
the energy-momentum tensor (30.b) are given by

https://biblioteca-digitala.ro / https://www.astro.ro



126 C. Dariescu, S. Hamamoto 6

a )  ( l - ^ ’/
« k |p ’‘M"

^ t ‘'«kic«kM nk d3 i ,  for p = P

ăk|4«k|4 + 2’î‘% c « k |li nfcd3 i

From (23) it yields immediately

u*M = uk fi = — u^u* = (32îr3 |i|A0l) 1

yZnoi yZ nQ i

(31)

«*4 =  -
’ f i u  i h °  \  ■ i h ° \

;-------  £ ------ = =  Uf c ; U*4 =  —. . - -  « +  - = =  UkW \  A/ 2 ^ /  v W  V  V ^ i )

(32)

and consequently, passing in (31) to spherical coordinates (in the fc-space), d3 i  = 
= l J dWQ with k = |Â:|, we concretely get

( I - ^ . ^ PA M; ( l • • î ’4̂^ ■ | ) ^ ) , (33)

where
a )

b) 
and

_ 1 D(4;n t ) Ag D(2,nk )
P ’ "  3 (2/i0 t)2 +  2 (2A0i)3

_ D(4;n t ) A3 D(2;n t )
W’ (2/i0/)2 2 (2A0 i)3

00

D(“;n t) = y  ^ * ° - 1 nt-

(34)

(35)

Assuming that 0 is (effectively) thermalized at a temperature T,, then (Kaku 1993, 
Linde 1990)

nk = [exp(A/T,) -  l]- 1  (36)

and
O ( a ; ^ )  =  ^ 7 ^ < ( a ) T “ ' ( 3 7 )

where (  is the Riemann function and thus, we get in full the pressure and the energy 
density of the (thermalized) massless scalar field, 

= ir2 77 A3 T 2 
a )  P ' “  90 (2Ao t)2 +  24 (2Ao t)3

T? hl T? (3 8 )
; ’ 30 (2Ao t)2 24 (2Ao i)3

As it can be noticed, in comparison to the usual Minkowskian case when

2 2
p(M)= L ^ .  w W = L î ^ 

90 ”  '  30 ” (39)
https://biblioteca-digitala.ro / https://www.astro.ro



7 Robertson-Walker Cosmology 127

now, there are two major differences, both with the same geometrodynamical origin. 
namely the cosmological expansion. The most sensitive one (to the universal expan- 
sion) is clearly reflected by the /ij-contribution of the second lerm which survives as 
a difference to (39) even at the moment of Minkowskian calibration, io = (2A0 Z)— 1 . 
The less sensitive one, namely the explicit (2Aoi)’ 2-time dependence of p, and w,, 
is due to the (2/ioi)’ ^ 2-decaying law of the exact modes (23) of the massless scalar 
field <̂ minimally coupled to the curved background of the radiation dominated 
(k = 0)-Robertson -Walker Universe. However, employing the adiabatic approxi- 
mation Ag «  0 (Birell and Davies 1982), it is getting clear that (39) at any instant 
t must equal (38), with /i2 W 0, which means that T,{t) from (39) has to be equal 
to T,(2/iot)- 1 / 2 from (38). If T, from (38) were constant, then 7',(i) would satisfy 
the well-known “cosmological cooling law”

'pO

with a(i) = (2/IQO1/ 2 a n d ^o =  ^>(^o V^) temperature figuring in (38). Since we 
claim that (33) is the energy-momentum tensor of the thermalized massless scalar 
field, then it has to satisfy the conservation law

( l - Î ^ . D j t  = 0 (41)

namely
ti, -I- 3 -(w , +  ps ) = 0, (42)

a
which concertely comes to (employing (38))

( ^ J ?  +  ^ )  t ,  = - “-T . K ( !  -  1)7? +  2*1(1 -  1 ) 1 ]  S  0. (43)

pointing out that indeed the temperature T, figuring in (38) is constant, i.e. 7’, 
= T°, and so, the (expected) “cooling law” (40) is really valid. Hcncc, with respect 
to the effective time dependent temperature Ts = T,(t) the two expressions (38.a) 
and (38.b) become:

4  P , =  +  S T? ( , ) . - W >

. (44)
b) w, = + ^ ; ( t ) e - 4^ )

which, at least in principie, generalizes (38) to any spatially Hat RW-background 
of Hubble-primitive scale function f(t). Now, on might say that although the tem­
perature T, figuring in (38) is proved by (43) to be exactly constant that does not

https://biblioteca-digitala.ro / https://www.astro.ro



128 C. Dariescu, S. Hamamoto 8

mean actually that T,(t) in (44) drops like (40), since we have used the adiabatic 
approximation A2 «  0 which cut.s-off exactly the generalized supplementary terms 
(in A2 ) appearing in (44). Thercfore, we have to use again the energy evolution 
equation (42), for (44) this time, in order to check if 7^(1) satisfies (40). It yields

’̂  + ^ e - ' k / , 
O 4

which clearly means

7;(t) = T’X ' O  = fo ra n y /(t)

(45)

(46)

and thus, the time-dependent temperature, defining the pressurc and the energy 
density of the massless scalar field, does really go down as the temperature of the 
(thermalized) background radiation.

4. THE BACK-REACTION EFFECT

With (3), (4), (33) and (44), we are now in an appropriate position to get an 
exact solution to the interesting cosmological model of a spatially flat Robertson- 
Walker Universe driven by the mixed matter content of radiation and massless 
scalar field in thermal equilibrium. A similar but more involved analysis for mixed 
radiation and thermalized massive scalar fields (in thermal equilibrium) can be 
found in (Linde 1990).

Thus, for Tr (t) =  T,(t) =  T(t), the essential components of the total energy- 
momentum tensor Tab = î ^  + ( i k ^  'D r e a d

fir2 A2
a )  ? - =  30T 4 + 2 t T V 4 /  6 -

x 2 A2 ( 4 7 )

b) T44 = + ^ T 2e " ^

and using the non-vanishing components (3) of the Einstein tensor, we get the 
Einstein field equations for this model

ir2
a) 27,44 +  3(/,4 )2 = -K0 ^ r  + ^ T V 4 '

3(/,4)2 =  K0 fîr2 - ^ A2
V 4'

(48)

As it can be checked immediately, the multiplication of (48 a) by 3/4 and the 
insertion of the time-derivative of (48.b) lead to the expected scale dependence of

https://biblioteca-digitala.ro / https://www.astro.ro



9 Robertson-Walker Cosmology 129

the temperatura
T = Toe~', (49)

such that (48.b), with the insertion (49), becomes the essential Einstein equation 
for the Hubble-primitive scale f'unction f ,  namely

^ L  _  h  - 2 /  , ^ o  ^o  - 2 / V 7

dt - n e  [ +  72

Since at the moment when /  = 0 we have T  = To and

(50) that
dt

= /io,it yields from

(51)

where we have denoted by

and by

4, (in Planck units) (52)

Te .. (72/KQ)1/2 = —;= (in Planck units) (53)

The To-dependence of h^ is normal for a black body radiation content, but the 
presence of a sort of criticai temperature (53) is somewhat new since, according 
to (51), the equilibrium temperature 7b, at the time of Minkowskian calibration, 
cannot exceed the criticai (Planckian) value 3/i/ir when the corresponding Hubble 
constant ho blows up. Corning back to (50), it concretely reads

d t ’ ^
(To/Tc)2 1 1 /2 

i - ( W e (54)

and the substitution

/(x )  = In
(TO/ T;)

.TH W
= sinhy , with x 0, (55)

leads to the solution

i , - .  ( ^ ) 2 
W  2 ^ 1 -  (Tb/Tb)2

^ sin h(2x) -  * (56)

with the Big-Bang-like calibration t(x =  0) =  0. Thus, within the frame of this 
X-parametrization, the scale function a = e^ is explicitly given by 

■w = ^ s i n h '  ( 5 7 )

https://biblioteca-digitala.ro / https://www.astro.ro



130 C. Dariescu, S. Hamamoto 10

and using the fact that
dx h0
dl T l sinh2x

one can get the Hubble and deceleration functions, h — ă/a and q = -ad /(d )2 , as:
X ' L ( T ' \ '  1 C°Sh Xa> ‘w = i [U/ |ÎSI

b) ?W  = 2 - ta n A 2x

From (49) and (57) it yields

T{x) =
y r ?  -  T l 

sin hx

and the essential thermodynamical quantities are concretely expressed by

a)

b)

c)

d)

^ ^ - T 2)2

15 sinh4 x

= 7T2 { T l - T I V 
r  45 sinh^x

W = £ £ j f f / l +  M
30 sinh4 x \  sinh2x /

^ 2 (T2 - T 0
2)2 /  9 \

s 90 sin h4x \  sinh2x /

(60)

Now, as it customary in Cosmology when one deals with a particular model, 
we have to stop a little bit the further general calculations and analyse in more 
detail the standard cosmologica! parameters of this model and how it malches in 
the asymptotic regions to some (well)-known cosmological models. So, for x close 
to zero the cosmic time (56) can be expressed as

T =  ^ ( ^ / ^ o 2 -  D ^ x 3 ,

the Hubble function becomes

l> = M / T l  -  l)x ’ 3 , 

and that means

(61)

(62)

(63)

Thus, it yields a as t 1/ 3 which corresponds to a stiff-matter driving sourcc p = w 
(i.e. with 7 = 2) that gives a constant deceleration qy = -t = 2 cxactly as it is

https://biblioteca-digitala.ro / https://www.astro.ro



11 Robertson-Walker Cosmology 131

predicted by (58.b) for small x Hence, in the very early moments, the terrns in 
sin h~2x  = X- 2  contained in the parenthesis of (6O.c,d) become dominant leading to 
ws = p, ~  const./a6 and the background radiation gets negligible, leaving ourselves 
with a t  =  0 -RW Universe dorninated by a coherent massless scalar field which 
behaves phenomenologically as a stiff-matter source (Gottlober ct al. 1990).

In the opposite asymptotic region, for large values of x, we get

b) 
i.e.

h ^ A h ^ T f / T 2 -  l)e“ 2*

1/2 
t

and naturally,
a) a(t) S  ^ t ) ' / 2

b) « S I ,
meaning that we deal with a radiation dorninated Universe with

2 2
w =  w r  +  te., =  — T  ; p  =  p r  +  p s =  — T 

iU uU

where
Tu

(64)

(65)

(66)

(67)

(68)

Now, from a somewhat restrictive point of view, it can be noticed that, as we
have started the calculus of the thermalization of the massless scalar lield <j> with
a Hubble constant /io corresponding to a thermal background radiation, it would
be natural for it to be as close as possible to h0 which means that, having a look
at (51), the squared ratio of the Minkowskian temperature Tu to the Planckian 

" Tn ' 21

one Tc has to be much smaller than 1, i.e. an O . That seerns to be a

very natural assumption as long as we did not quantize the gravitațional field (for 
dealing with a consistent model at the Planck scale) and. moreover, we did not 
takc into consideration, within the framework of the matrix derisity formalism of
thermalization, the contributions due to the “off-diagonal” parts :H±: of the total 
Hamiltonian

:H: — :HQ: + :H±: + :H-:, (69)

where
. )  H .:  = W ) - 1' ’ f  1 ^  W  +

J |«| L /̂i(H.
https://biblioteca-digitala.ro / https://www.astro.ro



132 C. Dariescu, S. Hamamoto 12

b) :H0 : ■ H t iho/2 
‘2hat

e - ^ S ^ a r f
(70)

derived from the 44-component of (29.b). Therefore, let us consider TQ <C TC and 
sec how the model looks from the point of view of the so-called “predictive power” 
Summarizing all the important formulas, namely (56-60), adapted to To <  Tr with 
Tc given by (53) and h0 given by (52), we gel

a ) n(x) = - ^ T o sinhx

b) <(x)
_  \/15/ir

36
^sinh(2x) -

c ) h (x) V 15 sin hJ x
d) Q(X) = 2 — tanh

e) A x )
_  3 /X/ TT 

sin hx

f) wr = 27/5 
sin h4 x

g)
9/5

Pr — sin h4x

h) W, =
27/10 / 

sinh4 x \ sin /

0 P̂  =
9/10 A 

sinh4x \
9 \

+ sinh2 X/

(71)

As it can be noticed from (71.c), the value of x, denoted by Xe, for which T(xc) = Tc
is given by

Xc = In ( i /2 +  1)

and it leads tndeed to a subPlanckian moment (from (71.b))

(72)

when the temperature reached the “criticai” value Tc . So, the model is safe enough 
from this point of view since, staying away from such very early moments as (72), we 
will deal with valucs of x  much larger than Xc and, consequently, the temperature 
will be much smaller than Tc , cxactly as we have already assumed for 7’0 .

At a principial observation level, it is clear that the knowledge obtained by a 
rneasurement of a value T. of the background radiation temperature will determine
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13 Robcrlson-Walker Cosmology 133

the x» parameter as

X. = In T.

and consequently, the cosmic time

1/2 /" i r ~  ÎT » , /  3 /X/ TF /  r  7T__ \  \ i / l  + -T .2 -  -T ?  h  1 + J 1  + -T ?
V 9 9 ’ \  T. \  \  $ ) ) (73)

the Hubble constant

(74)

and the deceleration parameter

, . = 2 - ( l  +  ^ . 2) ' 1 (75)

3
If the measurement is done at moments much later than i c of (72) then T* <̂  —= 

y  7T 
and the above formulas simplify to

a ) '•  -  ^ r 1

b) h * "  ^ ^ ^  <7 6 >

c) g. = 1

Accordingly, the corresponding cxpressions of the thermodynarnical quantities

simplify to the expected formulas
2 

wr = 3pr  =  — 7?
10
2

^  =  3 p '  =  î n 7 *

However, one of the most important cosmological relations, namely the lumi- 
nosity-distance versus the cosmological red-shift, adequately obtained from (Wein- 
bcrg 1972)

Oi
A a (to b ) l  ^ T A a (^0*) 1
“ t  =  - 7 T a  ( M /  -7 T  and z = —7 7 -  -  1, “ (0  J O Î  “ W
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cxplicitly reads

1 + O -  \/(?o t - l ) ( l  + :) 2 +  ( 2 -? u l ) 1 (78)
2 -  ÎOM J

and fully characterizes the presented model independently of the approximation in 
O ^ / T c ) 2].
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DIRAC FIELDS IN CURVED SPACETIME 
A FORMAL APPROACH
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Abstract: Working on a general curved spacctime with Levi-Civita connection, 
the SO(l,3)-gauge covariant Dirac equation and its dynamical first order so- 
lution are derived using a formal algebraic approach in terms of tctrads. The 
obtained results can be written down for different manifolds of cosmologica! 
interest.

Key words: Dirac equation, canonica! quantization in curved spacetime.

