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Chapter 1

Introduction

The 20th century contributed to the development of human civiliza-
tion in two main directions, namely the scientific understanding of
universe and of human being as its part, and shifting technical, en-
gineered devices into the interplanetary space, into the human body,
and into the processes reserved before for the activities of human
minds only. Cross-fertilization of different branches of science and
technology has been running during the last hundred years very
rapidly and it appeared very productive in many directions. The
most interesting for our further intentions are the mutual influences
of biology and the mathematical study of computing and natural
language.

Symbols like letters in alphabets, words in languages, symbols
used in chemistry, pictograms which orient us in railway-stations or
airports, and many other symbols play an important role in our every-
day life. Generally speaking, we live in a world of symbols similarly
as we live in the real physical world. A very important feature of
our intellect is that it can recognize and manipulate symbols in very
different contexts. The patterns of ink in a sheet of paper we consider
as letters which refer to some sounds produced by us, for instance.
The sequences of such letters - words - refer to all of real or imagined
things, events, or states in our real or virtual world which we are able
to communicate. Complicated chemical structures can be usefully
condensed into the form of short and clear structures of symbols.

https://biblioteca-digitala.ro / https://unibuc.ro



6 CHAPTER 1. INTRODUCTION

All human problem solving capability can be considered in a certain
sense as a manipulation with symbols and structures composed with
them [99], [98].

In a rather general sense, symbols are patterns which are rela-
tively stable in space-time with the ability to designate things other
than themselves only. There are many possibilities to “materialize”
symbols (ink-lines in the paper sheet, structures in the memory of
a computer, etc.) but all “materializations” must have some basic
properties like (relative) stability in space-time, possibility to be a
part of more complicated structures - symbol structures - to be “cre-
ated” and “discharged” if necessary, etc. Symbols can be organized
into symbol structures - letters into words, words into sentences, pic-
tograms into maps leading us from the entrance of an airport through
the check-in desk further to the boarding-gate, the symbols A, C, G,
and T, denoting the basic nucleotides, into DNA sequences which
encode the genetic information of organisms, etc. We are able to des-
ignate things by using symbols or symbol structures, which represent
an important attribute of symbols.

We can also recognize such structures, this is another very im-
portant attribute, and to process them in certain ways. There are
different theoretically investigated and well understood possibilities
of how to organize symbols into more complicated structures. The
simplest structures, in a certain sense, are the strings of symbols.
The formal definition of a string of symbols from a finite set of sym-
bols, called alphabet, can be given. Also other types of structures
can be defined in a formal and correct way (graphs, pictures, etc.).
In a more general setting, we always are confronted with mappings
between symbol systems and other systems, which can also be symbol
systems.

1.1 The Basic Inspirations
(Linguistics, DNA, and Computing)
Language - in its two basic forms: natural and artificial - is a par-

ticular case of symbol system. More and more approaches in science
corresponds to a general process of transferring methods and tools
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1.1. THE BASIC INSPIRATIONS 7

from mathematical linguistics to other areas of research. An early
and deep investigation of this phenomenon can be found in [87].

In following sections, we are going to discuss about the formal
language paradigm as a possible basic link between DNA, as a part
of the genetic language, computation and artificial systems. More
specifically, we present some developments in the framework of for-
mal language theory suggested by genetics and molecular biology as
well as artificial life. First, we start with some considerations about
the origins of the aforementioned sciences which have influenced the
formal language theory.

A very significant scientific event of the 20th century was the
discovery of the structure of deoxyribonucleic acid (DNA) by James
D. Watson and Francis Crick in the first half of the century; a good
easy-to read presentation of the story of this discovery is described
in [131]. The huge macromolecules of DNA were found to be double
stranded strings composed of only four types of basic nucleotides
called adenine, cytosine, guanine, and thymine, abbreviated usually
by the letters A, C, G and T, respectively.

Genetics is concerned in the study of the biological information of
a living organism, the heredity material of all species. This informa-
tion turned out to be stored in macromolecule of nucleic acids called
genes and in their composition in chromosomes. Molecular biology
is concerned in the relationships between nucleic acids and amino
acids, between genes and proteins known to be the molecules which
are responsible for almost all the functions of a living organism.

One among the most important technical achievements of the
20th century was the construction of the first electronic computers
at the end of 40s. These computers were huge, of the size of a large
room. The processors were based on vacuum tubes and were very
expensive. So, the only way of using these machines was to execute
basic computations step-by-step on a single processor. The idea of
sequential computing using one processor had been supported also
by prevailing theoretical results on computing theory reported dur-
ing thirties and forties by Alan Turing, Emil Post, Kurt Godel, A.
Church. Despite that the notion of an algorithm has been used since
FEuclid and Archimedes, this notion was not made mathematically
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8 CHAPTER 1. INTRODUCTION

rigorous and nobody knew whether this would ever be done.

Turing imagined a device, called later Turing machine, which at
every moment is in a state, from a finite set of states, and can scan a
a cell on a arbitrarily long tape. Depending on the current state and
the scanned symbol, it writes a symbol on the cell scanned, moves to
the next cell to the right or to the left, and enters a new, possibly the
same, state. It is easy to note that an algorithm in this approach is
a sequence of symbol manipulations in a deterministic way.

1.1.1 Chomsky’s Initiative in Linguistics
(The Origin of Formal Grammars
and Languages)

The study of symbols and symbol structures has been revolutionized
by the pioneering work of Noam Chomsky. Chomsky’s contribution to
the study of natural languages and his invention of the notion of gen-
erative grammars ,[16], [17], the precise mathematical formalization
of notions like language and grammar, [18], and the discovery of rela-
tions between formal languages, grammars and the (mathematically
described) models of computing engines (like the Turing machine and
numerous variants of automata) were reflected very early [63). The
way in which Chomsky’s ideas influenced computer science and engi-
neering in the sixties and seventies illustrated very impressively the
power of the basic paradigm of early cybernetics.

Chomsky’s view on natural languages opened a new way to con-
sider

- words and more complicated parts of phrases as abstract sym-
bols,

- sentences of languages as strings of symbols,

- modes of forming new strings from other oness through concate-
nation, and

- rules for replacement or rewriting symbols or strings by other
symbols or strings.

Programming languages - artificially engineered tools for commu-
nication with computers - were designed using ideas previously con-
sidered in the study of human (natural) languages, formulated with
mathematical precision, and elaborated using tools and techniques
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1.1. THE BASIC INSPIRATIONS 9

of mathematics and skills of computer programmers. It happened
that the theory of formal grammars and languages loosed its original
roots in traditional linguistics and raised up as a branch of theoretijcal
computer science - as the theory of formal grammars and languages.
Starting with the book [52] through the “classics” like [117], or [56] up
to (114] and [126], for instance, the theory of formal grammars and
languages became the traditional core of the theoretical computer
science.

A good example is the use of formal grammar and language theory
oriented techniques in pattern recognition [46), e.g. in recognition of
different types of chromosomes [80], [81]; more on the importance
of chromosomes forms from biological point of view see in [27]. In
this approach, patterns are viewed as strings of symbols and the
recognition process consists in an effective generation of an answer to
the question whether or not a given string (representing a pattern)
can or cannot be generated by a given grammar. In the positive case,
the analyzed pattern belongs to the corresponding class of patterns,
in the negative one it does not belong to it. We shall return to this
topic in a forthcoming section.

Another interesting way of using grammars and languages was
related to the learning process. It is also of practical interest how
are human beings able to learn grammars from finite samples of the
language they are using. The theory of syntactic inference repre-
sents an approach to this question amenable to be investigated with
tools and techniques of the theory of formal grammars and languages
[3]. It consists of presenting samples (finite or potentially infinite se-
quences) of sentences (words) with an additional information regard-
ing the membership of just presented sentence (word) to a language
in order to infer the grammar generating that language (generating
all the words/sentences belonging to that language and no others), if
possible. (See e.g. [2], [115])

All the mentioned approaches of using the basic grammatical
paradigm to study different phenomena, were based on the sequential
application of the grammar rules for generating or analysing (parsing)

words in the corresponding languages.
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10 CHAPTER 1. INTRODUCTION

1.1.2 Inspirations from the Filamental Growth
(Lindenmayer Systems)

The idea of sequential rewriting used in the theory of formal lan-
guages was very productively modified for needs of describing parts
of processes studied in biology. Complete parallel rewriting was ini-
tiated by the work of Aristid Lindenmayer, a biologist interested in
the phenomenon of biological growth. Aristid Lindenmayer himself
explained his motivation in the interview [72] as follows:

After my Ph. D. in 1956 from the University of Michi-
gan, Ann Arbor, I spent an academic year with Woodger
in London, England, learning logic from him [133] and
on an axiom system for life cycles [82]. (...) During
these years, until 1968, I was also engaged in experimen-
tal work on development in Philadelphia and New York.
Against this background came my first acquaintance with
automata theory. This happened in the (academic) year
1962-63 which I spent in the biomathematics group at
North Carolina State University, during which time I had
the opportunity to have frequent discussions with the em-
bryologist J. R. Gregg of Duke University. He had also
worked previously with Woodger and had written papers
on set-theoretical foundations of taxonomy and embry-
ology. By this time he had discovered automata theory
(which was initiated in 1956 by Moore and Mealy) and
together we studied the first systematic account of this
theory by Ginsburg [51]. About the same time a book [7]
came out which made control theory accessible to non-
mathematicians (I was already using this book in teach-
ing a course to biologists in 1963). Our training in logic
with Woodger was indispensable for us, as biologists, to
be able to enter automata theory at that time.

The discovery of L systems was due to a problem in
Ashby’s book. In a chapter on finite automata he asked
the question (Exercise 4/7/7): What behavior would one
expect from a long chain of coupled finite automata, re-
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ceiving inputs from each other? The Kleene’s paper from
1956 on nerve nets has of course given the answer con-
cerning a constant size network of finite automata - it has
as complex behavior as a single finite automaton. But
I wonder how everywhere expanding arrays of finite au-
tomaton would behave. Such arrays could provide re-
alistic simulations of growing cellular filaments such as
found in algae, mosses and fungi. The ramifications of
this exercise were more extensive than I expected. But
in any case, L systems came to be defined in 1968 [83]
as interacting, linear, growing arrays of finite automata.
(...) They are basically different from cellular automata
of von Neumann and tesselation systems in that they grow
not only at the edge. Eventually we came to realize that
we work with grammar-like constructions. This realiza-
tion resulted in an intensive cooperation with G. Rozen-
berg, G. Herman, and D. van Dalen after my move from
New York to Utrecht in 1968. Instead of speaking of lin-
ear arrays of automata with states, inputs and outputs,
and of transforming these arrays in discrete time steps to
other arrays of possible different length, we then treated
these structures as words over given alphabets (the set of
states) and formulated context-free or context-sensitive
productions which, when applied in parallel to the words,
produced the following words, without distinguishing be-
tween terminal and non-terminal symbols.

11

Note that this motivation leads directly to parallelism. From

the biological point of view, it cannot be expected that a growth
runs sequentially, that the cells reproduce in some sequential order.
More expectable is that reproduction runs in parallel; in each moment
several cells can reproduce. So, the initiative of Lindenmayer started
from the study of parallelism through the optics rooted in cybernetics
and resulted in introducing parallel rewriting into the theory of formal
grammars and languages.

In the theory of L systems, a colony of biological cells is repre-

sented by a string of symbols: one appearance of a symbol states for
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12 CHAPTER 1. INTRODUCTION

each individual cell, and different states of cells are represented by
different symbols. Changes of the cell states are modeled by rewriting
rules replacing symbols by other symbols or by several symbols (this
is the case of reproduction) like in formal grammars. The parallel
nature of the changes of cell states and cell division is modeled by
the parallel execution of rewriting according to the rules in each place
where symbols which can be rewritten appear. This special kind of
rewriting appeared as theoretically highly interesting and was devel-
oped to a large and interesting theory of L systems as presented in,

g. [111], [61], [113], [112].

Be51des L systems have been used in computer graphlcs for de-
picting imaginary “gardens of L” full of imaginary life forms [107].
By their simplicity and flexibility, L systems appear to be suitable to
model different phenomena of artificial life.

1.1.3 Language-Theoretic Models of Molecular
Computing

The idea that molecular complexes can be viewed as components of an
information processing device dates back to the late 1950’s when R.
Feynman discussed the possibility of building “sub-microscopic” com-
puters. Despite huge advances in computer miniaturization, the un-
derlying von Neumann computational architecture has still remained
the same together with its boundaries (speed, memory, etc.)

In the last decade many researchers have looked beyond these
boundaries and investigated new media and computational models
as quantum, optical and molecular-based computers.

In the last years it was observed an increasing interest of com-
puter scientists for the structure of biological molecules and the way
in which they can be manipulated in vitro in the aim of defining
theoretical models of computation based on the genetical engineering
tools.

The fundamental mechanism by which genetic material is merged
is recombination. DNA sequences are recombined under the effect of
enzymatic activities. In 1987, T. Head [59] introduced the splicing
operation as a language theoretical approach of the recombinant be-
havior of DNA under the influence of restriction enzymes and ligases.

https://biblioteca-digitala.ro / https://unibuc.ro



1.1. THE BASIC INSPIRATIONS 13

Roughly speaking, the main idea of the splicing operation is that
two sequences are cut at specified sites, and the first substring of one
sequence is pasted to the second segment of the other and vice versa.

A new type of computability model - called H systems - based
on the splicing operations has been considered. Many variants of
H systems have been invented and investigated (regulated H sys-
tems, distributed H systems, H systems with multisets, etc.) Under
certain circumstances, the H systems are computationally complete
and universal. This result suggests the possibility to consider the H
systems as theoretical models of programmable universal DNA com-
puters based on the splicing operation. Furthermore, a hybrid model
involving grammars and splicing, connecting in a certain way the the-
ory of grammar systems with the theory of the splicing operation was
considered in [30]. Other operations on strings inspired from genetic
engineering like annealing, PA-match, cut and paste, etc. have led to
computational grammatical models. The monograph [104] presents
the majority of achievements in this direction.