1. INTRODUCTION

Although there is not a quantum theory of the gravitațional field yet, we 
need both general reiativity and quantum field theory in order to have a consistent 
description of the dynamics of the Universe and its matter content. Therefore, the 
problem of quantizing scalar and spinorial fields on a gravitațional background given 
by Einstein’s equations is of a real interest now (Birell and Davies 1982). Recent 
articles have been focused on discussing the quantum partide creation effccts in 
typical cosmological models (Leigh and Rattazzi 1995 and the references therein). 
But the Dirac equation being conformally invariant, like the ones describing the 
photons and the rnassless neutrinos, an isotropic expansion of the Universe does 
not create these particles.

In the standard cosmological models the plasma filling the early Universe is 
populated by both bosons and fermions. Together with the Klein-Gordon equation, 
the formulation of the Dirac equation on curved manifolds is very well motivated 
by various recent cosmological data. The construction of scalar fields froni spinors 
being trivial, we shall study in the followings the Dirac fields. So, the aim of this 
paper is to write down the SO(1,3)-gauge covariant Dirac equation and to derive its 
dynamical first order solution. Working on a general curved spacetime, the obtained 
results can bc put in a concrete form for different particular manifolds of cosmologi-

Rom. Astron. J., Voi. 7, No. 2, p. 135 -141, Bucliarest, 1997
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cal interest. For example, in the case of S3 x R  topology, the Diractype equation has 
been derived together with the complete set of Solutions (Carmcli and Mălin 1985, 
Sen 1986). Massive fermionic fields minimally coupled to an Sd x R  manifold and 
to a spacetime described by a Kerr-Newman metric (Dariescu, Dariescu and Got- 
tlieb 1995) have been also peformed. Moreover, in general Lorentz-gauge-invariant 
tetradic formulation of an SU(2)xU(l) gauge theory of bosons and fermions on 
S3 x R  we have obtained the complete set of Dirac-Klein-Gordon-Maxwell-Yang- 
Mills equations (Dariescu and Dariescu 1994). It is worthwhile then to analyse in 
a forthcoming paper the general results derived in the followings for these cosmo- 
logical models.

2. SETTING UP THE CONVENTIONS

The usual spacetime metric

ds2 = j i t d i 'd ?  (1)

can be cast into the form
ds2 = r]abWa Wi  (2)

by a suitable definition of the pseudo-orthonormal dual tetrad

w“ = w “d r' (3)

and, correspondingly, through 
(ua ,eb) - 6 ^  (4)

of the pseudo-orthonormal tetrad

Generally, the 1-form connection coefficients, f ' ( , defined as

V t eo = f ‘ l£ c  (6)

can be computed employing the Cartan ’s first structure equations

dwa =  - r ? A w ‘ (7)

in the absence of torsion, i.e. for a symmetric connection.
https://biblioteca-digitala.ro / https://www.astro.ro



3 Dirac Fiekls in Curved Spacetime 137

Because with respect to thc rigid tensor basis {w“ ^ w 6 ^  ( _— t.hc metric

9 = V (8)

is constant (Minkowskian), the metric condition of the linear connection r  rcads

9ab\c — 0

i.e.
r ( a 6)c =  0 (9)

expressing the well-known skew-symmetry of connection coefficients with respect to 
a rigid frame in the first two indices.

According to Einstein’s Equivalence Principie in Local Formulation, any 
Lorentz-covariant field equation in the Minkowskian spacetime can be Lorentz- 
gauge-covariantly generalized in curved spacetime, with respect to a pseudo-ortho- 
normal basis, by simply replacing the parțial derivatives with the SO(3,l)-gauge 
covariant ones:

da - (10)

or, in a more condensed notation which will be used in the following sections

( • ) , « - ( • ) .  (H)

Thus, for the Minkowskian Dirac field equations

y'tp^ + mip =  0; V',i7' — mi/> = 0 (12)

one gets immediately the SO(3,l)-gauge covariant expression of thc Dirac field equa­
tion as being

7 a V’ia +  m ^  =  0; ^ ,„7“ -  rn^ = 0  (13)

where, as we have stressed above,

t^a = ^ |« + ^  ^br.a 7 b7ClJ>-, ^ a =  ^ |a -  ^ h S '  1'1™ (14)

The Dirac matrices 7, satisfying the algebra

7a 74 +  747a =  ^ab  (15)

will be considered all over this paper in the most common representation

7M = 7M =  -'Pa"

, p  = 1,2,3 (16)

7 4 =  -74 =  ~i0
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with
/  O cr" \  / I O

a" = J 0  =
\a'* O /  \O -1

(17)

cr** being the usual Pauli matrices. Correspondingly, y5 = 75 is generally defined as

7 5  =  - ^ o M T ^ W .  w >th £1234 =  —e 1 2 3 4  =  - 1

and it concretely reads
/  0 —1 \

y 5  =  1
\  —1 0 /

(18)

(19)

3. DYNAMICAL FIRST ORDER SOLUTION

The aim of this section is to algebraically derive the solution of (13) in the first 
order approximation and to put its image in the momenturn space in a convenient 
matrix formulation which turns to be useful in Section 4.

Therefore, we proceed by writing down the dynamical 0-order solution. Ne- 
glecting T in the expressions of the covariant derivatives (14), equation (13) reads

7^1» 4-771  ̂ = 0 (20)

and it can be treated formally, at an algebraic level, as its Minkowskian equivalent

^ ^  = 0 with D ^ ț r )  = 7’3 ,+ m  (21)

Thus,
D |\ r ) [ e , p i ] = i(p -  im)e'p x  with p = y p (22)

and assuming that ^ ^ ( x ) ]  is the inverse of O ^ f i ) ,  it results

^ ^ ( ^ ■ ‘ ( e ^ X p ^ ^

e  ~ .
K ' t r ) ]  ’ ' (el p l ) = - i  e1̂  (23)

since
(p + im)(p -  im) = p2 + m 2 (24)

Now, writing (13) as

7a ^ a + mip = - ^  r bcaya y by c ip (25)
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D+ (x)ip(x) = |  r ; ( i ) 7 ^ ( i ) ,  (26)

where we have used the identity

y 0 ^  = ^ 7 '  + r f ' ^  + ieabcd1dK (27)

that casts the rhs of (25) into

^bcr< a 1 ^bcdr* 5 a i V ^ a b c 7 —  2 c « ^ b cd 7  7  V (28)

and respectively defines the self-dual-like connection

r ;  = ^ r ^  -  ^ J cdr w 7
5 = r a -  r a 7

5 , (29)

we perform the Fourier transposition of f ' ( i )  and ip(x) as

D + ( I )V ( I ) = ^ ?T ^  /  H (? ) 7 “ (P +  im ^^p 2 + m2 )e't p + , ) j ;a(p) d \  d4p (30)

So, in the 1-st order approximation, the solution of (13) reads

^ W  = ^ M  + *(*) (31)

with p(z) as the 0-order solution of the D ^(x) operator

and

* W  =  r »(«)7“(P +im)6(p'2+ m 2 ) e, ( p + i ) la(p) d \  d4p (33)
(2 TT) 2J {q+ p)2 + m*

This image of x(z) in the inomentum space

X(P) =  - ^  [ ^ ^ ^ r M 7 a(p+irn)6(p2+ m 2 ) ^ - P ^ p )  d \  d ^ d 1 ^ 
(27r)6 J ( ț+ p ) 2 +m 2

becomes

X+(P)=“ ( â  /  - ^ ^ ^ - t i l " ^ * ™ ^  (34>
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which, for later convenience, can be expressed in the matrix forniulation, i.e. as a 
(4 x 4) matrix,

=  -  ̂  ̂ 5  j W - P W P + ^ ^ / P  (35)

and brings (31) to

W , )  =  W  '  ^  ^ ^  /  r ; ( p  -  p) T" (P + ™) ^  (36)

One is able now to follow the same procedure for the Dirac adjointed part in 
(13). Thus, starting with

D j M ^ ^ / n t x ) ,  (37)

where
D ^ ^ ( x ) - ^ a y a - m ^  (38)

we write down (37) as

D - ^ x )  = / ă(p)6(p2 + m 2 )(p +  im)7“r;(g )e - , ( '” t )I d4pd 4
î  (39)

Noticing that

we obtain

^  =  7 & /“(PM P2*  m 2 ^ P + i m h a r M 7 ^ ^ ^ ^  (41)
J { p - q Y + m 2 x 7

which, in the momentum representation defined as

* ^  =  ( 2 ^  /  X ^ ) ^ 3 4 1 . (42)

concretely gets

* { P }  = ^ f c p W + ^ ^ ^  (p ~ < l^ P < i\  =

= ( ^ 2  /  °(p)6(p2 + m 2 ) ^  + im)y
a r;,(P -  p ) ^ ± ^  (43)
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ie. • i -

As previously, it is convenient to express both (44) and the solution in the 1-st 
order approximation in matrix formulation, namely

x*( p )= ( ^ / ^ (?+im)7' r :(P ’ p)^ 5  IW|

and correspondingly

SMO = ^ »/2 
( 2 ^

d3P 
y/W p

(P + im)7a V ^ P - p )  -f+ m* (46)

As it can be seen, the formalism developed here is quite general with respect 
to the generalized Fourier images of the one form connection components, i e. once 
one has worked out the complete orthonormal set of Solutions of Dirac nonperturbed 
equation (20) any gravitațional field can be accomodated in the theory as a pertur- 
bation. However, the technical problem lies on deriving this set. It is the aim of a 
forthcoming paper to clarify this.
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Abstract. In this article we study the equilibrium of polytropes in a poloidal 
magnetic field. We see that the magnetic field is the solution of a nonhomo- 
geneous Euler equation for which we write the general solution. It depends on 
the Lane-Emden function. So we determined the exact solution for n = 0, 1. 
To study the relation between the magnetic and the polytropic index we use 
the first order Pade approximants for the Lane Emden function.

Key words: stellar structure, magnetic field.

1. INTRODUCTION

The detection of the magnetic field at the stellar surface (see Babcock, 1958) 
raised the question of its role in the equilibrium of the star. Earlier, Chandrasekhar 
and Fermi (1953) found, using the virial theorein, that there is a maximum value 
for the magnetic field above which the equilibrium is lost. The measured valncs 
are below it, so the stars are in equilibrium. But, the problem of the distribution 
of the magnetic field in the star raises a quite complicated rnathernatical problem. 
An analytical solution of the problem could be found only if we make some sup- 
plementary hypothesis. We shall presume, based on the phototnetric observations 
(Borra and Landstreet, 1980), that at the stellar surface the magnetic field can be 
approximated by a dipole with the center in the center of the star and so the field 
is weak and has an axial symmetry. We also consider that the star is a complete 
polytrope with a given polytropic index n. In this case to obtain the distribution of 
the magnetic field in the star we have to solve a singular Sturm-Liouvillc problem 
(see Roxburgh, 1966). But in the particular case of the poloidal magnetic field (see 
the decomposition proposed by Liist and Schliiter, 1954), the problem can be easily 
solved, because it yields a nonhomogeneous Euler equation. Its general solution

Rom. Astron. J., Voi. 7, No. 2, p 143-150, Bucharest, 1997
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will depend on the Lane-Emden function. We will see that the first order Padc 
approximants, proposed by Pascual (1977), provide us a good approximation of the 
problem and its analytic form allows us a qualitative interpretation.

The equilibrium of a polytrope in a magnetic poloidal ficld was studied by 
Monaghan (1965). He found the differential equation that provides the magnetic 
field, solved it numerically for different polytropic indices and discussed the influ- 
ence of the polytropic index n on the distribution of the magnetic ficld. Further, 
we will show that Monaghan’s differential equation for the poloidal magnetic field 
is equivalent to an Euler equation and write its general solution. The Lane-Emden 
function present in this general solution will be substituted by its first order Pade 
approximants (Pascual, 1977), fact that permits us a comparison between this so­
lution and a numerical one.

2. BASIC EQUATIONS

To describe the equilibrium in a poloidal magnetic field we will use the equa­
tion of the hydromagnetic equilibrium, the Poisson equation, the Ampere law, the 
magnetic monopole equation and the polytropic relation, respecțively:

V P  j x H
—  = -  V H -  , 

P cp (1)

V20 =  AirGp, (2)

1 TT ^  •cur! H  = —
c (3)

div H  = 0, (4)

P = K p l + ±, (5)

in which the notations are usual. Supposing that the star has axial symmetry and 
using the spherical coordinates (r, 0, <̂) with r = 0 in the center of the star and 9 =  0, 
the symmetry axis, we obtain that ^ ^  = 0. Having in mind the representation of 
the general solution of (4) (see Chandrasekhar, 1961) and the simplifications due to 
the hypothesis of axial symmetry and poloidal magnetic field, we will obtain that 
H  = (Wr , W«,0), with:

„  _  __ 1 dS 1 dS
r 2 sinSâ9 ' 9 rs in f iâ r  $
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3 Polytropcs in a Magnetic Field 145

Taking curl of equation (1) and using (3) we will obtain:

curl
H  x curlff

P
= 0, (7)

relation that will be used further to express the dependente of the magnetic field 
on the radius. We shall assume, in the first approximation, that the magnetic field 
is weak, so it presence will not modify the mass density distribution in the star. So, 
p = po^r), where po is known from the equilibrium of an unperturbed polytrope.

We will consider that the exterior magnetic field is dipolic and in the interior 
it is expressed by:

S(r,t?) = X(r)sin2 (0). (8)

To facilitate the evaluation of the magnetic field we introduce the following trans- 
formations:

r = a^ , p0 = pc0” K(n + l)p" 1 
4?rG

A = Dpc aAy„ (9)

in which we recognize the Emden variables (£,0n ), introduce a new dimensionless 
function T„(( )  proporțional to the magnetic field and use the constant of integra- 
tion D (see Roxburgh, 1966). This substitution allows us to build the dimensionless 
form of (7). So, using (6), (8) and (9) in (7), we get the following nonhomogeneous 
second order differential equation: '

^ I n  _ 27n _ _nnc2 
d^ 2 ^ (10)

where 0n is the Lane-Emden function of index n, i e. the solution of the Lane- 
Emden equation of order n:

1 d .
( ii)

The boundary conditions for the equation (10) are:

7 n = 7 n = 0  in (  = 0 and (-^ ■  +  7„ = 0 in (  = ( b  (12)

The first condition says that the magnetic field must be finite in the center 
of the star and the second in f = (i (with fi the polytropic radius, i c the first 
zero of the Lane-Emden function) refiects that at the surface of the star there is no 
discontinuity in the magnetic field.
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3. THE GENERAL SOLUTION OF EQUATION (10)

The equation (10) is a nonhomogeneous Euler equation. With the transfor- 
mation £ = e1 it becomes an equation with constant coefficients:

(13) 
d r  di

where ?(0  =  7n(e(), 0(t) = ^ ( ^ 7  The fundamental system of Solutions for (13) 
is:

{ e -  . *2‘b  (14)

so the general solution is:

7(() =  c1(t)e- , +  c # 2 ,
1 (15)

where the functions Ci(i) and cjfl) are determined from the following conditions:

• ^ ( ^ e - '  + c ^ ^ e 2 ' = 0
< (16)

e21 = - ^ ( f ) ^

Solving (16) and substituting in (15) we find that the general solution is:

^n W  =  4 e21 / e 2 i^ ‘) d l  +  k ‘ / e ^ : : w d i + ^ ‘^ + 1 < 2 e ~ l ( 1 7 ) 

where the constants Ki and A'2 are determined using the boundary conditions (12). 
Going back from the variable 1 to (  we find the following expression for yn (():

7n(0 = - ^ l ^ ( 0 ^  + 5 1 / <4 O ) d <  + A 'iț2 + ^ .  (18)

which enables us to find the constants Iii and K? using (12):

; = -  M £ 4 O ) d d  • (19)
(={1 L J ț = o

We note that in (18) and (19) is involved the Lane-Emden function of index n. 
But as we know, there are only three cases (n G {0,1,5}) whose exact form could 
be written (see Chandrasekhar, 1939). Further we will use an approximate form of 
it to be able to compare our results with the numerica! results of Monaghan (1965).