Another interesting model is the supercell system model (called
also P-system) based on the cell membrane which serves as an in-
terface between the interior and the exterior environments of a cell
within a multicellular structure. Many and sound theoretical results
have been reported. P systems are a class of distributed parallel
computing devices of a biochemical inspiration borrowing ideas from
Lindenmayer systems, grammar systems, the chemical abstract ma-
chine, multisets rewriting, etc.

However, it was L. Adleman who described in 1995 how a small
instance of a computationally intractable problem known as the di-
rected Hamiltonian Path Problem might be solved using molecu-
lar methods. The information is encoded as sequences of bases in
DNA molecules, the algorithm employing a massively parallel ran-
dom search in a test tube. Both enthusiastic and pessimistic views
have been expressed, see, e.g. [104], [58], but this new idea has opened
new directions of research both for computer scientists and biologists.

Significant efforts are being made now towards finding computa-
tions with practical importance which can be carried out in a molec-

ular framework in a better way than using classical computers.
https://biblioteca-digitala.ro / https://unibuc.ro



14 CHAPTER 1. INTRODUCTION

1.1.4 Language-Theoretic Models of Genome
Evolution

Much of the current data for genomes-is in the form of maps which
are now becoming available and permit the study of the evolution of
such organisms at the scale of genome for the first time ([21]).

On the other hand, there is an increasing trend throughout the
field of computational biology toward abstracted, hierarchical views
of biological sequences, which is very much in the spirit of computa-
tional linguistics. The last decades pointed out results and methodes
in the field of formal language theory which might be applied to bi-
ological sequences. For instance, the structural representation of the
syntactic information used by any parsing algorithm is a parse tree,
which would appear to any biologist to be a resonable representation
of the hierarchical construction of a typical gene.

We can fairly ask to what extent a grammar-based approach could
be usefully generalized. Moreover, is this approach suitable to be used
for computing? To further explore this question at a pragmatic level
we need to implement the model and check its relevance.

Also, it may be supposed that the distinction between structural
and functional or informational view of biological sequences corre-
sponds to the conventional one drawn between syntax and semantics.
The functional view will allow us to expand our horizons beyond the
local phenomena of syntactical structure to large regions of DNA. It
appears very important, in this respect, to define the semantics of
DNA, which is mainly based on evolutionary selection, in such a way
to reason linguistically about the processes of evolution as well as
about the computational capacity.

The genomes of complex organisms are organized into chromo-
somes which contain genes arranged in linear order. It is rather com-
monly asserted that DNA and RNA structures can be described to a
certain extent as words; for instance a DNA strand can be presented
as a word over the alphabet of the four complementary pairs of nu-
cleotides (A4,T), (T, A), (C,G), (G,C). Thus DNA may be wieved
as a language for specifying the structures and processes of life.

Treating chromosomes and genomes as languages raises the pos-
sibility to generalize and investigate the structural information con-
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1.1. THE BASIC INSPIRATIONS 15

tained in biological sequences. Despite of this view, biological se-
quences have not been investigated very vividly so far by methodes
developed in the field of formal language theory. A pioneer’s work
has been reported in [11] where very simple genes were described
by means of regular grammars, though different features of nucleic
acids cannot be modelled by regular expressions (see the paragraph
devoted to the structural language of nucleic acids at the end of this
section).

Since then several approaches have been proposed so far, most
investigations along these lines dealing with grammar formalisms,
see, e.g., [19, 20, 53, 116, 121, 122]. Collado-Vides [19] has consid-
ered transformational grammars for modelling the gene regulations,
Grate et al. [53] and Sakakibara et al. [116] considered stochastic
context-free grammars for modelling RNA, and more recently, Searls
[121, 122] has used definite clause grammars and cut grammars for
investigating gene structure and expression or different forms of mu-
tation and rearrangement.

The present work starts from the premise that genomes can be
interpreted as languages, hence are amenable to be studied by means
of the formal language theory. In the course of its evolution, the
genome of an organism mutates by different processes. At the level
of individual genes the evolution proceeds by local operations (point
mutations) which substitute, insert and delete nucleotides of the DNA
sequence. Evolutionary and functional relationships between genes
can be captured by taking into considerations only local mutations
([120]). These operations viewed as operations on strings and lan-
guages have been considered from different points of view {121, 134]
and the their references.

However, the analysis of the genomes of some viruses (Epstein-
Barr and Herpes simplex viruses, see for instance [49], [71]) have
revealed that the evolution of these viruses involved a number of
large-scale rearrangements in one evolutionary event. On the other
hand, comparing plant and animal mitochondrial DNA, the point
mutation is estimated to be 100 times slower in plant than in animal,
many genes are nearly identical (more than 99% of them are identical)
in related species [100]. See also [49], for further discussions on this
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16 CHAPTER 1. INTRODUCTION

topic.

Chromosomal rearrangements include pericentric and paracentric
inversions, intrachromosomal and interchromosomal transpositions,
translocations, etc. For a description of these rearrangements, the
reader is referred to [127]. The formal linguistic formulations of some
known modes of rearrangements at a genomic level might be consid-
ered as follows:

o Inversion replaces a segment of a chromosome with its reverse
DNA sequence.

o Transposition moves a segment to a new location in chromo-
some.

e Duplication copies a segment to a new location.
¢ Deletion cancels a segment of a chromosome.

e Crossover results in recombination of genes in a pair of homol-
ogous chromosomes by exchanging segments between parental
chromatides. Crossover can be modelled as a process that ex-
changes segments at the end of two chromosomes.

1.1.5 The Artificial Life Challenge
(Eco-Grammar Systems)

“Can we build a gradualist bridge from simple amoeba-like automata
to highly purposive intentional systems, with identifiable goals, be-
liefs, and so forth?” asks Daniel Dennett contemplating about the
philosophical background of the meaning of “artificial life” [41]. Stu-
art Wilson [132] proposed a research methodology for understanding
intelligence through simulations of artificial life in progressively more
challenging environments while retaining characteristics of holism,
pragmatism, perception, and other phenomena that remain often
underrepresented in traditional approaches of Artificial Intelligence
(AD).

According to the pioneer of artificial life (AL) Christopher Lang-
ton (78], artificial life is the study of man-made systems that exhibit
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1.1. THE BASIC INSPIRATIONS 17

behaviors characteristic for natural living systems. It is concerned
mainly with the formal basis of the life, and with tuning the behaviors
of simple, low-level components - the behavors in Langton’s terminol-
ogy - upwards, constructing large aggregates of simple rule governed
components which interact with one another non-linearly in the sup-
port of the global and complex dynamics so that the behavior that
emerges at the global level of interactions of the behavors is essentially
the same behavior exhibited by the natural living systems. For more
information on motivations for, goals of, and techniques used in AL
see {79} and {10]. The just mentioned kind of functionality of living be-
ings is examined from different perspectives, through different optics,
and using different conceptual frameworks. The field of AL concen-
trates towards understanding (and technical reconstruction) of the
information-processing aspects of the life. In other words, it focuses
to the phenomena which are identified as information-processing in
their virtue.

The essential features of AL models are usually [78] summarized
as follows:

— The models consist in population of simple components (pro-
grams or some formal specifications).

— There is no single program in the model that controls the inter-
action, cooperation or communication of all of the other programs.

- Each program in the model details the way in which a simple en-
tity reacts to local situations in its environment, including encounters
with other entities.

~ There are no rules in the model that prescribe the global be-
havior of the modeled system.

~ Any behavior of the modeled system at higher than the in-
dividual component level emerges from the lowest level individual
behaviors of components.

Life and living systems (systems of living agents) form some struc-
ture. So, it can be taken somehow literally the first (of the eight)
criteria associated with life in [44]: “Life is a pattern in space-time,
rather than a specific material object”. Accepting this, we have then
to accept the idea that life, living organisms and systefis @1}.hvmg
organisms can be approached at a symbolic level, fwith emp,hasfg,on
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18 CHAPTER 1. INTRODUCTION

syntax of the above mentioned structure. This is nothing else than
to say that (one of) the main framework for studying life at this level
is mathematics in general and formal language theory in particular.
This last assertion has also a convincing a posteriori justification:
several syntactic models, such as von Neumann'’s cellular automata,
Lindenmayer systems or Chomsky grammars in general, proved to be
both adequate and relevant tools used in modeling various real life
aspects.

We should stress in this place the substantial difference between
the adequacy of a conceptual tool (understood as its capability of a
model to fit the features of the modeled object) and its relevance (the
possibility to obtain non-trivial insights about the object by study-
ing the model, insights which cannot be obtained without using the
model). In general, and roughly speaking, the adequacy is ensured
by a good-inspired definition, but the relevance needs efforts in order
to be proved, needs mathematical investigations which may last a
significant period.

Formally, our approach fits very well with the main goal of AL, as
stated in [78]: “the study of man-made systems that exhibits behav-
jors characteristic to natural living systems”, by synthesizing “life-like
behaviors within computers and other artificial media”, putting em-
phasis on the “logical dynamics” of living systems, not necessarily on
their actual chemical-physical functioning. (By the way, in spite of
the debates seeming to push AL to the opposite direction, we think
that AL should remain as much as possible focused on the “logical”
or “syntactical”, “symbolic” aspects of life, if it has to survive as an
independent scientific area, not as a part of, say, biochemistry.)

In [24] the living system is modeled using the conceptual frame-
work of the theory of formal languages and consists of several agents
“living” (sensing and acting) together in a shared environment (sim-
ilarly as in the case of grammar systems). However, the environment
has its own dynamics. This is the reason, why ecosystems becomes
in our mind as a good illustration and typical example. However,
the same structure can be met in many other circumstances, as eco-
nomiic, social, even in artificial intelligence and computer science (col-
lective robotics, distributed computer architectures, etc.). Therefore,
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the system proposed in the above mentioned article is called an eco-
grammar (or EG in short) system. In this model we assume that both
the agents and the environment develop (the environment indepen-
dently of the agents, the agents in dependence on the environment),
but the agents are able to sense and to make changes in environment.

An EG system consists of several agents described by strings of
symbols, developing according to rules applied as in L systems and
acting on the environment by pure rewriting rules applied sequen-
tially, and of an environment described by a string of symbols and
developing according to rules like in L systems, too. The rules used by
each agent for development depend on the state of the environment.
The rules used for acting on the environment depend on the state of
the agent. Further features can be introduced, such as agent-to-agent
action, birth and death of agents, etc. In such a way, a lot of real
life-like features can be captured: changes of seasons, overpopulation,
pollution, stagnation, cyclic development, immigration, hibernation,
carnivorous animals, and so on and so forth. Some of the technical
approaches can be found in [101].

Now, a few words about the overall organization of the book.
In the next section we recall the basic concepts and notations used
throught the book. Then, employing formal language theoretic frame-
work, we consider the aforementioned operations as operations on
strings and languages and investigate them with respect to some
usual problems in formal language theory. It is worth mentioning
here that these operations on languages have been considered in [121]
and [134] as well. The operations investigated in the present book
are generalizations of the operations studied in [121] but restrictions,
by discarding the contexts, of those studied in [32]. Furthermore, the
iterated versions of operations in debate are also considered.

Afterwards, we present a language generating mechanism based
on the operations suggested by all the mutations mentioned above,
following {34] in a more comprehensive way. Our results address to
some classical problems in formal language theory, such as generative
power, closure properties, decidability, descriptional complexity, etc.
Nevertheless, some of these matters might also have biological signif-
icance. We mention that our model may be not satisfactory in order
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to describe the process of evolution because we take into considera-
tion all genomes created by the given mutations whereas only some
of them can or might support life. Two other language generating
devices based on particular types of genome operations are further
presented.

The last chapter is dedicated to other operations appearing in
biochemistry, either in vivo or in vitro for which we apply the “clas-
sical” program in formal language theory: closure properties, com-
putational power, decidability, etc. '

1.2 Basic Definitions

1.2.1 Formal Language Prerequisites

We now recall some notation from formal language theory. This
section offers to the reader the basic notions and notations from the
formal language theory which will be used throught the book. For
all undefined notions the reader is refered to [114].

An alphabet is always a finite set of letters (symbols). For an
alphabet V we denote by V* the free monoid generated by V under
concatenation; by ¢ the empty string, and by V* the free semigroup
generated by V, i.e. Vt = V*\ {¢}. The elements of V* are called
words (strings). The length of the string = is denoted by |z, and
|z|, delivers the number of occurrences of the letter a in z. The
cardinality of a finite set A is denoted by card(A4).

Each subset of V* is called language over V. For each word z €
V>,V ={a,as,...,a,}, we define :

e The Parikh mapping 1 defined by
W(z) = (|2lays |2lazy - -5 [2]an)-

o The set of all the prefizes of z, denoted by Pref(z).
e The set of all the suffizes of z, denoted by Suf(z).

o The mirror image of z, denoted by mi(z). If z = aja;...a,,
a; € V for 1 < ¢ < n, then mi(z) = an@n_y...01.
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o The set of all permutations of z €V*, Perm(z) = {y | ¥(y) =

¥(z)}-

Furthermore, for a set of words A we write a(A) = Uzcaa(z) for all
a € {Pref,Suf, mi, Perm}.

Let U and V be two alphabets, with each letter a from V one
can associate a language, denoted by s(a), over U. One gets an
application s : V. — P(U) which can be extended to V* as follows:

s(e) ={e},  s(zy) = s(z)s(y), z,y €V~

This application is called substitution. Depending on the languages
s(a), one gets different types of substitutions. For instance, if the
languages s(a), for all a from V, are finite, s is called a finite sub-
stitution. In particular, those substitutions s for which the image of
every letter is a word are called (homo)morphisms. If no language
s(a) contains the empty word, the morphism is called non-erasing.
Every substitution may be extended to languages as

s(2) = |J {s(a)}-

el

KLCV*k>1,and h: V* — U* is a homomorphism such that
h(z) # € for all the substrings z of any string in L, |z| = k, then
we say that h is k-restricted on L. A homomorphism is said to be
restricted if it is k restricted on some language, for some £ > 1.