4. CERTAIN SOLUTION FOR EQUATION (10)

Let us substitute in (18) n = 0,1 to get exact Solutions for (10). For n = 0 
we get the solution found by Ferraro (1954), and for n = 1 the Monaghan’s

https://biblioteca-digitala.ro / https://www.astro.ro



5 Polytropes in a Magnetic Field 147

solution (1965):

for ri = 0

for n = 1

#1 = ^ 7 n ( ( )  = (s in (  + 2cos( -

For other values of n we know only approximate or numerical soluționa for 
(11). In the sequel we are going to use the first order Pade approximation in f  =  0 
for the Lane-Emden function1 (Pascual, 1977), which means:

1 In the neighbourhood of f  =  0, the power series cxpansion ol the Lane-Emden
function has only even terms. So. we have to approximate a power series 011 £2 . So, in
fact, here 9n  is rather a function ol ț 2 tha.n a function of f  This the reason why 8 „ '^

is termed “first order Pade approximant” it being really of first order with respect to ( 2

(not with respect to f ) .

ÎO +  X >  - . ( 2 0 )

Choosing n =  1 in (18) and (22) we find the following expression for } |(()

7i(() = JO  (  138.3339469 + J ( 2 -  l n (60 + 3 0 )1  (21)
O \  0 0 J

7 ,5 200 . 4000, 8000 / -  /  1 / - \

4  _!5---- ?----- L ”-------- t J  (a|

For n =  2, we get 72 (()

72(0 = JO  (-37.98177011 -  ^  + + y  ln(10 + 0 ) 1  + |  (23)

*( ^ ' - > * + ? ^  - T ^ -  ( » ) «
For n =  3 we obtain 73(0

T 3 ,̂ , “ 31 ̂  , /( 7  1 6  3 0 + W   +  2020108070 0 (20+1  3^2)2 2702090 0 20 +1 3(2

(25)
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In figures 1, 2 and 3 we have represented (23), (24) and (25) (thin line) and also 
the numerical solution (Monaghan, 1965)2 (thick line). Our solution approximates 
the numerical one with the mean error 0.3, 0.17 and 0.11 respecțively. At the 
surface of the star our solution is far from the numerical one, mainly, because we 
used a first order Pade approximant in £ = 0 for 0n - To overcoine this fact we 
could use a higher order Pade approximation or to part the star in envelopes in 
which we compute different Pade approximants. But these approaches involved 
more calculations and complicated the analytical form of the solution.

2 The functions 7n(f) and BQ({) from Monaghan’s articlc - dimensionless functions - 
are in the ratio —2. So, in fact, we represent in our pictures —27n(f) and Bo(€)

In figure 4 we analyze the magnetic field at different depths in the star (on 
i-axis we represent ^/^i, where fi is the first zero of the Lane Emden function) 
and we see that increasing the polytropic index, the main value of the field is found 
deeper in the star. The maximum value of the field does not depend strongly on 
the polytropic index for stars with strong central condensation, as we can see in 
figure 4.
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Fig. 4. — The magnetic ficld versus the star depth for n 6 {0, 1,2,3}; 
the first line from the top is for n =  0.
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Abstract. One proves that, if n equal masses are initially situated at the verticcs 
of a regular polygon centered in the (n + l)th mass, and if the inițial velocities 
form a vector field symmetrical with respect to the central mass, then the 
configuration of regular polygon is kept all along the motion, but with variable 
sides and variable rotation around the centre. The motion of every mass relative 
to the centre is provided by the solution of the classical two-body problem.

Key words: celestial mechanics -  (n + l)-body problem.

Elmabsout (1988) proved that in the Newtonian planar (n + l)-body problem 
(material points: P o ,^ , -, Pn, masses: m0 , m1 = m2 =  . . .  = mn  = m; n ^  2) 
there exists an exact particular solution, geometrically representable by a regular 
polygon of vertices Pi, P i , . ■ ■, Pn and centre PQ, of constant sides, rotating around 
PQ with constant angular velocity. He also studied the stability of this configuration 
for different relations among the parameters mo, m and n (see Elmabsout 1990, 1994, 
1996).

In this paper we point out the existence of a new class of exact Solutions for 
the Newtonian planar (n +  l)-body problem.

THEOREM. If the bodies Pt, k = l,n , of masses m^ = m, k = \ ,n , n ‘2, 
form at the inițial instant t = 0 a regular polygon centered in the body Pa of mass 
m0 , and if  their inițial velocthes form a symmetrical vector field around PQ, then 
for every t € D (D = maximal interval of existence for the solution, 0 € D) 
the bodies P  ̂ will form a regular polygon centered in PQ, homothelic with the inițial 
polygon, and rotating around PQ with variable angular velocity. Each body P* moves 
with respect to PQ on a conic section corresponding to the solution of the classical 
two-body problem.
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152 E. Grebenicov 2

To prove the theorem, we need two lemmas.

LEMMA 1. For n ^  2 and k = 2, n, the following identities hold
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Proof. Consider, for instance, the last identity. We shall have
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The last equality was obtained by putting j  = n + i -  k + 1 in the first sum 
and J =  i — i  +  1 in the second sum. The other identities (1) can be proved in a 
wholly analogous way. □
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3 New Solutions in (n + 1)-Body Problem 153

Next we need the equations which describe the relative rnotion of thc bodies 
Pk, k = l,n , with respect to Po- They have the form (e.g. Abalakin et al. 1976)

.. :2 G(m0 + m) v  [p, cos(A, -A t) - p t  c o s ^ - A J '
« -e*^=---- + 6m X  ---------- Ăi---------- ~

n f  1 \PkXk+2pk Xk = Gm ^  f —| ------  ̂J sin(Af -  At ), fc = l,n ,
(2)

where (pj, A*) are the polar coordinates of the body Pk in a plane originated in PQ, 
G =  Newtonian gravitațional constant, and

△t,- =  p2 + Pk ~ ^PiPk cos(A; — Aj), i ^  k ,k  = 1, n.

LEMMA 2. The soluhon of the system (2) (of order 4n) corre.sponding to the 
inițial conditions

Pk(0) = a0 , Pk(0) = bo, At (0) = cQ + 2TT(IC -  l)/n , Xk W  = dQ (3)

represenis at the same time the soluhon of n identicul systems of fourth order having 
the form .

p - p X 2 = - A n /p 2 ,
pĂ +  2pÂ = 0, 1 ’

with the inițial conditions

p(0) = ao, p(0) = bQ, A(0) = CQ, Â(0) = du (5)

where p(f) := pi(t), X(i) := A^l) and

An = G (6)

Proof. Let us introduce the new variables

u-k = Pk ~ P,Vk = Xk -  X,k = 2, n. (7)

In these variables, the system (2) can be written under the form of the following 
two subsystems:
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154 E. Grebenicov 4

with the inițial conditions (5), and
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with the inițial conditions ut(0) = ut(0) — it(0) = 0, vt(0) = 25 r(i-l)/n , k = 2, n.
Observe that the orders of the subsystems (8) and (9) are 4 and 4n — 4, 

respectively. Also observe that
A2 , = p2 + (p + u ,)2 -  2p(p +  u,)cosv,,

△ li = (p +  u i)2 + (p + “k)2 -  2 (p +  “i)(p + Uj )cos(î), -  Ut), 
with s ,k  = 2, n.

To prove the lemma, we shall show that, for any p(t) of class C 1 , the subsystem 
(9) admits the exact solution

u(0 := ui(t) = 0, Vk(t) = 2ir(k -  l)/n , k = 2,n. (10)

This cntails that the right-hand sides of (9) must be identically zero. Replacing 
(10) in (9), and taking into accoiint the fact that in this case we have

A,j = 2psin[7r(s— l)/n],

△ti = 2p|sin[x(i -  l)/n ]|, 
the right hand-sides of (9) vanish if
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5 New Solutions in (n + 1)-Body Problem 155

But, by virtue of Lemma 1, the above identities always hold. This means that the 
subsystem (9) admits the exact solution (10). Now, if we substitute (10) into the 
subsystem (8), and take into account the notation (6), after some trigonometric 
transformations we get equations (4). The lemma is proved. □

Proof of the theorem. From Lemma 2 it follows that the relative path of each 
body Pk, k = l ,n , is determined by the system (4). Therefore the polar radius pk 
for each Pk satisfies the first equation (4), while the polar angle Â  obeys the law 
Aj(l) = Aj(t) + 2n(k — l)/n . So, the configuration of regular polygon is kept, but 
the polygon is rotating and side-changing.

Equation (4) are quite the motion equations of the classical two-body problem 
n

with masses Mi = Mo , M? = (m /4 )^sin [7 r(s  -  l)/n ] - 1 , whose general integral 
4=2

is expressed by means of the quadratures

________ pdp________ 
y/2Cip2 + 2An p -  a ^ o

— t + C2,

A*(p) = a^do [  — . - =====
J  p ^ 2 C iP

2 ^ 2 A „ p - a ^
+  ̂ ^k,

where 2Ci =  aodo + 0̂ — 2An /ao, C? and C^t are arbitrary integration coristants, 
k = l ,n . The theorem is proved. □

REMARK. The theorem remains valid in the morc general case when the 
reciproca! attraction between the bodies Pk and Pi is proporțional to A^,“ The 
only difference consists in the fact that for a  ^  2 cvery body Pk moves with respect 
to Po on other curves than conic sections.
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ON EVERHART METHOD

BAZIL PÂRV
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Abstract. This paper deals with the Everhart numerica! integration method, a 
well-known method in astronomica! research. This method, a single-step one, 
is widely used for numerica! integration of motion equations of celestial bodies. 
For an integration step, this method uses unequally-spaced substeps, defined 
by the roots of the so-called generating polynomial of Everhart’s method. For 
this polynomial, this paper proposes and proves new recurrence formulae. The 
Maple computer algebra system was used to find and prove these formulae. 
Again, Maple seems to be well suited and easy to use in mathematical research.

Key words: celestial mechanics — Everhart method — computer algebra.

1. OUTLINE OF THE EVERHART METHOD

This method was proposed by Edgar Everhart (Everhart, 1974). It is used to 
solve numerically systems of differential equations of the following type:

’ x _  Fx (x, y, z, x i t y i,Z i,X j,yj,Z j,. ,.,t) ,
< y = Fy (x ,y ,z ,X i,y i,Z i,X j,y j,Z j,. . . , t ) , (1)
U '=  Ft (x ,y ,z ,X i,y i,Z i,X j,y j,Z j,. ..,t) ,

where by E = (Fx , Fy ,F t ) we denote forces depending on time t, on position (ex- 
pressed by the coordinates x ,y ,z )  of the body whose path is to be integrated, as 
well as the positions of other bodies (identified by the indexes i , j , . . ., and expressed 
by the coordinates x, = (xi,yi,Zi), Xj = ( ij ,y j,Z j)  and so on). One observes that 
for each body there are three second-order differential equations, belonging to the 
class IIS (S stands for special, since there are no velocities involved). Denoting by 
x the set of all coordinates from our problem (the so-called n-body problem), the 
equations (1) can be written as:

x = F (x ,l) . (2)

Rom. Astron. J., Voi. 7, No. 2, p. 157-168, Bucharest, 1997
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158 B. Pârv 2

The input data are: the inițial moment ti = 0, the coordinales i j  = z(ti), 
the velocitiesii = i(<i), and the corresponding forces f i  = f ( i i , t i ) .  Our goal is 
to determine the position and the velocity of the body for a moment T  > t).