A finite automaton is an accepting device consisting of an input
tape, a reading head able to scan the cells of the input tape from right
to left. The device can be at any moment in a state from a finite set
of states. Initially, a word is placed on the input tape, the reading
head is positioned on the first letter of the word, and the automaton
is in its initial state. A move of the automaton consists in reading
the currently scanned symbol, changing the current state (the new
state may be the former one) and moving the reading head to the
next cell to the right. The input word is accepted if the automaton
reads entirely this word and reaches a final state.

Formally, a nondeterministic finite automaton is a structure 4 =
(@,V, f,q0, F), where @ is a finite and non-empty set of states, V is
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an alphabet, go is the initial étate, F is the set of final states, and f
is a mapping f: Q XV — P(Q). A configuration of the automaton
A is determined by a pair formed from a state and a word over V.
The configuration (g, az) moves to (s,z) if s € f(q, a), written in
the form (g,az) & (s,z). The reflexive and tranzitive closure of the
relation F is denoted by F*.
The language recognized by the automaton A is

Rec(A) = {z € V*|(go,z) V" (s,€),8 € F}

Any language recognized by a finite automaton is called regular. A fi-
nite automaton A = (Q,V, f, qo, F) is deterministic if card(f(g,a)) <
1forall g € @ and ¢ € V. It is known that for each nondeterministic
finite automaton one can construct a deterministic finite automaton
such that both automata recognize the same language.

There exist important languages, as the set of all the words formed
by brackets which match correctly, which are not regular. A correct
word is that word which can be reduced to the empty word by itera-
tively removing adjacent pairs of brackets. The reader can easily find
an argument for proving that the aforementioned language is not reg-
ular. However, these languages can be accepted by other automata,
more powerful than finite automata, namely pushdown automata. A
pushdown automaton is a finite automaton endowed with a push-
down memory, the next configuration of the automaton depends on
the current state, input symbol currently scanned and the top sym-
bol of the pushdown memory. Formally, a pushdown automaton is
a structure A = (Q,V,U, f, qo, Zo, F'), where Q is a finite and non-
empty set of states, V is the input alphabet, U is the pushdown
memory alphabet, go is the initial state, Zy is the initial content of
the stack (pushdown) memory, F is the set of final states, and f is
a mapping f: Q x (VU {e}) x U — P((Q x U*). A configuration
of the automaton A is determined by a triple formed from a state, a
word over V', and a word over U.

The configuration (g, az, Aa) moves to (s, z, fa) if (s, 8) € f(g,a,A),
written in the form (¢, az, Aa) & (s,z,8a). The reflexive and tranz-
itive closure of the relation | is denoted by F*.
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The language recognized by the automaton A is
Rec(A) = {z € V*|(qgo, 2, Z0) V" (s,€,a),s € F}.

An even more powerful accepting device is the linear bounded au-
tomaton which has a tape whose length is linearly bounded with
respect to the length of the input string, a head which is able to read
a symbol from the input tape, write a symbol in the same cell, and
move back and forth within the input tape. A string is accepted if
the automaton starts with that string on its input tape and reaches
a final state. The class of languages recognized by linear bounded
automata is called the class of contezt-sensitive languages.

Now, we define some generative devices, called grammars.

A grammar is a four-tuple

G =(N,T, S, P),
where

o N and T are two disjoint alphabets whose symbols are called
nonterminals and terminals, respectively.

The nonterminal alphabet contains a distinguished nonterminal
denoted by 5, called the aziom of the grammar.

o P is a finite set of production rules written in the form z — v,
withz € (NUT)*N(NUT)* and ye (NUT)*.

The derivation relation is defined for two words «, 8 € (N U T)* by:

a = uzv,f = uyv

a =g fiff z—ycP

The index G will be omitted when it is self-understood. The
language generated by G is

Gen(G) = {z € T*|S = z}.

If each rule of a grammar contains just one nonterminal in its
left-hand side, the grammar is called contezt-free while the language
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generated by such a grammar is called also context-free. The family
of languages generated by context-free grammars is exactly the family
of languages accepted by pushdown automata.

For example, the next context-free grammar (we listed the pro-
ductions only, the other parameters can be infered immediately) gen-
erates the language of all the correctly bracketed words mentioned
above:

§— 58
S —(5)
S—c¢
The next lemma is a necessary (but not sufficient) condition for a

language to be context-free.

Lemma 1.2.1 (Pumping lemma) For every contezt-free language
L there exist two natural constants p, q, such that for any z € L with
|z]| > p, z = wvwzy satisfying the following conditions:
(7)) |wow|<gq
(i1) |uv]>0
(i4) wv'wz'y € L, for all i > 0.
By this lemma one can prove that the languages
L, = {a™"c" | n>1},
Lg = {a.2n | n > 0},
are not context-free.

The languages generated by the arbitrary grammars are called
recursively enumerabile. This class of languages is exactly the class
of languages accepted by Turing machines.

The next results will be very useful in what follows:

Theorem 1.2.1 (Geffert Normal Form) For each arbitrary gram-
mar there ezists an equivalent grammar (they generate the same lan-
guage) G = ({S, A, B, C}, T, S, P) having productions of the
following forms, only

S — =z,z€({S,A,B,C}UT)
ABC — .
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Let G = (N,T, S, P) be an arbitrary grammar; for a derivation
D:S=wy=w = ... w,=y, y€ T

we define WS(D,G) = maz{lw;| | 1 < j < n}. Fory € Gen(G) we
write

WS(y,G) = min{WS(D,G) | D is a derivation for y in G}.

Theorem 1.2.2 (Working Space Theorem) If WS(z,G) for all
z € Gen(G), then Gen(G) is a contert-sensitive language.

1.2.2 Closure Properties
Let C and Q be two families of languages. We say that the operation
op:C" — Q

is closed under op if, for any sequence of languages L1, L2, ..., L, € C,
op(Ly, Ly, - -+, Ln) € C holds.
We shall esspecially consider the following operations:

¢ Usual operations on sets: union, intersection, complementation.
e Concatenation LyL; = {zy|z € L1,y € Ly}.
e Substitutions.

¢ Inverse morphisms: if A : V* — U* is a morphism, the the
inverse morphism associated with A is A7 : U* — P(V*)
defined by h=!(z) = {y € V*|h(y) = z}, for any = € U*.