1.1. NOTATIONS

A time-series expansion of F  about time t = 0 gives:

î(t)  = x =  F =  f i  + Ai ■ t + Ai • t2 + A3 ■ t2 +  . . .  + AN - ■ (3)

Integrating equation (3) one obtains successively:

2̂ t^ i? fN+1
®W ^ ^ ^ i  +  ^ r H  A) ■ Ț  + A2 - -  +  A3 - -  +  . . .  +  A^ — — , (4)

t2 t 3 t4 t N + ~X^  = X = XI + i .  ■ t + F , ■ -  + A1 - -  + A2 . -  + . .  +  AN • (5)

1.2. COEFFICIENTS

The integration scheme is as follows:
a) Choose a (unequally-spaced) subdivision of the interval [0, T] : ti = 0, t2 , ta, ■ • •, T. 
b) Denote

x, = z(ti), Fi = F(xi, ti). (6)

c) Compute F, (i = 2,3 ,...).
d) Determine the coefficients A i, A2 , ..., from (3) such that equations (4) and (5) 
are accurate at time T. The truncated series of equation (3) is not a Taylor series 
because the coefficients A are not chosen to represent F as well as possible for all 
values of t; instead, these coefficients are chosen so that the expressions from (4) 
and (5) calculate z and i  as accurately as possible at a particular time point T.
e) Write F as:

F(t) =  F  = f i  + t t l  • t + a 2 t • (t -  t2 ) + t t3  • t • (t -  t 2 ) • (t -  t :)) + . . .  (7)

Observe that:

Fi = F ^ ) ,
F 2 = F(t2 ) = Fi + a j -12 ,
F3 = F(ts) = Fi + a i • t3 -1- «2 t< ■ (t3 — t2),
F4 = F(ti) = Fi + ai • t< 4- <»2 • I4 ■ (ti — t2) + a 3 • t< • (ti - t2 ) • (ti — 13).
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3 On Everhart Method 159

f) Denoting by tn j = tn — tj (n > j), from (8) one can compute thc a  coefficients:

“ 1 ( ^ 2  — f l ) A 2 i

“ 2 =  ( ( i i’3 - f l ) / i 3 - O l ) / < 3 2 ,  ( 9 )

0 3  =  ( ( ( ^ 4  -  -^ l ) /< 4  -  a i ) /< 4 2  -  O 2 ) / t 4 3 ,

which are, in fact, divided differences:

O l — [0 , (2 ] ,  « 2  — ^ ^ i h ] ,  « 3  =  [0 , <2, ^3> I4 L

g) The relationship between a and A  coefficients is obtained by identifying the 
coefficients of the same power of t in (3) and (7):

A l  =  O l +  ( —  ̂2 ) ’ O 2 +  ( ^ s )  (13 +  ■■■ =  C il  ' O l +  C21 ’ O2 +  C3j <13 +  . . . ,

A 2  =  0 2  +  ( - < 2  _  ^3) ' 0 3  +  . . . =  C22 ' O2 +  C32 • 0 3  +  . . . , (10)
A 3  =  0 3  +  . . . =  C33 • 0 3  +  . . . ,

where the quantities Cij are computed by:

c.i =  1,
Cil =  - f .  ■ C>-1,1,

c ij =  C i - j j - i  — ti C i - i j ,

i ^  1,
i > 1,
1 < j  < i

(11)

1.3. THE INTEGRAT1ON SCHEME

In order to explain the integration scheme, we consider three substeps at 
times i2,t3,i4, which are not uniformly spaccd in thc interval [0,7], where the end 
of sequence <4 need not coincide with T. In the case I1S, there are three predictor 
equations:

12 =  i i  + ® i  i2  +  î r  y  + ^ 1
( 2 t4

12 +
^0. . (12)

£3 =  I 1 +  Z 1 <3 +  ^1  ' y +  A i  ■
«3
6 +

r t 4

12 + , (13)

14 =  $1 + ® 1  <4 +  ^ 1  ' y +  A i  ■
/3  t4

7  +  - +

0 i z
. (M)

and two corrector ones (which compute position and velocity of the studied body 
at time point T):

Ț ? j ' 3  yM y 5
x(T) = aii + i i  T  + F] —  + Ai ■ —  + A2 ■ —■ + A.» — , (15)
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160 B. Părv -1

i(T ) = i i  + Fj T + Ai • —  + A2 • —  + A3 ■ — (16)

The system (12)-(16) is implicit because the terms contained in square brack- 
ets are not known the first time they are needed.

1.4. THE EVERHART ALGORITHM

We present shortly the outline of Everhart algorithm for the time interval 
[0,T]. The inițial conditions (position and velocity) are known at time ti = 0, and 
the algorithm corresponding to seventh order of integration accuracy (i e. there are 
three substeps <2. 3̂, <4 in (0,T)) is as follows:

a) Determine an approximate value of a  coefficients;

Determine the A coefficients from (10).

b) Determine z2 from (12).

Determine F? from (6).

Compute the new value of a , from the first equation (9).

Compute the new value of Ai from the first equation (10).

c) Determine 13 from (13).

Determine F$ from (6).

Compute the new value of a? from the second equation (9).

Compute the new values of Ai and A2 from the first two equations (10).

d) Determine x̂  from (14).

Determine f i  from (6).

Compute the new value of a j  from the last equation (9).

Compute the new values of Ai, A2 and A3 from the first three equations (10).

c) Repeat steps b) thru d).

f) Determine x(T') from (15).

Determine x(T) from (16).
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5 On Everhart Method 161

1.5. FINDING SUBSTEPS

Everhart proved that the substeps used in the predictor equations correspond 
to the Gauss-Radau spacings (for odd orders of integration accuracy), and Gauss- 
Lobaito spacings (for even orders). These spacings are in fact the roots of a poly- 
nomial of rank n (n being the order of integration accuracy), which we caii the 
generating polynomial of the Everhart method, or, shortly, the Everhart polynomial.

2. EVERHART POLYNOMIAL

2.1. LEGENDRE POLYNOMIALS

The Legendre polynomials, orthogonal on the interval [-1. 1], are defined by 
the following recurrence equations:

^o(x) = 1,

=  (17)

Pn (x) = - — - • X ■ Pn -A x )  -    -  • Pn -2(x), n 2. n----------- n

By making the variable change x —» 2 x — 1, one obtains the same equations 
for the interval [0,1]:

Lo(z) =  i.
LI (I ) = 2 I - 1 ,

Ln (x) = — ----- • (2z -  1) • P „ - i( i)  -  —— - • Pn _2(x), n 2.
n n

The definition of the Everhart polynomial is [Everhart, 1974]:

£2n(l) = (X -  1) • L'(Z),

(18)

(19)

The rank (subscript) of this polynomial is, as we already stated, the order of 
the integration method, and not its degree. One observes that there are different 
definitions for even and odd methods; the polynomial of even rank is defined by 
the derivative of the Legendre polynomial of the degree half its rank. Aiso, for an 
integer n (the number of the substeps considered), both E2n and E2n+i have the 
same degree, i.e. n.
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162 B. Pârv 6

2.2. RECURRENCE EQUATIONS

We prove that the Everhart polynomials can be determined by using the fol­
lowing recurrence equations:

Eo(i) =  0,
Fi(x) = 2,
^ 2 n ( x )  =  n  ' ( x  -  L) ■ £ 2 n - l ( l )  +  ^ n - î W , (20)

n(n + 1)

2.2.1. Auxiliary results

In the following we present some auxiliary results needed to prove the equa­
tions (20).

By writing (18) for degree n + 1, one obtains the Legendre polynomial of degree 
n — 1 as function of the Legendre polynomials of degree n and n + 1:

L „ . i ( i ) = ^ ^ ( 2 r - 1 ) - L „ ( i ) -  —  £„+1(1), n > l  (21) 
n n

By using this equation, it follows that:

n • |(2z -  1) • Ln (x) -  Ln -i(x)] = (n +  1) • [L„+i(x) -  (2x -  1) ■ £n (i)]. (22)

Multiplying (21) by ----- - • (2x — 1) one obtains:n + 1

• (2x -  1) • Ln _>(x) = ■ (2x -  l) 2 • £„(x) -  n • (2z -  1) L„+1  (x). (23)

The following equation defines the derivative of the Legendre polynomial of 
degree n as function of Legendre polynomials of degree n and n — 1:

-  ■ , „ ^  1 (24)n zx • (x — 1)

One can prove this last equation by complete induction w.r.t. n (by using 
(22)), or directly, taking into account that (see Abramowicz and Stegun, 1964):

(x2 -  1) ■ P^(x) = n x- Pn (x) -  n Pn _)(x),
https://biblioteca-digitala.ro / https://www.astro.ro



7 On Everhart Method 163

and making the variable change x —► 2 ■ x — 1.
Now, by using (24) one cari prove that the difference between two derivatives 

of the Legendre polynomials of consecutive degrees can be expressed as a suni of 
two Legendre polynomials of consecutive degrees:

LU*) -  ^ . - i M  = -  • [M * )  +  L„+ 1 (x)]. (25)

The last equation we need expresses the difference of two Legendre polynomials 
of degrees n +  1 and n — 1 as function of the derivative of the Legendre polynomial 
of degree n; this is also obtained from (24):

^ n + l t 1 )  l ' n - l t 1 ) —
2(2n+ 1) 
n(n +  1) i ( r - l ) '  L'n (x). (26)

2.2.2. Proving recurrence equations

By using the equations presented above, and the definition (19) of the Everhart 
polynomial, proving the recurrence equations (20) is quite straightforward.

For the first equation (20) we obtain:

E î n - l W  =  -  ' [ L n - l ( z )  +  L n ( l ) ] ,

# 2 n - l ( * )  =  ^  ' [ L ^ 1 ) -

E 2 n - l ( l )  =  -  — ■ [ £ 2 n W  “  F 2 n - 2 ( l ) ] , 
11 X — 1

^ 2 n ( l )  =  n  • ( z  -  1) • £ 2 n - l ( z )  +  # 2 n - 2 ( x - ) ,

where we used successively the second equation (19), equation (25), and the first 
equation (19).

The second equation (20) is obtained as follows:

n  /  X p  / \ ^ '" W  +  ^ n - l ^ )  -  L n _ i ( z )  — Ln (x) _
^ S n  +  l l 1 ) ^ 2 n —l l 1 ) ~  x ~

_  ^n  +  l ( ^ )  ^ n - l ( ^ )

E2 n + l (x) -  i  • ^ ( x ) ,

^ n + l ( * )  -  ^ n - i W  =  ^  • « 2 n ( x ) ,

S 2 n + 1 (*) = n(n 4- 1) • ^ " ( ^  +
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164 B. Pârv 8

by using the second equation (19), equation (26), and, fiually, the first equation 
(19).

3. COMPUTER ALGEBRA

Computer algebra programs are today an important tool for mathematical 
research. As a matter of fact, we present the easy way of implementing some of the 
formulae introduced in this paper in Maple.

3.1. IMPLEMENTING LEGENDRE AND EVERHART POLYNOMIALS

In the following we present some Maple procedures which implement the equa- 
tions (18), (19), and (20). Source code is cornmented.

3.1.1. Legendre polynomiads on [-1,1]

#

# LP(n,x) - Legendre polynomial of degree n in the variable x on

# [-1, 1] computed by eqns (17)

#

LP := proc(n,x)

local rez;

option remember; # store previous results

if n = 0

then rez := 1;

else if n = 1

then rez := x;

else rez := (2*n - l)/n ♦ x * LP(n - 1, x) - (n - l)/n *

LP(n-2, x);

fi;

fi;

expand(rez)

end:
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9 On Everhart Method 165

3.1.2. Legendre polynomial on [0, 1]

#

# LP01(n, x) - Legendre polynomial of degree n in the variable x on 

# [0, 1] computed by using eqns (17) and then by making

# the variable change x -> 2 ♦ x - 1

#

LP01 := proc(n, x) 

local rez, h; 

option remember; 

h := ’h ’;

rez := LP(n, h); # Legendre polynomial on [-1, 1] in the variable 

h

rez := expand(subs(h = 2 * x - 1, rez)); # variable change 

sort(rez) 

end: 

#

# L01(n, x) - Legendre polynomial of degree n in the variable x on 

# [0,1] computed by using eqns (18)

# L01(0, x) = 1

# L01(l, x) = 2 * x - 1

# L01(n, x) = (2*n-l)/n * (2*x-l) ♦ L01(n-l, x) - (n-l)/n*L01(n-

# 2,x)

# 

L01 := proc(n, x) 

local rez;

option remember; 

if n = 0 

then rez := 1; 

else if n = 1 

then rez := 2 * x - 1; 

else rez := (2*n-l)/n*(2*x-l)*L01(n-l,x)-(n-l)/n * L01(n-2, 

x);

fi; 

fi; 

sort(expand(rez)) 

end: # L01
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31.3. Derivative oi' the Legendre polynomial on [0, 1]

#

# DL01(n, x) - the derivative of the Legendre polynomial of degree n

# in x on [0, 1] computed by using equations

# DL01(0, x) = 0

# DLO1(1, x) = 2

# DL01(n, x) = (2 * (2 * n - 1))/ n * L01(n - 1, x) +

# (2 * n - 1)/ n * (2 * x - 1) * DL01(n-l, x)

# - (n - 1) / n ♦ DL01(n - 2, x)

DL01 := proc(n, x)

local rez;

option reraember; 

if n = O

then rez := 0;

else if n = 1

then rez := 2;

else rez := (2 * (2 * n - 1))/ n * L01(n - 1, x) + 

(2 * n - 1)/ n * (2 * x - 1) * DL01(n-l, x)

- (n - 1) / n * DL01(n - 2, x);

fi;

fi;

rez := expand(rez);

sort(rez)

end: # DLO1 

#

# DL01d(n, x) - the derivative of the Legendre polynomial of degree

# 

#

n in x on [0, 1] computed using the recurrence 

betueen the polynomial and its derivative

# DL01d(0, x) = 0

# DLOldCl, x) = 2 ♦ L01(0, x) = 2

# DL01d(2, x) = 6 ♦ L01(l, x)

# DL01d(n, x) = 2 * (2 * n - i) * L01(n - 1, x) +

# DLOldfn - 2, x)
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DLOld := proc(n, x) 

local rez; 

option remember; 

if n = 0

then rez := 0;

else if n = 1

then rez := 2;

else rez := 2 * (2 * n - 1) * L01(n - 1, x) + DL01d(n

- 2, x);

fi;

fi;

rez := expand(rez);

sort(rez)

end: # DLOld

3.1.4. Everhart polynomial

#

# EP(n, x) = Everhart polynomial of rank k in the variable x

#
#

computed by using eqns (20)

EP := proc(n, x) 

local rez, k, r; 

option remember; 

if n = 0 

then rez := 0; 

else if n = 1 

then rez := 2; 

else if n = 2

then rez := 2 * x - 2;

else

k := iquo(n, 2, 'r'); # k is the degree

if r = 1 # n is odd

then rez := (2 ♦ (2*k + 1)) / (k * (k+1)) * 

EP(n-l, x) + EP(n-2, x);

else rez := k * (x - 1) * EP(n-l, x) + 

EP(n-2, x);

f i ;
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fi;

fi;

fi;

sort(expand(rez));

end:

3.2. IMPLEMENTING EVERHART METHOD

As we already stated, Evcrhart algorithm depends on the order of the integra- 
tion accuracy and of the considered spacing. In all cases, the first force evaluation 
is at the fixed point t = 0; in the case of odd orders (Gauss-Radau spacings) the 
last evaluation is at the optimum position, while in the even ones (Gauss-Lobatto 
spacings) this evaluation is at / = T.

One can imagine a general Everhart procedure, which takes as parameter 
the order of integration accuracy. By using equations (20), one can generate the 
substeps (the roots of the Everhart polynomial) corresponding to the desired order. 
The next step is to apply the algorithm described in 1.4 for each integration step. 
This general procedure can be implemented in Maple (for testing purposes) or in a 
high-level programming language (like FORTRAN, C, or Pascal).
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1. INTRODUCTION

The extensions obtained in (Șelaru, 1997; hercafter Paper I) make possible 
the study of the general -  both planar and three-dimensional -  three-body problem 
(the last one being, as far as our knowledge goes, for the first time analysed in such 
a way) by means of the LC (Levi-Civita, 1904) transformations.

This paper tackles the general three-body problem (Hill case). For the pla­
nar, circular, restricted three-body problem, the use of the LC technique for the 
linearization of the equations of motion (in the unperturbed part of the Hamilto- 
nian) is classical (Pierce, 1966). The LC technique is applied to two-dimensional 
problems, and this fact makes it apparently unusable in the general, three-dimen­
sional problem. But, if we first resort to Jacobi coordinates, and if we use the an­
gular momentum integral to reduce the number of degrees of freedom, this problem 
also becomes approachable by means of the LC transformation.