Moreover
zel
for any language L.

o The Kleene closure L* of a language L is define recursively as

follows:
I’ = {e}
Lk+l — LLk
L~ = (JI*
k>0
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e For two words z,y € V*, we define the shuffle operation

Shuf(z,y) = {T191%292 - TpYp | T = T1. .. Tp, Y = Y1 .- - Up,
p>1lz,y €V, 1<i<p}

Furthermore, for two languages L1, L, C V*, we define

Shuf(In,L)= ]  Shuf(a,y).
IELl .yELz

e The next operation is very similar to the previous one, defined
for words of equal length only:

SShuf(z,y) = a1bragby ... apbp,a;,b; € V,1 <0 < p,
where £ = ay ...a,,y = by ...b,. Naturally,

§SShuf(Ly, L2) = {SShuf(z,y) | & € L1,y € La,|z| = |yl}.
e A generalized sequential machine, shortly gsm, is a construct

= (Q’V7U)f7q01F)7

where @, V, qo, F have the same meaning as for finite automata,
U is the output alphabet, and f : (@ x V) — Py(Q x U*).
The relation - defined for finite automata is extended to gsm’s
by

(g;az,y) - (s,2,y2) dac’a (s,2) € f(q,0).

For z € V* we write

Tai(z) = e, ifz=¢
M7 s i (q0,3,6) F* (s,6,9),5 € F,
As usual, for any language L,

Tm(L) = |J Tu(z
zel

A family is closed under gsm mappings if it is closed under the
operation Ty, for any gsm M.
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The family of regular languages is closed under all operations from
above while the family of context-free languages is not closed under
intersection, complementation, Shuf and SShuf.

The families in the Chomsky hierarchy are denoted by FIN,
REG, LIN, CF, CS, RE: the families of finite, regular, linear,
context-free, context sensitive and recursively enumerable languages,
respectively. Moreover, we recall that a family F of languages is called
a trio, if F is closed under e-free homomorphisms, inverse homomor-
phisms and intersections with regular sets. It is well-known that any
trio is closed under restricted homomorphisms, too (see [114]).

1.2.3 Decidability

There are lots of questions requiring algorithmic answers. A very im-
portant questions asks whether or not a word belongs to a language.
This problem is known as the membership problem. A language for
which this problem is algorithmically solvable is called recursive. The
family of recursive languages is a proper subfamily of the family of
recursively enumerable languages.

Other important decidabilty problems in the formal language the-
ory are:

¢ Equivalence problem: Are the languages L; and L, equal?
¢ Finiteness problem: Is the language L finite?

o Inclusion problem: Is the language L; a subset of L,?

o Emptyness problem: Is the language L empty?

The finiteness and emptyness problems are decidable for the class
of context-free languages, but the equivalence problem is undecidable.
This problem, as well as the inclusion problem, are decidable for
regular languages.

The undecidability status of some problems is proved by reducing
them to a famous combinatorial problem known to be undecidable.
This is the Post Correspondence Problem (PCP for short): let V an
alphabet with at least two letters, n > 1, and z,y two n-tuples of
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non-empty words over V. If
z = (z1,%2,...,%n),

y=(y1,92 > ¥n),

is an instance of PCP, we say that PCP(z,y) has a solution if there
exist k > 1 and ¢; € {1,2,...,n},j = 1,2,...,n, such that

Ty Typ o Ty = Yi, Yia e Y

The sequence i; € {1,2,...,n} is called a solution. There is no
algorithm for deciding whether or not PCP has any solution.

1.2.4 A Structural Language of Nucleic Acids

In this section we will establish some notations and recall some prop-
erties of nucleic acids complementarity [121]. The uniformly con-
sidered alphabet is the alphabet consisting of the four bases (nu-
cleotides), namely adenine, cytosine, guanine, and thymine, abbrevi-

ated usually by the letters A, C, G and T, respectively, R

Vona ={A,C,G,T}

and the homomorphism (called complementarity) — : Vjiys —
VPN a» defined by:

A=T, C =G, G=C, T=A

that corresponds to simple base complementarity.

For a DNA string w its opposite strand is mi(w) because they
are the strands of a double helix complementary oriented in opposite
directions. We shall consider here some interesting features of DNA
encoding secondary and recursive secondary RNA structure, respec-
tively. Secondary structure we consider here is a simplification of the
base-pairing within the same strand, namely a substring and its re-
verse complement, which are both found nearby on the same strand,
fold back to base-pair with itself and form a steam-and-loop struc-
ture. We associate a linear string with each double helix, whenever a
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secondary structure is identified, as follows (the orientation custom-
arily indicated by 5’ and 3’ is largely irrelevant for our purposes):

5 — zaymi(a)z — 3
= ami(a)
3 — zaymi(a)z - 5
As one can see, from a “stem-and-loop” structure we keep the

stem pattern and ignore the loop one. The set of all these linear
strings consists of those strings w € V5, 4 such that

w = mi(W)
or, equivalently
w = umi(T), for some u.
The above equivalence is a simple linguistic expression of the notion
of dyad symmetry.
In a more general form, recursive secondary structures are com-

mon in RNA, hence in DNA which encode them, as shown in Figure
3.1.

T3

Figure 1.1.

A linear string identifying this structure can be defined as a string
that leads to the empty string e by cancelling any adjacent comple-
mentary pair (a,a). These strings are called orthodoz in [121] Denote

https://biblioteca-digitala.ro / https://unibuc.ro



30 CHAPTER 1. INTRODUCTION

by Lpna the set of all strings defined as above. Clearly, Lpng4 is a
context-free language as shown by the context-free grammar

S — S5|aSa|aa

for all @ € Vpya. (This is the well-known grammar for the Dyck
language.)

Furthermore, we define the reduced word of a string ¢ € V7,4 as
being obtained by erasing any adjacent complementary pair from z.
Obviously, the reduced string of any string is unique and the reduced
string of any word in Lpyn4 is €.
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Chapter 2

Operations Suggested by
the Genome Evolution

2.1 Inversions, Transpositions, Duplications

This section is dedicated to the study of some operations on strings
and languages suggested by the arrangements in genomes. These
operations are investigated in the frame of formal language theory;
we investigate the interrelationships among them and some necessary
conditions for classes of languages to be closed under these operations.

We shall not consider the crossover operation in this section be-
cause this operation, viewed as a formal operation (regardless its bio-
logical motivation and significance) is actually the splicing operation
which will be investigated in more detail in a forthcoming section.

For formal language theoretic considerations with respect to dele-
tion we refer to [70]. Some relations between inversion, transpositions
and duplications very similar to those presented below are shown in
[32], where lexical contexts aré considered.

Let O be a pair O = (V,0'), where V is an alphabet and O’ is
a finite subset of V*. For a string z € V*t we define the following
operations with respect to the pair O = (V,0):

o Inversion: Zp(z) = {zymi(zy)z3 | £ = z12223, 22 € O, 13,

z3 € V*}. In this case O is called inversion scheme.
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e Transposition: Tp(z) = {z1ZsT2zq | T = T1T2T3T4, T2 €
O'orzy € O, 71,23 € V*}. In this case O is said to be a
transposition scheme.

¢ Duplication: Do(z) = {z1227223 | T = z1Z223, 22 € O, 11,
z3 € V*}. In this case O is called duplication scheme.

If the pair O is obvious from the context, we write Z, 7, and D
instead of Zp, To, and Do, respectively.