2. THREE-BODY PROBLEM (HILL CASE)

In general, the LC and KS transformations (Kustaanheimo and Stiefel, 1964) 
have the perturbed two-body problem as applicability domain. In the general three-

Rom. Astron. J., Voi. 7, No. 2, p. 169-175, Bucharest, 1997
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body problem, the LC transformalion is much less used (see also the comments 
made in (Bhatnagar and Saha, 1993)). The generalization obtained in Paper I 
offers a possibility -  by combining the respective transformation with the Delaunay 
variables -  to tackle this problem, too.

Using Jacobi coordinates, after the nodes have been reduced, the Hamiltonian 
of the three-body problem reads (with the notation used in (Ferrer and Osacar,
1994)):

ir  l / . 2  , „2 \ P lA f l
2 A / 1 V 9 1 l + ? 1 2 (1)

+i (̂ +p̂ _
^ 2

^

1

2 

 

M

+

ș

 «

 

22
+ Perl,

where mo and mi form a binary system, far from m2 . We have:

„ fc2(m o+ m i)m 2 k'2 m0 m 2 k2m l m 2Pert = — 1 
f2 r 02 H 2

(2)

in which k stands for Gauss’ gravitațional constant. 
The following notations will be used:

M\ = mom i/(m o + m ^, M? =  (m0 +  mi )m2/(mo + m! +  m2 ), (3)
Pi = i 2 (mo + mi), p2 = ^ ( ^ o  + mi +  m2 ), 
mg = mo/(mo + m i), mj = mi/(mo + m i),

r l =  ^ 9 1 1  +  912- r 2 =  ^ 2 1  + 9 2 2 -

^1 =  911P12 —  912P11I C2 =  921P22 — 922P21 >

Since:
z^2

=  -91 1 9 2 1  +  912922------ ----------------- , (4 )

(with C = the modulus of the angular momentum constant), and

r 02 = r 2 +  (m'i n  )2 + 2m/
1 (r 1, r2) , 

r i2 = r 2 +  (m 'orj2 -  2»%^!, r2),

and using the Legendre polynomials PL^, we find that (2) is equivalent to:

Pert = V ^ - ^ - P U ^ c o s © ) ,  cos© =
r »r 2

(5)

the coefficients 4 j depending on masses.
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3 LC and KS Transformations (II) 171

The motion of m2 around the barycenter of the binary system is described by 
means of Delaunay coordinates (l,g, L,G); we obtain:

2M i( P l l + P 1 2 )  +  g?2 22? + P e r t - ( 6 )

Using classical notations in the perturbation (v = true anomaly in the two-body 
problem, mi -  barycenter of (mo, m j ,  C? = G), we have:

-  ?ncos(v +  j)  « n s in ^  +  j J ^ - C f - G 2

In the extended phase space (after dropping the unnecessary subscripts), eq. 
(6) becomes:

„  1 , 2 , 21 M l^ l  M2M2 L , n  , ZOI

Restricting the perturbation to the first Legendre polynomial (Hill case, see 
(Ferrer and Osacar, 1994)), we get:

P e r t = - - ^ ( - \  ( (3g? -  Sg^G') cos(2v + 2</)- (9)
4a4 \ r /  /

-6g ig 2Csin(2v +  2$) + g? + ^  (3C“ *  ^ ^ 2

where a = - 4 — (do not confuse with the parameter a) is the seniimajor axis of 
^ 2 ^ 2

the orbit of the outer body.

REMARK 1. We did not consider necessary the introduction of the small 
parameter, because of the obviously perturbing character of the expression (9). 
The orders of the perturbation with respect to the main interaction are (for the 
first Legendre polynomial, the most important one):

1 , =  ( t i )»
m o + m i r 2

for the two-body problem associated to the binary system, and

\ _  m o m i . T\ 2
2 (m0 +  m i)2 r2

for the motion of the outer body with respect to the barycenter of the binary. Ac- 
cording to the magnitudes of these parameters, different concrete physical situations 
can be modelled, as follows:
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a) Aj <  A| <  1: natural satellite of a planet; for instance, in the Moon-Earth- 
Sun problem, A! = O(10- 3 ), A2 = O(10- 7 );

b) A2 —► 0, A) <C 1: in the limit, the inner restricted problem, or, according 
to the mass ratio of the binary system, a (1 + 2)-body problem;

c) A! <  A2 <  1 : triple stellar system;
d) Ai —» 0, A2 <C 1: planet orbiting a binary stellar system; in the limit, the 

outer restricted problem.

3. ACTION ANGLE VARIABLES

At this stage, the Hamiltonian has the suitable form for applying the trans- 
formations described in Paper I. The necessary conditions are obviously fulfilled. 
Equating the corresponding quantities, using the second set of variables obtained 
in (Paper I eqs. (18)), and dropping the asterisks, we get:

1 1
a = — , 6 = P 1 M i,s = -2hM i, A = -  — , B = Mi h (10)

L = J3 ,G  = J4 , l  = 03 , g = 04 , F (J) =

W 3  —  W 3 P Î+ Q Î
In these variables we have:

1 P 2 + Q2 (H)

and we shall denote:
C ^ - C ^ - G ^

2CiG (12)

The next step consists of the Fourier expansion of the perturbation, with the 
Hamiltonian

( 1

We shall use the classical expansions, function of Delaunay clements:
/ x 3 0 0

( —) cos(2v + 2g)=  5 7  F^ cos(2g + JZ), Fio = 0, (14)
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^  sin(2« +  2j) =  ^  F]j;sin(2j + jl), 
i=-oo

/ a \ 3  L3

J = I
Such expansions are used in Moon’s motion theory and, partly, in the perturb- 
ing function expansion in the problem of artificial satellite motion (Brouwer and 
Clemence, 1961). The functions Fij depend on the eccentricity of the osculating 
orbit of the outer body around the barycenter of the binary, hence on the Delaunay 
variables L and G.

R EM A R K  2. For sake of brevity, we shall not present here the concrete 
expressions of (14) as functions of the eccentricity; they can be found by using the 
integrals computed in (Ahmed, 1994) and Kepler’s equation.

To obtain the Fourier expansion of the perturbation, the following relation 
from Paper I, eqs. (21)

/ = 03 -  wăsin (20 +  () ;

must be replaced in (14). Using the notations (10) and the properties of the usual 
Bessel functions Bm , we get:

/  a \ 3( - )  cos(2v +  2^) = (15)

00 00

=  E  £  Fij (B 2 m (ju3) (cos(204 + jd>3 + 4m0 + 2m<) + 
j =  — 00 m = 0

+ cos(204 + j<j>3 -  4m0 -  2m()) +

+ ^ + 1 (1 ^ 3 )  (cos(204 +  ;0 3 ~ (4m + 2)0 -  (2m + 1 )<) -

— cos(204 +  jd>3 +  (4m + 2)0 +  (2m +  !)())), Fio = 0.

( ^  sin(2v +  2p) = 

00 00

=  E  E  Fij (B2m(ju3 ) (sin(204 +  j fa  + 4m0 4- 2m() + 
j = -oo m=0

+ sin(204 + j<{>3 -  4m0 -  2m()) +

+ S 2rl>+1 (J^ă) (sin(204 +jd>3 -  (4m + 2)0 -  (2m + 1)<) -

-  sin(204 + jd>3 + (4m +  2)0 +  (2m +  !)<))), Fio = 0.

The second expansion (15) is similar to the first one, only the coefficients F[} are 
replaced by F2J , with F2o = (J3/J4)3 , and the arguments of the trigonometric 
functions do no longcr contain the terms in 04.
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174 D. Șelaru 6

The last step in this Fourier expansion consists of: substitution of 71, qj with 
the expressions obtained by performing the usual LC transformation and finding the 
action-angle variables, trigonometric expansion of the products of cosines and sines, 
and summation over the terms having the same argument. AU these expansions can 
be easily performed by using a symbolic processor.

For the samesake of brevity, we shall present only the doubly averaged Hamil- 
tonian (the first step in a perturbative study) with respect to the rapid angle vari­
ables 0 and 03:

-  / 1  V  y 2 ’  y 2 x
H =  —  /  /  W  d ^ 3 .

/  Jo Jo

W W 1 (P 2 + Q2)2 (-2AAA (1 + ^ ^

(~6J 2P 4 + 9C2 J 2 P 4 + 9P 8 -  9C2P* + 8J2 P 2Q2 -  &C2 J 2 P 2Q2 + 

+16P6Q2 -  12C2P 6Q2 -  6J2Q4 + 9C2J 2Q4 +  14Q4P 4 -  6C2 P 4 Q4 + 

+16P2Q6 -  12^2P 2Q6 + 9Qă -  9C2Q6 }.

Some specifications are needed here: obviously, due to the averaging we have per­
formed, J and J3 are first integrals of the motion; the averaging removes the angle 
04, too, therefore J^ is also a first integral; accordingly, the system we obtain has 
only one degree offreedom and is theoretically integrable. The Hamiltonian function 
(16), being obtained by double averaging, is somewhat equivalent to Harrington’s 
Hamiltonian (Ferrer and Osacar, 1994). A detailed study of the Hamiltonian (16) 
exceeds the framework of this paper, and will be performed elsewhere.

We must also specify that, after applying the LC transformations, the Hamilto­
nian (13) is not regularized with respect to (Q ,P), variables introduced through the 
LC transformation. For the planar three-body problem, Hill case, this regulariza- 
tion is performed by using the respective transformations. For the three-dirnensional 
three-body problem tackled here, this desideratum can be reached by resorting to 
the KS transformations, but with two drawbacks: supplementary dimensions are 
introduced, and the expansion of the perturbation becomes more coniplicated.
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4. SUMMARY AND CONCLUDING REMARKS

The paper uses the theoretical results obtained in Paper I to the general 
three-body problem. Many physical situations are suited to such an approach: the 
Moon’s motion, the motion of triple stellar systems, a (1 +  2)-body problem, etc., 
the common condition being the presence of a close binary far from the third body. 
After presenting the manner in which the perturbed part of the Hamiltonian is 
expanded, we obtain the doubly averaged system with respect to the rapid angle 
variables.

The use of coordinates we propose has many advantages. The most important 
one consists of the possibility of an easier expansion of the perturbation (because 
the expansions function of orbital elements are used only for a two-body problem, 
and -  taking into acount Remark 2 -  there are no more truncations function of 
eccentricity). The regularization of the equations of motion in this problem cari be 
obtained by using the KS transformations.
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Abstract. In this papei we continue the study of the motion of a partide 
undei the influence of a generalized Maneff-type potențial field. Using previous 
lesults, it is eetablished the set of orbital elements for bounded noncollisional 
motion.
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1. INTRODUCTION

The so-called Maneff’s generalized law, which extends the gravitațional model 
proposed by Maneff (1924, 1925, 1930 a, b), proved itself to be a rich source of 
investigations sharing both celestial mechanics and the theory of dynamical systems. 
Among such researches, with interesting results from mathematical and physical 
standpoints, we mention those performed by Lacomba et al. (1991), Casasayas et 
al. (1993), Diacu (1993, 1996), Diacu et al. (1995), Mioc and Stoica (1995 a, b, c, 
d), Delgado et al. (1996), Stoica and Mioc (1994, 1996 a, b, c).

Given by a potențial function of the type

(1) 
r \  J

where r is the position vector in a frame originated in field’s source, r = |r|, whereas 
A G R*, B G R, the Maneff’s type model is suitable in describing various physi­
cal and astronomica! situations, including Coulombian potentials, post-Newtonian 
fields, radiative fields generated by certain astronomical relativistic sources, and so 
forth.

In this paper we continue the study of the motion of a partide in a Maneff’s 
type potențial field. In a previous paper (Stoica 1995), we have already discussed the

Rom. Astron. J., Voi. 7, No. 2, p. 177-182, Bucharest, 1997
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178 Cristina Stoica 2

possible kinds of orbits. Aho, in the bounded noncollisional case, we have performed 
the integration of the motion equations, deducing the extension of Kepler’s third law 
and the equivalent of Kepler’s equation. Here, preserving the framework of bounded 
noncollisional motion, we focus on defining a natural set of orbital elements.

2. BASIC RELATIONS

Let us consider a partide of unit mass moving under the infiuence of a Maneff’s 
type potențial field. Its motion is described by the inițial value problem:

(2)

Since the force acting on the partide is a central one, we can rewrite equation 
(2) in polar coordinates ( r ,0), and obtain:

\ r
(3)

^ ( r 2 ^  =  ° ’ 
at (4)

with inițial data (r, 0,r, 0) = (ro.^o/o^o)- Equation (4) provides the angular 
momentum conservation law. Let C be the vectorial constant angular momentum 
supplied by the inițial conditions, C its modulus. Also, let h be the constant of 
energy associated to the energy conservation law:

We already know (see Stoica 1995) that the conditions (C2 -  B) > 0, A > 0 
together with h 6 [hc r ,0), hcr := - A 2 /[2 (C 2 -  B)], assure the noncollisional 
boundedness of the orbit. The trajectory’s equation is given by:

(C2 -  B)
r(0) = -------- _ .  A

/ (C2 -  B)l  +  ( / l  +  21— - — ^/icos 
V

(6)

where the constant u, is introduced via equation (16) below. The boundedness 
condition h e [Ac r ,0) reverts to 0 ^1  + 2(C2 -  B )h/A 2 < 1 ,  andso we are 
inspired to make the following notations:

P =
C2 -  B

A (7)
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V A 2

V C 2 - B 
n  ~  C  ’

in order to restrain trajectory’s equation as

(8)

rW = P
1 +  e cos [o(J — 0O) — w j ' (9)

with a  > 0 and 0 ^  e < 1. As it can easily be seen, the function r ( )  is bounded, 
having a minimum value rm  =  p /( l  + e) and a maximum value r ^  =  p /( l  — e). The 
trajectory can be assimilated to the motion on a “pseudoellipse” -  the trajectory 
on an ellipse whose pericentre is delayed if Q  > 1 (B < 0) or hurried up if a  < 1 
(B  > 0), with the angle 2 r ( l  — 1/a).

3. ORBITAL ELEMENTS

The further steps in defining the set of orbital elements are made, we say, in 
a natural way and also with the idea of recovering the classical Keplerian one for 
A = p, B = 0 (p being the gravitațional parameter in the Newtonian two-body 
problem).

The connection of the so-called geometric elements with the orb it’s shape must 
be obvious. Hence, we propose as pseudo-semimajor axis

« := ( r m  + rM )/2 (10)

and, as pseudoeccentricity, the quantity e defined by (8). These elements are related 
with the parameter given by (7) (no connection with the focal parameter of an 
ellipse) via p =  a (l — e2 ). So, we retain the formula (8) and

A
a  “  ~ 2 h ' (11)

easily obtainable from (7), (8) and (10).
The force field being central, the orbit will be planar. The elements i = the 

inclinaiion and Q =  the longitude of the ascending node define the position of the 
motion plane in a reference frame O X Y Z .  In the same way as in the Keplerian 
motion, i and Q are supplied by the vectorial angular momentum constant C:

c o s ’ "  C ’ (12)
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tan Q = (13)

where (Cx ,Cy ,C z) is the decomposition of C according to (OXYZ)-frame.
A rnore delicate problem is the orientation of the orbit in its plane. Accepting 

as definition that the pericentre is the minimum distance of the current point to 
the centre of the circular annulus to which the motion is confined, we observe that 
after every period the direction of the pericentre is delayed (or hurried up) with the 
constant angle 2TT(1 — 1/Q). So, there is no constant direction which would be able 
to offer the classical direction of the pericentre.