Foreach § € {Z,T, D}, the operation § can naturally be extended
to languages by

S(L) = S@).
zeLl

The iterated versions of the above operations are naturally defined

as follows. For S € {Z,7,D} we set

sNL)y = I,

SHNL) = S(S'(L)),

s{(L)y = |JsW)-
i>0

2.1.1 Relationships Between the Above Operations

In this section we investigate some relationships between the afore-
mentioned operations. We shall distinguish two cases: non-iterated
and iterated versions. A family F of languages is closed under the
operation S € {Z,7,D}, if So(L) € F holds for all L € F and any
scheme O.

Non-iterated Versions

The inversion operation looks similar to the mirror image operation
mz defined in the introductory section. It consists in the application
of m1 to a subword. However, the two operations are quite different
as shown in the following proposition.

Theorem 2.1.1. There are families of languages closed under the
mirror image but not closed under inversions and vice versa.
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Proof. A DOL system is a triple G = (V, h,w), where V is an alphabet,
w € V*, and h is an endomorphism on V. The language generated
by G is L(G) = {w} U {h*(w) | ¢ > 1}. It is known that the family of
DOL languages is closed under ma.

Consider the DOL language

L={d""b?" | n>0}
and the inversion scheme

I = ({a,b},{ab}).

The language
Ir(L) = {a®""1bab® 1 | n > 0}

cannot be generated by a DOL system. Indeed, let us suppose that
there exists a DOL system G = ({a, b}, w, k) such that L(G) = Z;(L).
Since h(a?"~1bab?"~1') € I;(L), for some n > 2, it follows that
|h(a)|s = |h(b)| = 0. Therefore, h(a) = a* and h(b) = b7 for some
k,p>1.

If kK =p=1,then L(G) is finite, which contradicts the infinity of
I;(L) = L(G).

Ifk > 1orp> 1, then A(a?"~1bab®"~1) contains a substring of the
form bPa¥, which contradicts the form of the words in Z;(L) = L(G).

Now, we shall provide a family of languages closed under inver-
sions but not closed under the mirror image. To this end, take the
language

Lo = {a"" | n > 1}

and construct recursively the following sequence of language classes:

}‘0 = {LO})
Frev1 = {Zi/(L)| L € Fi,I is an inversion scheme}.
The family

F=
k>0
is obviously closed under inversions.
The following fact is essential in our proof.
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Fact. For every language L € F and any n > 1 there ezxists a
finite set A(L,n) C L such that every string z in L \ A(L,n) can be
expressed as T = aPyb? with p,q > n and y € {a,b}*.

If L = Lo, then the assertion is trivially true.

Assume that the assertion is true for any language L’ € Fi and
take L € Fxy1. Then there exists an inversion scheme I = ({a,b},I’)
such that L = Zy(L'). Let n > 1 be a given integer and m = maz{|z| |
z € I}. By the induction hypothesis it follows that L' = A(L/,n +
m)U L, where A(L',n+m)is a finite set and every string z in L can
be written as z = aPyb?, p,q > n + m. Consequently,

L =Ty(L') = Ti(A(L',n + m)) UTL(L).

Note that Z;(A(L/,n + m)) is a finite set and any string w in Z;(L)
can be decomposed as w = a"zb® with 7,s > n and z € {a,b}*, which
completes the proof of the fact.

Now it is clear that the mirror image of any language in F cannot
be in F because it does not satisfy the requirements of the aforemen-
tioned fact. D

We now prove that-the three operations introduced above also
differ in that sense that the closure under one operation does not
imply the closure with respect to another one.

Theorem 2.1.2. For any pair (X,Y) with X,Y € {Z,7T,D}, X #7Y,
there is a language family L such that L is closed under X and is not
closed under Y.

Proof. First we consider the family F defined in the second part
of the proof of Theorem 2.1.1. By construction F is closed under
inversion. On the other hand, if we apply the transposition scheme

T = ({a,6},{ad})

to the language Lo € F we obtain a language, which contains the
set of all words a®~2b"~laab with n > 2. This contradicts the fact
shown in the proof of Theorem 2.1.1. Therefore F is not closed under
transposition.
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Let V be an alphabet. Then we consider the family £ consisting
of all languages L such that there is an integer n > 1 with L C V™.
Obviously, £ is closed under inversion and transposition since these
operations do not change the length of a word.

On the other hand, applying the duplication scheme

(V,{e, aa}),

where a € V, to the language {a?} € L yields the language {a*,a*}
which is not in L.

Let V = {a,b}. Then let £’ be the family of all languages L over
V such that each word in L can be expressed as zjaz,bzj, i.e. any
word of L contains ab as a scattered subword. Obviously, £ is closed
under duplication, since duplication adds additional subwords and
does not destroy scattered subwords.

On the other hand, the application of the inversion scheme (V, ab)
and the transposition scheme (V,{a}) to the language {ab} € [’
yields {ba} ¢ L', which proves the nonclosure of £’ under inversion
and transposition.

It remains to provide a family of languages closed under trans-
positions but not closed under inversions. To this end, let C be the
family which contains all languages {a™b™}, n > 1, and is closed un-
der transpositions. Applying the inversion scheme ({a,b}, {ab}) to
the language {a363} one gets {a?bab?} which cannot be in C. a

However, the situation changes if we restrict the families of lan-
guages under consideration.

Theorem 2.1.3. Let £ be a family of languages which is closed under
restricted homomorphisms and inverse homomorphisms. Then the
following statements hold.

i) L is closed under duplications if and only if it is closed under
inversions.

i1) The closure of L under transpositions implies the closure of L
under duplications.

i) If L is closed under union or intersection with regular sets
and inversions, then L is closed under transpositions.
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Proof. i) Let L be an arbitrary language in £ over V and let I =
(V,{z1,%2,...,2,}) be an arbitrary inversion scheme. Then we con-
sider 2n + 1 additional letters ¢, ¢y, ¢2,...,Cn,d1, d2, ...,d, and the
homomorphisms hy, ke, hs, by given by
hi (Vu{e,co,...,en}) — V7,

hi(a)=afora €V, hi(c;) =z;, 1 <1< m,
hy + (VU{cr,e2,.-5¢n}) — (VU{c}U{e1,¢2,---,¢a})",

ho(a)=afora €V, hao(e;) =cic, 1 <1< m,
ha : (VU{c,c2,..-ycn}U{d1,do,...,dn})" — (VU{c}U

{c1,¢2y..-,¢a})"s

hs(a) = a for a € V, hs(ei) = cic, h3(d;) = ciece, 1 <2< n,
hy + (VU{er,c2,...,cn}U{dy,da,...,dr})" — V¥,

hi(a) = a for a € V, hy(c:) = i, ha(d;) = mi(z;), 1 < i < n.
Then

I1(L) = ha(h3* (Dp(ha(h7 (D)),

where D is the duplication scheme which allows the duplication of
the letter ¢ only. This proves that Zy(L) € £ holds. The converse
part can be obtained in a similar way being left to the reader.

ii) Let D = (V,{z: | 1 < 7 < n}) be a duplication scheme. We
consider the homomorphisms

hi ¢ (VU{c|1<i<n}) — V*,
hi(a) =afora eV, hi(c;) = z;,for 1 <i < n,

ha (Vu{a|1<i<n}) — (Vu{c}u{enca... e ),
ha(a) = a for a € V, ho(ci) = cicc,for 1 < i < m,

hs + (VU {endi})” — (VU{c}U{er,ea,--5ea})

hg(a)l:a for a € V, ha(d;) = ccie, ha(e;) = eice, 1 < i< n,
ha @ (VU O{di,ci})' — v,

h4(a)1ja for a € V,hy(d;) = z;z;, ha(c;) =z, for 1<i<n
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and the transposition scheme
T=((WVuU{cU{e,ca,--.,cn},{ci]1 <i<n}).
Thus we get
Dp(L) = ha(h3* (Tr(ha(hy " (L)))))-

iii) We shall give the proof in the case when £ is closed under
union. The reader can easily infer a similar construction when £
is closed under intersection with regular sets. Obviously, if T =
(V,{t1,t2,...,tn}) is a transposition scheme and T; = (V,{t;}) for
1< i< n,then

Ir(L) = Tr,(L) VU T, (L) U - - - U Tr, (L).