Let’s suppose that at the inițial moment the moving point lies at a pericentre. 
After a full period T  (see Stoica 1995), it will be in the next pericentre whose 
direction is modified with respect to the inițial one with angle 2% — 20 (O = 
= 2T / Q). It is natural to consider that the pericentre is a moving one and its 
direction possesses the constant shifting velocity:

or

2?r — 20
— ----^ ----= (2 t  -  2 0 )

2TTA
(H )

= ( - 2 / 1 ) / ^ !  1 -  -  ) /A. (15)

We observe that the angular velocity vu  is zero for Keplerian motion (Newtonian 
field), where the direction of the pericentre is fixed. In the Maneff’s type case, it is 
revealed that the real pericentre’s direction is governed by the equation

u — w, + vu (l — (Q), (16)

where wi is the argument of pericentre defining the pericentre’s direction attached 
to the first considered period of the motion (via the inițial conditions). It can be 
proposed as the direction of the pericentre attached to each period of covering 
the trajectory between two real pericentres -  the direction of the real pericentre at 
the start of a period (Zo -  the pericentre instant). This direction is considered by 
hypothesis to remain fixed all along the respective period until the next meeting 
with the real pericentre. Once with the start of the following period, the pericentre’s 
direction changes with the angle 2ir —20, remaining constant during the respective 
period. So, the direction of the real pericentre ai the start of a period becomes the 
angle between the line of the nodes (defined by the fundamental plane O X Y  and 
the orbit’s plane) and the pericentre’s direction attached to the arc delimited by 
the two real pericentres corresponding each to its own inițial radial vector.

As the fifth orbital element, which must remain constant at any time, we 
propose the direction of the pericentre attached to the period of the function r( )

https://biblioteca-digitala.ro / https://www.astro.ro



5 Noncollisional Orbits in Maneff Fields (II) 181

between the inițial moment and the instant of encountering the next real periccntre. 
We recall the observation that w, is not the real pericentre dircction for the given 
trajectory, but it corresponds to the mathematical needs of defining the set of orbital 
elements.

It is obvious that if B vanishes, the pericentre’s direction remains constant for 
the entire movement (vu  becomes 0), becoming the well-known orientation element 
from the classical Keplerian elliptical trajectory.

The set of orbital elements is completed by the mean anomaly at epoch

X o - n to  (17)

given by the correspondent of Kepler’s equation (Stoica 1995)

n(t — ta) = E — e sin E.

(where E  plays the part of the eccentric anomaly corresponding to the Kepler’s 
standard problem), or, equivalently, by the time to of the passage to pericentre.

4. CONCLUDING REMARKS

Of course, the quantitative study of the two-body problem in generalized 
Maneff-type fields could seem obsolete. Indeed, this problem appears (under differ- 
ent formulations) as an exercise in classical textbooks as those of Moulton (1923, 
p. 96, Problem 4) or Goldstein (1980, p. 123, Problem 14). Leaving aside the 
fact that the respective statement is incorrect in Goldstein’s case or covers a very 
restricted area in Moulton’s case, the results quoted in Section 1, cspecially the 
qualitative ones, show how complex the problem is in reality.

We know, on the one hand, that the analytic solution of the problem in closed 
form was already obtained (e g. Delgado et al. 1996; Stoica and Mioc 1996a). On 
the other hand, the motion characteristics were fully described from both geometri­
ca! and physical standpoints (Diacu et al. 1997). Nevertheless, the characterization 
of the noncollisional bounded trajectories in Maneff-type fields by ineans of orbital 
elements introduced in this paper is -  in our opinion - necessary. On their basis, as 
a next step, equations analogous to the Newton-Euler system can be established for 
the perturbed motion in such fields. Further, concrete physical and astronomical 
situations (as, e.g., the motion in spherical post-Newtonian fields; see Soffel 1989) 
can be analytically tackled starting from these equations. AU these will be done 
elsewhere.
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Abstruct. The Maneff-type problema (these associated to a potențial funclion 
of the form A/r + B/r2 ) are tackled again. Starting from the motion equations 
and first integrals in the space of McGehee’s coordinates, one huilds the infinity 
manifold and describes the flow on it.

Key words: celestial mechanics -  qualitative analysis - Maneff-type problems.

1. INTRODUCTION

The global flow of the Maneff-type problems was obtained in both different 
phase planes (Stoica and Mioc 1996 a,b; Mioc and Stoica 1997) and the space of 
McGehee’s coordinates (Diacu et al. 1996). In this last case, the collision manifold 
- resulted from the blow-up of the collision singularity, subsequent to the applica- 
tion of McGehee’s (1974) transformations plays an essential part. The reason is 
țwofold: on the one hand, the phase space extendsi smoothly to the ex-singularity 
turned to a manifold; on the othcr hand, the flow of the collision manifold, although 
deprived of physical significance, offers rich informations about the behaviour of 
noncollisional orbits.

The study of another limit situation (physically speaking, because it however 
is not a singularity), the so-called infinity manifold is of importance, too (see, c.g., 
Craig et al. 1996). The flow on this manifold is as meaningless physically as that on 
the collision manifold is; nevertheless, it allows the understanding of the behaviour 
of near-escape orbits.

This paper will complete the extensive qualitative study performed in the

Rom. Astron. J., Voi. 7, No. 2, p. 183-188, Bucharest, 1997
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above quoted papers (and not only; see Diacu et al. 1996 and the reference therein) 
on the Maneff-type problems, providing the description of the intinity manifold, 
as well as an insight about what happens with the bounded orbits neighbourhing 
infinity. In astronomical terms, we complete the study of near-parabolic orbits 
(by abuse of language) with the geometric description of the motion at very great 
distances from the field-generating body.

2. VECTOR FIELD AND FIRST INTEGRALS

The Maneff-type problem is associated to a central potențial, hence it can be 
reduced to the central force problem featured by the potențial function (see the 
quoted papers):

where q =  (? i , 92) € H? is the confîguration of the moving body (hereafter parti­
de) with respect to the field-generating body (hereafter centre). Introducing the 
rnomentum vector p = q, p = (p i,P2) € Ti2 , the motion will be described by the 
System

q  =  P  (2)
P = W (q ),

which defines a vector field on the phase space Q x P, where Q = Ti2 \  {(0, 0)} and 
P = Ti2 are the confîguration space and the rnomentum space, rcspectively.

Equations (2), which explicitly read

A 2B \ 
i f +  W q,

(3)

admit two first integrals: that of energy

IPI2 -  n
2 5
-—— = h = const., 
|q|2

and that of angular rnomentum

Mq>p) = 91P2 -  92P1 - C  -  const.,

where h and C are the constants of energy and angular rnomentum, respectively.
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3 Near-Escape Orbits in Maneff-Type Problems 185

We resort now to McGehee’s (1974) transformations of the sccond kind:

r  = |q|.

o =  arctan I — ) , 
\ 9 i /

. 91P1 +  92P2) (6 )
U ~ r ~ |q| ’

n _  (91P2 ~ ?2P1)

|q| ’

{x = ru,
y = rv '( 7')

di = r2 ds (8)

which all are real analytic diffeomorphisms. Under tbem, equations (3), (4) and (5) 
become respectively:

’ r1 = rx,

(9)
™ = y.

■ = o

x 2 + y2 = hr2 + 2Ar A 2B (10)

y = c  ( ii)

where, in (9), ' = d/ds. These nonsingular equations and first integrals were used 
by Diacu et al. (1996) to construct the collision manifold. In what follows we shall 
start from equations (9)- (11) to tackle the infinity manifold.

3. INFINITY MANIFOLD

Let us put p = 1/r; formulae (9 )-(ll) become respectively:

p' -  ~px,
x' = P~2 (h + Ap),
0' = y,
y' = 0

p \ x 2 + y2 ) = h + 2Ap+ 2Bp2 

y = C

(12)

(13)

(14)
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With the transformations
= (15)

[n  = yp

relations (12)-(14) read respectively:

. ( 1 6 )

= - p - 1 ^

^  +  n
2 = h +  2 /p  + 2Bp2 (17)

r) = Cp (18)

Equations (16) exhibit a singularity at p = 0. This shortcoming can be re- 
moved via the rescaling of timehke variable

ds = pdr, (19)

which leads (16) to
dp

= r? -  A p - 2 B p 2 ,
(20)d0 '

y  = “ ^dr
where the energy integral (17) was used in the second equation (20).

Denote by Mm  (infinity manifold) the intersection of the sets (invariant under 
the flow, as one can easily notice):

{ ( p . t ^ l )  | ( 2 +  i)2 = h + 2Ap + 2Bp2 } , 

{ ( p ,^ ^ ,^  1 p = 0}

namely
A f o o ^ f G ^ l l ^  +  ^ ^ ^ e s 1 } (21)

is a 2-cylinder (or a 2-torus, because 5'1 is the segment [0,2ir] with the end points 
pasted together), all imbedded in the 4-space of the coordinates (p^tO ,^). Of 
course, this is true only for h > 0, and M ^  reduces to the cirde (f =  (),i) =  0,5 G 
G S 1) for h = 0, and Moo = 0 (the partide cannol cscape) for h < 0.
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The vector field on Moo reads

(22)

du 
dr

It is obvious that there are two circles of degenerate equilibria on the Moo torus: 
the upper circle UC (( = y/h, 0 6 S 1 , r/ = 0), and the lower circle LC (f =  — y/h, 0 G 
g S 1 ,^  =  0). The trend of aii other orbits on Moo is easy to emphasize. Putting 
f =  T ftsin^ , T) = y/h cos ip, one is led to d^/dO = — 1. Plotting the flow in the 
(0, ^)-plane, and taking into account (22), one observes that all orbits on M„o with 
r j /O  start from LC and end in UC. This means that, except for the two circles of 
equilibria, the flow on Moo consists of heteroclinic curves connccting LC with UC 
(Figure 1).

Fig. 1. The flow on the cylinder Moo-

4. REMARKS

The flow on Moo has no physical significance; however, duc to the continuity 
with respect to inițial conditions, it allows the understanding of the behaviour of 
trajectories which approach infinity (however without escape). It is worth noticing 
that, by (18), all orbits neighbour infinity in the region of UC (the escaping ones) 
or LC (those which come from infinity). Of course, if h = 0, UC and LC coincide 
(and Moo restricts to this single circle), whereas for h < 0 the partide cannot rcach 
infinity (always bounded motion).

It is also clear that the coordinates (C u) a r e  quite the polar components of 
the velocity (r,r0). Moreover, the vector field (20) could be derived from the inițial
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equations of motion. However, a new application of McGehee’s technique (starting 
from (9)"(11)) seemed more elegant. ; .

As a final remark, the time scale, (8)| which governs the (physically meaning- 
less) collision manifold, and the time scale (il9), that features the (equally mean- 
ingless, from the physical standpoint) infinity manifold differ from each other.

AII the above results ofTer a wider view and a deeper understanding as regards 
the orbits that approach inifinity in Maneff-type problerns.
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Abstract. In Bucharest was installed a Danjon astrolabe, transferred from 
the Royal Observatory of Brussels. This paper deals with the improvements 
brought to this instrument in order to gain stability, observation accuracy and 
efficiency. The changing of the transparent prism with a Zerodur reflecting 
one, the new dual task of this astronomica! instrument (self-collimating system 
and star tracker) and the acquisition of images using a CCD camera are the 
technical Solutions of the modernisation project.

Key words: astrolabe, CCD observations.

1. SCIENTIFIC PROGRAMS APPROACHABLE BY MEANS 
OF THE DANJON ASTROLABE

The astrolabe as conceived by Danjon was until the end of the eighties one of 
the most remarkable astronomical instruments, able to observe the stars, planets 
and their satellites, and more recently the Sun (e.g. Debarbat & Guinot 1970).

Being able to observe both stars and solar system bodies, it can be actually 
helpful in versatile observations, to which the present high precision tec.hniques have 
no access. It is worth presenting briefly some interesting domains of research where 
the astrolabe is very useful (Chollet 1995):

a) The link of reference systems
The versatility of the instrument makcs possiblc the link between convențional 

and dynamical systems by observations of planets and their satellites, on the one 
hand, and of stellar (inside and outside the Galaxy) on the other. By systematic 
radiostars observations one can link the convențional inerțial system with that of 
extragalactic radiosources.

b) Variations of local vertex
The Earth crust produces periodic moveinents with regard to the terrestrial

Rom. Astron. J., Voi. 7, No. 2, p. 189-198, Bucharest, 1997
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reference frame: the total amplitude is of about 0” .01, and the dominant frequencies 
are diurnal and semidiurnal. By observations of bodies situated in and outside the 
Solar System, the variations of the local vertex can be deduced.

c) The mapping of stellar catalogues
The most modern stellar catalogues (FK5 and HIPPARCOS) contain very 

precise positions of stars; the disadvantage is that these positions are subjccted 
to time degradation. The effect of proper motions in producing that damage is 
well known. In the absence of other space techniques or new missions such as 
HIPPARCOS or TYCHO, the ground-based observations with improved techniques 
still remain requisite.

d) The measurement of the Solar position and diameter.
Only the astrolabe, specially adapted for this kind of observations, can mea- 

sure the position of the Sun with an accuracy better than 0” .4 (for one observation). 
The same precision can be reached in measurements of the Solar diameter. These 
programs permit to verify the theories of the Earth movements and also to connect 
the dynamic reference system to the stellar system.

2. QUALITIES AND FLAWS OF DANJON ASTROLABE

A brief analysis concerning the technical possibilities of visual astrolabes in 
comparison with the modern techniques emphasized a complex of qualities and flaws 
that persuaded the internațional astronomica! community to continue the research 
in order to irnprove the astrolabe. Among the qualities we can quote the stability of 
the instrumental reference system due to the firm compact prism and the mercury 
pool. The HIPPARCOS telescope is in fact an astrolabe without the mercury pool, 
which reaches an observational accuracy of about 0” .02 (for one observation). This 
accuracy can be attained also by improved ground-based observations.

The flaws of Danjon astrolabe are the following:
a) The poor luminosity. The use of a glass prism that works in the transmission 

mode, and of the bi-refringent Wollaston micrometer leads to a loss of luminosity. 
The aperture of the objective is divided into two parts, each of them being equivalent 
to a 60 mm aperture; since the mercury only has a reflectivity of 70-75% (Xu 
1992), its half lens works as an aperture of 45 mm. This fact leads also to an even 
more severe loss of luminosity in the case of the reflected image. The performed 
observations are visual (the eye’s integration time is of about 0s .2). That is the why 
the greatest magnitude is limited to 6.5.

b) The variation of the prism angle caused by the thermal instability of glass 
(due to the thermal expansion coeflicient for optical glasscs).
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3. SOLUTIONS ADOPTED IN ORDER TO IMPROVE 
THE QUALITIES OF THE DANJON ASTROLABE

a) The construction of the Zerodur-reflecting prism
The change of the transparent prism with a reflecting one (Popescu et al. 

1996), cut from a block of Zerodur, was an important improvement of the astrolabe. 
The shape of the prism (based on an idea of F. Chollet) was detailed until February 
1996 and the manufacturing was performed by the Romanian Optical Industry 
(I.O.R.). The system contains two prisms glued at the contact point:

-  the first (45°) is used togcther with the left pupil and the mercury bath as 
an autocollimation system,

-  the second (67° 30’) serves to reflect the light emitted by celestial bodies 
located at a 45° zenith angle.

The plane surface tests were performed in the I.O.R. laboratory with a V-100 
PHASE interferometer (A = 633 nm). The results are given in Table 1.

Table 1

P rism C ode, u tility  of th e  surface and  position P lan e ity

I autocollimation on the mercury pool; tilted at 45°. 0.092A

I
autocollimation for positioning the prism with 
regard to the astrolabe; vertical.

0.1 IA

11 observation of stars; tilted at G7°.5. 0.13A

To obtain a precise detennination of prism 
angles, measurements were made with a Moller go- 
niometer (the reading error is of ±1”). The results 
are given in Table 2.

Angle R esu lt

45° 44° 59'59". 3

67°3I>' 67° 21'56"

The piramidity is of 30” ±5. The mounting of the optical system was con- 
ceived according to the mechanical modification of the astrolabe.

b) The replacement of the Wollaston micrometer with a LED lighted reticle.
By removing the Wollaston, the focal length of the astrolabe varied, so we 

had to shift the image transporter backward versus the eyepiecc (and at the same 
time versus the CCD camera) in order to avoid parallax errors. In the place of the 
Wollaston we put the illumination system and the reticle. The reticle serves for 
instrumental constants determinations. It is made from a very thiu thrcad of spider
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cocoon (10 pm).

The angle between the vertical and horizontal threads is of 90° ± 0°2.

Fig. 1. -  The optica! scheme of the modified astrolabe.

c) The automatic positioning in azimuth.

A gear dernultiplication system (1/170) was used in combination with a step 
motor driven by a rnicrocontroller MC68HC11 (half step mode). For the time being 
the system works in an opcn loop but we soon intend to close the loop by an 
ENCODER system.

Fig. 2. -  The electronic scheme of the modified astrolabe.

d) The use of a CCD camera as star tracker and autocollirnation system.

The camera used is a COH U 4710 (borrowcd from Paris Observatory, DANOF) 
that works in frame transfer mode. It reads in the CCIR video standard (25 irnages 
by second). Two frames (20 ms) are necessary to make an image (40 ms). With 
the aid of a CICLOP plate the video signal is digitized on 8 bits The plate also 
transforms the real camera in a virtual one, having the dimcnsion of 512 x 512 
pixcls. The dimensions of a pixel are of 8.5/nn x 10.5/zin.
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4. THE PROCESSING OF IMAGES OBTAINED 
WITH THE COHU -  CCD CAMERA

As we wrote in the description of the system, COHU is a TV camera. The 
integration time for one frame (interlaced mode) is of 40 ms. In order to transfer 
one image from the interface plate of the camera to the hard-disk the processor 
takes on the average over 100 ms. For this reason we adopted a time interval of 
image acquisition of 200 ms. The software conceived in Turbo Pascal offers the 
possibility of working with Windows of 100 x 512 pixels that can be shifted in any 
direction at different velocities (electronic star tracker).

A file with a capacity of less than 64 Ko contains the intensities of the 100 x 512 
pixels digitized on 8 bits, the time of acquisition (by means of time interface), and 
the azimuth of observation.

4.1. THE CALCULUS OF HORIZONTAL AND VERTICAL TILT 
OF THE ASTROLABE

By using the reflecting prism of 45° angle, the mercury pool, and the CCD 
camera, the new astrolabe becomes a very accurate autocollimatic instrument. Be- 
cause of its 3500 mm focal length, the accuracy of the tilt angle calculalion is of 
about 10 mas.

The algorithm is a very simple one:
a) A window centercd on the illuminatcd reticle is chosen. By removing the 

mercury pool, only the image of the reticle is “viewed” by the camera (Fig. 3). 
The center determination of horizontal and vertical reticles is performed by the 
least squares method. The centering of the reticles can be done by several methods 
(Gaussian profile, mediane, gravity center rnethod, inflexion point method). We 
chose the last two methods.

b) By using the mercury pool the new frame contains the reticle and its image 
reflected in mercury. Because of the poor reflection coefficient of the mercury (of 
about 75%) and of the multiple reflections inside the astrolabe, the intensity loss 
of the autocollimated reticle is of about 50% (Fig. 4). The subtraction of the first 
frame from the second is operated, then the algorithm is repealed as at point a), 
with the difference that, instead of the reticle, now we work with a reflected image 
(Fig. 5).

c) The half distance between the two horizontal reticles is in fact the true 
horizon. It is done in a first approximation by the equation Y — Lgn, where Lgn is« 
the row number in the CCD matrix.
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4.2. THESTARLIKE IMAGES ACQUISITION MODE

As wc alrcady said, thc intcgration time is of 40 rns Plic astrolabe "half- 
pupil” apcrture is of about 60 mrn. In these conditions, according to Hou (1995), 
thc secing “is frozcn” . The seeing parameters are given in Table 3.

On thc other hand, thc nuniber of photons that fall on thc GC1) is in this case 
very mucii diminished. From experience wc cari say that in thc conditions of a S/N 
rate equal to 2 -3, the greatest inagnitude reached is rnv - 4.0 (for an exposure of 
40 ms). The rate of S/N can be irnproved by using a technique called CINE-CGD 
mode (Fort et al 1984).

Table 3

Summary of the parameters for the atmospheric turbulencc

Coherence time r f

r.in.s. iniage motion <rm rrih = 0.358

5 30 ins

for A =  6 pui.
I) =  10 eni, 

a„, =  3.59 x J i r 5

In opposition with the TEU (time delay integration) mode, this iinage acqui- 
sition mode works with large serios of images of a very short exposure time, any
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sequence being compared with a movie sequence. The sum of all these images is 
equivalent with a long time integration image. If the system noise is very low and 
uncorrelated in time and space, then the signal to noise rate (S/N) can be improved 
by adding all the images with the square root of the number of images. Depending 
on the existence of some reference points in the grabbed image, there are several 
summing algorithms:

-  If there exist stars bright enough to provide an S/N greater than 3, for 
centering the frames, the origin of Cartesian axes system is chosen in the centroid 
of stars (fitted by a Gaussian mask);

-  If there are not any bright stars in the field, the autocorrelation function 
between two consecutive images is one solution; another solution is the correlation 
between the image and a starlike PSF filter.

The star’s passage time across the field of the astrolabe is given by the formula:

t ^  min {22s sin A • cos^; 22s (sin p  4- cos 9? cot z • cos 3)} (1)

where: A is the azimuth measured from South,
<p is the latitude (in the case of Bucharest 44° 24’ 50.”38), 
z is the zenithal distance.

The rate transfer from the camera to the hard-disk is of about 200 ms so 
that the number of images taken in the star’s passing interval is great enough to 
improve the S/N rate and to build-up the star’s trajectory. Knowing in the first 
approximation the azimuth position, the parallactic angle, and the zenital distance 
of a star we can schedule a vertical movement. The motion velocity is:

wy = 15 cos psin A, (2)

being measured in [”/s].
In this way the star remains in the same position on the vertical and movcs 

only on the horizontal with the velocity:

, _ . . z x c o s  cos .S' , „vx  =  15(sin p  + cos <p cot z cos = 15------------- (3)
sin z

where, 6 is star’s declination and S  the parallactic angle.
These assumptions were made neglecting the r.m.s. image motion due to the 

atmosphere. We can conclude that in a first approximation the camera behaves as 
a star tracker.
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4.3. THE TRACKING OF A STAR

Because the field is narrow of about 5’.5, a star trajectory can be approximated 
by a straight line. According to Chollet (1996), we can build up the trajectory of a 
star from the position in the frame at the moment recorded by the time interface. 
If the angle between the two reference systems (CCD system and local vertical 
system) is zero, it means the CCD rows are perpendicular to the horizon, and wc 
can approximate the motion equations as follows:

y — ^ t  cos ̂ sin X +  cy

A/ cos 6 cos S  (4)
T = -- :----------- 1- exsin z

We denote:
oj = cos ¥> sin 71,

«o = S, (5 )

cos 6 cos S = ——— 
tan ao

Because of the mirror reflection, the expression of y shifts its sign:

cos 95 sin A < 0  to East and cos <p sin /  > 0 to West. (6)

But,
A i > △*—— > 0 to East and —  < 0 to West. (7)At Ai H

The motion equations in the two directions become:

i  - ;-------At + cr tan ao

When the CCD reference system (XO Y) is tilted at angle fi with respect to 
the local vertical system (xOy), the motion equations are given in both systems:

(CCD) X  = xcos fi + y sin fi 
Y = — sin fi + y cos fi (9)
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(horizon)
x = X  cos 0 — Y  sin 0 
y = X  sin P + Y  cos P (10)

which means:

a i ■ cos(a0 + 0) ZL —- " . “
sin «o .

y  _  a Y ■ sin(a0 +  P)

Ai +  ex cos P + ty sin P

sin ao
△Z — ex  sin P + ty cos P

(11)

With the help of the least squares method one can determine the coefficients 
P,ex ,ey. The star trajectory can be described in the first approximation as a func- 
tion

Y = Y(X ).

The passage moment of the star at the zenital distance given by the prism 
geometry can be deduced by solving the equation:

Y W  = Lgn. (12)

5. CONCLUSIONS

The first aim of this project is to obtain a very accurate astrometric instru­
ment. For the time being, we are not as much interested in observing faint stars 
as in determining all the inner parameters of the new astrolabe. The next step 
is the replacement of this camera with an Intensified CCD camera. That camera 
must have direct access to pixels, variable acquisition time (up to 200 ms), and 
high data transfer rate. Because it is impossible to use the TDI mode for astrolabe 
observations, we think that the CINE-CCD mode remains the best solution.
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ASTROMETRIC POSITIONS 
OF THE COMET 1995/01 (HALE-BOPP)

GHEORGHE BOCȘA, MIREL BÎRLAN
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Abstract. Precise positions of the cornet 1995/01 (Hale-Bopp) observed in 
Bucharest are presented. These observations were made with a 380/6000 mm 
astrograph. We used astrophotographic plates and an Ascorecord measuring 
machine.

Key words: cornet, astromelry.

The cornet 1995/01, very well known by the astronomers (professionals and 
amateurs) as the cornet Hale-Bopp, offered us a brilliant cosmic show. The com- 
puted preliminary orbit reveals that the cornet 1995/01 is for the first time when 
it passes across the Sun. Systematic observations of its “atmosphere” allow the 
identification of new chemical compounds (Circular 6568, 6573, 6614, 6625, 6631) 
never before reported for any other cornet.

During autumn 1996, several nights of observation allowed us to perform pre­
cise astrometric positions of the cornet. The observations were made with the 
Mertz-Prin astrograph (380/6000 mm) from Bucharest.

These positions were calculated using 5-10 PPM reference stars, chosen around 
the cornet, not farther than 1° from the center of,the plates. From the at,6i coor- 
dinates (corrected with the proper motions) of the reference stars, and oo.io of the 
center of the plate, the normal coordinates Xi,Yi were computed. Both Turner’s 
(constants) and Schlesinger’s (dependences) methods (Brouwer & Clemence 1961) 
were used to compute the norrnal coordinates of the cornet. Then, starting with 
the normal coordinates X ,Y ,  the topocentric coordinates a, 6, of the cornet were 
determined.

The results are presented in Table 1. The first column contains the date of the 
observations (year, month, day with fraction of day); the topocentric right ascension 
and the declination of the cornet for the 2000.0 epoch are presented in the second
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and the third column, respecțively; the last column contains the number of the 
reference stars used for computing.

Table 1

Astrometric positions of the cornet 1995/01 (Halc-Bopp)

DATE UT 0'2000.0 *2000.0
|- N

1996 09 10.76657 17h 33m 34’ .69 -6°00 '26".0 5

” 09 10.77453 17 33 34 .45 - 6  00 24 .3 5

" 09 10.73788 17 33 10 .43 - 5  57 19 .0 10

” 09 11.75034 17 33 10 .10 - 5  57 16 .7 10

” 10 03.71416 17 29 51 .17 - 4  52 15 .2 8

” 10 15.69075 17 32 18 .87 - 4  16 34 .4 9

” 10 15.69802 17 32 18 .99 - 4  16 33 .3 9

” 11 04.67492 17 42 05 .11 - 3  04 25 .2 10

” 11 04.68219 17 42 05 .34 - 3  04 22 .6 10

” 11 12.66901 17 47 44 .94 - 2  27 43 .1 7

” 11 12.67697 17 47 45 .29 - 2  27 42 .8 7

These astrometric observations were already reported to the Central Bureau 
for Telegrams of the International Astronomical Union and used to improve the 
orbital elements of the cornet.
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MISCELLANEA

CONSTANTIN GOGU 

(1854-1897)

A century ago C.I. Istrati accompanied Constantin Gogu at the latter one’s funeral 
with the words “let his memory be forever respected and never forgotten”.

This is exactly what we, their successors, are also trying to do, whenever we think 
of oui illustrious predecessors. And Constantin Gogu was one of them.

He was born on 30 May, 1854, at Câmpulung Muscel in a family with evident 
inclinations for mathematics: thus, both his brothers from his mother’s two marriages 
(Gogu and lanculescu) pursued mathematical studies. One of Gogu’s brothers took his 
degree in mathematics in Bucharest, while a sister by the same father died before taking 
her degree in the same Science. Another brother, Mihai lanculescu, was a lecturcr at the 
Bucharest University.

This atmosphere of study had a strong influence on Constantin Gogu even beginning 
with the years of his childhood: after he had finished the first elementary classes in his 
native town, he became one of the permanent prize-winners of the Matei Basarab high 
school in Bucharest (1866-1873). Afterwards, he enlisted for the Faculty of Sciences in 
Bucharest, the section of mathematics. Later, on he taught mathematics at the School of 
Trade (1 September, 1876 1 September, 1877 ).

In Octobcr 1877 he went to Sorbone with a study scholarship. Thcre he took his 
degree in mathematics (31 July, 1878). Afterwards, he became “a free student” of the 
Astronomy School of Paris Observatory, until 1881. Even beginning with that period 
Gogu had already approached the study of the Moon, which was to be also the subject 
of his doctoral thesis. In the Rapport annuel de l'Observatoire de Paris pour 1881 (p. 19) 
it is mentioned: “Mr. Gogu, a Romanian astronomer student, of our Observatory, left us 
last November to be appointed professor at the University in Bucharest; he published in 
Volume XVII of our Memories an important work on the inequality of the Moon produced 
by the planet Marș”.

After his return home, he became a professor at the School of Artillery tnd Engineer 
Officersin Bucharest, and also a professor of analytic geometry at the Faculty of Sciences, 
at the School of Architecture, as well as at the Nifon Seminary (he had even been appointed 
guardian of the Nifon Institution, as his mother, born Rusescu, was a niece of Nifon, the 
metropolitan bishop of Hungary-Wallachia).

He returned again to Paris to present his doctorate at the Faculty of Sciences; on 
7 February, 1882 Gogu became the third Romanian to defend a thesis on mathematics
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and respectively the second one ou celestial mechanics. The title of thc thesis was Sur 
une inegalite lunaire â longue periode due â l ’action perturbatrice de Marș et dcpendant 
de l’argument u  + l — 24/' +  201". The examination commission was made up of Briot 
(replacing Puiseux as President), Bouquet and Tisserand. The thesis was dedicated to the 
Rear admirai E. Mouchez, the director of the Observatory in Paris and member of the 
Institute and of the Bureau of Longitudes, to Dimitrie Petrescu, a professor at Bucharest 
University and also a member of the Standing Committee of Public Instruction, as well as 
to his main teachers, V. Puiseux and F. Tisserand.

The thesis was mainly elaborated on the basis of Delaunay's theory of lunar motion, 
as well as of some articles of the English astronomer Neison, published in Monthly Notices. 
Gogu planned to study for the lunar motion the presence of some long-periodic inequalities, 
produced by other bodies than the Sun, such as the closest planets to us — Venus, Marș 
and Jupiter. The idea was not new; Hansen had already introduced in the Lunar Tables 
two long-periodic inequalities due to the perturbing action of Venus (inequalities also 
verified by Delaunay and Tisserand).

Neison had pointed out some long-periodic inequalities due to the planets, too. Ac- 
cording to his computations, the perturbing effect of Marș could lead to a term with a 
period of 406 years, an inequalily that was too important not to have atlracted the atten- 
tion of the astronomers and also, too great, taking into account the relatively negligible 
mass of Marș with respect to that of the Sun.

By contrast, C. Gogu took into consideration the variations of the elliptic elements of 
the Moon due to the perturbing action of the Sun, going as far as the second degree terms 
as against the average motions of the Earth and of the Moon (the lunar orbital elements 
could not be considered constant cven in a first approximation). He also took into account 
the inclination of Marș orbit with respect to the ecliptic. Considering also the terms which 
had been neglected by Neison, Gogu demonstrated that, for the respective perturbation, 
the coefficient was practically negligible, contrary to the facts shown by Neison. Indeed, 
the inequality established by Gogu was:

0", 00034 sin(l -  241' + 201" +  176° 27', 3),

in comparison with approximatively 7", term established by Neison.
Gogu ended his 101 pages of analyses and laborious calculations (alinost 500 opera- 

tions) with the following conclusion: "... in the two long period lunar inequalities due to 
the perturbing action of Venus, discovered by Mr. Hansen and estimated by Mr. Delaunay 
(Connaissance des Temps, the years 1862 and 1863), the terms that contribuie almost 
entirely to the formalion of the cocfficients of the two inequalities arc thos'e containing as 
factor sin 7" mulhplied with half of the perturbing planet orbit inclination, with respect to 
the ecliptic plane; likewise, also the coefficients A^ and Ag of the analogous terms have, for 
the inequality we are deahng with, the highest values; however, in our case, the factor f " 
by which they are multiplied, is niuch smaller than e' and e" , which leads to the conclusion 
that in the end those are not the highest value terms".

Gogu’s thesis did not remain withoul echo. Adams, who had discovered, together 
with Le Verrier, the planet Neptun, urged him to publish an abstract of his conclusions in
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Memoirs of the Royal Astronomica! Society. The article was accompanied by a letter in 
which he undeilincd the fact that the difference with regard io Neison’s resulls werc due 
to the same calculus errors of the latter one.

But there were also other opinions regarding Gogu’s work. Teofil Vescan appreciated 
Gogu’s thesis even as a "work that was less than modest and completely anachronistic 
today" (Tribuna, 23 August 1939). țh e  truth was that presented by his professor, Petre 
Sergescu, a specialist in the history of mathematics, in a retort published three weeks 
latei by the same newspapcr (Tribuna, 11 September 1939). He showed that Gogu’s thesis 
“raised a great echo at its time, as it abolished the theory of the English astronomer Neison 
concerning the inequalilies of the Moon’s average longitude”.

Sergescu was right, too: otherwise how could we explain the fact that Radau includcd 
in the table published in Annales de l ’Observatoire de Paris, Memoires, t. XXI (R. Radau: 
Sur Ies inegalites planetaires du moubement de la Lune) arguments of relatively short 
period, which do not contain lunar elements, but only the L' and L" longitudes ? Their 
importance comes especially from the indirect action exerted by the planets on the Moon, 
from perturbations on the Earth. In the 7th  line of the table also used by Tisserand, 
the fifth order coefficients were mentioned as belonging to two authors, Neison and Gogu 
(Cours de Mecanigue celeste, Voi. III, 1894, p. 379 ). Gogu’s result is also quotcd in 
Encyclopedie des Mathematischen Wissenschaften, Voi. VI, 1915, p. 683.

The fact that Gogu was considered by Tisserand as a first class specialist results also 
from the fact that Tisserand consulted with Gogu on the method errors that appeared 
in the works of the American astronomer Stockwell (published in Sillimman’s American 
Journal — 1880) from Theorie du mouvement de la Lune by Delaunay, as well as in the 
works of other authors, such as Laplace, Pontecoulant, Giovanni Plana. AH these had 
taken into consideration, for the Moon’s longitude, terms due to the perturbing action 
of the Sun that did not disappear if the Sun’s mass were considered nuli. These were 
annulled at the same time with the Sun’s mass, as Gogu later showed in the memoir 
published in the Annales de l ’Obscvatoire de Paris, in 1884. It was in the same memoir 
that Gogu showed that the difference between Hill and Delaunay concerning the integrals 
of the lunar motion equation came from different versions on the integration constants. He 
once more confirmed Delaunay’s scientific rigour, from which he claimed he had actually 
started his thesis.

In the Annales de l ’Observatoire de Paris it is recorded that: "Mr. Gogu, a free Ro- 
manian student of our school, has successfully passed the doctorate exams tn mathematical 
Sciences and has left the Paris Observator^.

In response to an article by Paul Tanco, Gogu published five letters in Scientific 
Recreations "on the establishing of the Easter celebration”. It actually concerned also the 
Moon’s motion ; the Easter date depends on the date of the full Moon, which can take 
place on the day of the vernal equinox or afterwards. In the 4lh  century, when the counci) 
of Niceea took place (325 A.D), it was believcd that a lunar phase repeated itself exactly 
every 19 years; thus, a one day errors was introduced every 308 years, namcly a difference 
between the astronomica] paschal Moon and that established by the Orthodox Church. 
This error had been eliminated from the calendar of the Western Church through the
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reform imposed by the Pope Gregory the XlIIt h . There obviously remained small errors 
due to the difference between the true and mcan positions of the Moon. Gogu approached 
thus a problem tackled before by another great mathematician, Emanuel Bacaloglu, at a 
meeting of the Academy (the Annols of the Academy, 2n d  series, Voi. II, About the Calen­
dar, 20 March/1 April 1880), a reception speech at the Academy, in which he sustained 
the superiority of the Gregorian Calendar and the jpcessity thal it should be introduced 
in all cultivated countries. (Through the decree-law of 5/18 March 1919, the Gregorian 
Calendar, or the New Style, was to be adopted also in our country.) Gogu Onderlined once 
more the scientific character of the calendar reform.

After his return home following the defence of his doctoral thesis, Gogu participated 
together with David Emanuel in the contest for the chair of analytic geometry. Although 
Spiru Haret, a member in the examination commission, had preferred David Emanuel, 
Gogu was declared the successful candidate, to fiii the chair beginning with 28 September 
1882 and until the end of his days (the chair of celestial mechanics was taken up at that 
time even by Gogu’s professor, Dimitrie Petrescu). Gogu was to be followed at that 
chair by the student who had very consciously lithographed the lecture taughl, namely by 
Gheorghe Țițeica.

In parallel with the lectures at the University, Gogu also taught at the School of 
Bridges and Highways Construction from 1887 until 1888, when the new law of holding 
more than one office determined him to make an option for the first chair.

He was a good professor, who imposed on his students order and intelectual disci­
pline, but also Iove for Science.

This is also proved by the fact that he made efforts to set up the society “The 
Friends of Mathematical Sciences” (24 January, 1894), by the way in which he encouraged 
the appearance of the Mathematical Gazette, as well as by the supporl he gave to the 
society “The Romanian Youth”, mcant to stimulate the competition between high-schools 
to incrcase the preslige of Romanian scicnce. He was the first president of the “Romanian 
Society of Sciences” (13-30 January, 1897).

His scientific merits were acknowledged by the Romanian Academy, which included 
him among his corresponding members in the year 1889. On that occasion he published 
(in the Volumes 13 and 14 of the Academy) two works: On the curvalure radius of the 
curve born by a point invariably connected to a circle that rotates, wilhout shipping, on a 
fixed straight line and On the vanation of gravity in the same localily.

Unfortunalely, a cruel disease put an end to his life, while still at full creative power. 
He died in Craiova at the age of even less than 43 years old; on 31 .lanuary, 1897, he was 
buried at Câmpulung, beside his fainily.

Magdalena Stavinschi
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ANNUAL CONFERENCE ON ASTRONOMY

The Annual Conference of Astronomy, organized by the Astronomical Institute of 
the Romanian Academy together with the Romanian National Committee of Astronomy, 
took place in Bucharest in 17 and 18 April 1997.

The conference was dedicated to the commemoration of some illustrious representa- 
tives of astronomy from our country, as well as to the presentation of the latest astronomical 
results of the Romanian rescarchers.

Following the opening speech of the Academician Romulus Cristescu, the President 
of the Mathematical Sciences Department of the Romanian Academy, and of a presentation 
by Dr. Magdalena Stavinschi, the Director of the Astronomical Institute of the Romanian 
Academy, on the situation of astronomy in Romania in the 90th year of existence of 
the Astronomical Observatory in Bucharest, Prof. Arpad Pal evoked the personality of 
Academician Constantin Drâmbă, a remarkable specialist in the field of celestial mechanics 
and former director of the above mentioned institute in the period from 1963 to 1977, 
deceased on 10 February 1997.

Although 20 years have elapsed since the passing away of our Professor, the Post 
Mortem Academician Călin Popovici, the evocative words of Dr. Emilia Țifrca brought 
him back to our minds, together with his results and innovative ideas in the field of 
Astrophysics and Space Research launched in our country and at the internațional level.

On the same occasion Dr. Magdalena Stavinschi presented the life and activity of 
Constantin Gogu, a corresponding member of the Romanian Academy, on the commemo­
ration of 100 years since his death.

In view of an astronomical event to take place at the end of this century, of a special 
importance for our country, namely the total solar eclipse of 11 August 1999, a scries 
of papers on special programs for the observation of this eclipse, as well as on the stage 
of the researches related to the integral coronal radiation, coronal mass ejections, polar 
plumes and complex solar filaments were presented; these researches can be improved by 
new results obtained through the observations that will be possible during the total solar 
eclipse of August 1999.

The situation of the celestial bodies visible during the eclipse and the calculation 
method of their ephemerides were also presented.

In 1997, the Astronomical Institute participated in the PRESAT program, in col- 
laboration with researchers from the Bureau of Longitudes in Paris, obtaining new results 
of the observations on Saturn’s salellites made in Bucharest.

The results of the determinations of some physical parameters of the asteroids, 
through CCD photometry, obtained also in collaboration with French researchers from 
the Observatory of Paris-Meudon, were also presented.

The latest results on the improvement of stellar positions by means of the global 
reduction methods, preliminary results obtained with the modernized Danjon astrolabe,
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as well as these concerning the dynainics of the artificial satellites of type GPS and Cosmos 
were presented, too.

The researches of stellar photometry, in the field of variable stars, produced papers 
in all the three observatories of the Institute, namely from Bucharest, Cluj and Timișoara, 
such as: the calculus of the line profiles with the interacting binaries, the long term 
variation of the DY Pegasi pulsating star period, the complex modulation of the orbital 
period of the U Coronae Borealis binary, minima determinations and appreciations on the 
modification of the period of the variable with 44i Bootis eclipse, analysis of the variation 
of the pulsating star of type Cephei — BW Vulpeculae.

Interesting results were also obtained in the large-scale study of the Universe, through 
N-body simulations of the interactions in the galaxy clusters.

Celestial mechanics was present in the papers referring to the structure of the phase 
space in the Schwarzschild problem and to the KAM theory applied to the Gylden problem.

At the end there were debates on the perspectives of teaching astronomy in the 
college, as well as on the contributions of some centenary journals to the presentation of 
some astronomica! lopics for the general public.

Mana Magdalena Cârșmaru
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“THE OPEN DAY” AT THE ASTRONOMICAL INSTITUTE

The Astronomica! Institute of the Romanian Academy is the first research centre in 
Romania that decided to open its doors for the general public once a year. The day chosen 
for the inauguration of this manifestation was Saturday, October 11, 1997. Thousand 
visitors roughly had in this way the possibility to know more intimately the preoccupations, 
the efforts, and the results of a research institute.

Along eight hours the whole staff of the Bucharest Observatory of the Institute was 
at the public’s disposal, guiding the groups of visitors through halls and domes, providing 
explanations and answering endless questions. The people showed a high interest for 
both such a special research and the most important astronomica! evcnts the researchers 
focus on, mainly the so much expected total solar eclipse of 1999. There were presented 
the Instruments, as well as posters intended to offer an eloquent image of the difficulties 
and achievemenls the astronomica! work faces. The scientific movies and the computer 
simulations constituted a special attraction.

In this way the general public had the opportunity to know the manner in which 
the money invested in scientific research is used, as well as many achievemenls of the 
Romanian astronomy, often better known abroad than in our country.

We hope that the inițiative of the Astronomical Institute will be followed by otlier 
research institutes in Romania.

Magdalena Stavinsc.hi
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