By supposition, £ is closed under union, and thus it is sufficient to
show that £ is closed under applications of transpositions schemes of
the form T = (V, {z}) for some ¢ € V*. We consider the homomor-
phisms

A (VU{edh) — V7,
fila)=aforaeV, fi(c)==z, fi(d)=c¢,

fa @ (VU{ce,d})* — (VU/{cd,c,d})"
fa(@)=afora eV, fi(c)=ccd, f(d)=dd,

fa i (VU{g,d,p,p'})" — (VU{c,d,d,d}),
fala)=aforaeV, fi(q)=cc, f3(¢)=dd,
fa(p)=de, fo(p') =dd,

oo vul{pred}) — Vv,
fla)=aforacV, f(d)=fp)=¢, f(g)=f0p)=r1,

and the inversion schemes
L =WVU{cddd} {c'}) and I, =(VU{cd,Cc, d},{dd})

and obtain

Tr(L) = f(f5 (T, (Zn(f07HL)).

Note that all homomorphisms used in this proof were restricted ones.
a
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Closure Properties of Some Families
We first study the closure under (non-iterated) inversion, duplication,

and transposition of some language families.

Theorem 2.1.4. Any trio is closed under duplications, transposi-
tions and inversions.

Proof. Let F be a trio. By the previous theorem it suffices to prove
the closure of F under inversions only. We recall that all trios are
closed under restricted homomorphisms [114].

Let L C V* be a language in F and

I=(V,{z1,22,...,21})

be an inversion scheme. We consider the homomorphisms

hi:(VU{c|l<i<n})* —V* hi(a)=aforaecV,
hi(c;) =z for 1 <i < n,

hy: (VU{ci|1<i<n})* —V*, hyla)=aforaeV,
ha(c;) = mi(z;) for 1 <i<n

and the regular set
R=JVv{c}V"
=1
and obtain
Ii(L) = hao(hT (L) N R)

which proves the closure of F under inversion. O

Corollary 2.1.1. All families in the Chomsky hierarchy are closed
under duplications, transpositions and inversions.

Iterated Versions

We now start the study of closure under iterated versions. The fol-
lowing lemma is a helpful tool.
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Lemma 2.1.1. Fvery family of languages closed under iterated in-
versions or iterated transpositions is closed under permutations.

Proof. For any language L € V* let us construct the inversion scheme
I=(V,{ab|a,beV,a+#b})
and the transposition scheme
T =(V, V)

The relations
I7(L) = 77(L) = Perm(L)

follow immediately. a

Theorem 2.1.5. The families of reqular and contezt-free languages
are closed neither under iterated inversions nor under iterated trans-
positions.

Proof. Since the families of regular and context-free languages are not
closed under permutations, the nonclosure with respect to iterated
inversions and iterated transpositions follows by Lemma 2.1.1. a

It remains an open problem which of these two families are closed
under iterated duplications.

Theorem 2.1.6. The families of contezt-sensitive and recursively
enumerable languages are closed under iterated inversions, iterated
transpositions and iterated duplications.

Proof. Let L be a context-sensitive language generated by the context-
sensitive grammar G = (N,T,S,P) and let I = (T,I’) be an in-
version scheme. We construct the context-sensitive grammar G’ =

(N',T, S, P"), where
NI
Pl

NUu{X.,|aeeT},

{Xa,Xay . Xop — Xaop o X0, Xy | @102 .0k € I'}
U{X,—alaeT}
U {h(a) — h(B) |a — fe P}
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and h: (N UT)* — N"™ is the homomorphism defined by
h(A)=Afor A€ N and h(a)=X,foraeT.

The equality Gen(G') = Z7(L) can be easily checked.

Now, we are going to prove that 7g(L) is a context-sensitive lan-
guage for any transposition scheme X = (T,{z;|1<i<n}),n > 1.
To this end, we construct the phrase-structure grammar

G =(N,T,S, P)
where
N=Nu{§Y}u{<Y,y>lye Suf(z:),1 <i<n}

and P contains — besides all rules of P — the following rules (the rules
are accompanied by some informal explanations).

S — YS§,
Ya — aY, and aY — Ya, aeT.

Obvioulsly, a string of the form Yw with w € L is obtained in G.
The symbol Y scan the string w from left to right in order to perform
nondeterministically a transposition of some z;. If the substring z; is
identified in w, it is erased, and it will be moved to another location.
This process can be done by using the following rules:

Y — <Y,r;>,1<i1<n
<Yi,az>a — <Y,z>, 1<1<n,a€T
<Y,e>a — a<V,e>, and
a<Y,e> — <Y,e>a,1<1<n,aeT

<Y,e> — Yz;, 1<i<n.

By the last set of rules, the process may be iterated. Clearly, we need

also rules for finishing the process, namely Y — ¢. With the above

explanations we infer that Gen(G) = T#(L). Since the grammar G
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has a linear bounded working space ([114]), it follows that 77(L) is
a context-sensitive language.

By a similar proof one can show the closure under jterated du-
plications. The closure of the recursively enumerable languages class
under these operations follows immediately. O

2.2 A Generalization

In [36] the non-iterated variants of the operations presented in the
previous section are investigated in a more general framework. The
results presented here are taken from [36].

Let O = (V,0') be a scheme in which we allow O’ to be an infinite
language over V. For O € {Z,7,D} and two families of languages £
and L’ we define

O, L) = {0o(L) | L € £ and O = (V,0"),0' C V*,0" € L'}.

For sake of simplicity we shall write O(L,, L;) instead of Op(L,)
with O = (V, Lz)

Obviously, since we can only reverse, transpose and duplicate sub-
words of the basic language, we obtain the following statement.

Lemma 2.2.1 For any operation O € {Z,7,D} and any two lan-
guages Ly and Ly, O(L1, L) = O(Ly, Lo N sub(Ly)).

Lemma 2.2.2 If L is a language over a unary alphabet and L' is an
arbitrary non-empty language, then Z(L,L')=T(L,L') = L.

Proof. By Lemma 2.2.1, it is sufficient to consider reversals and
transpositions of unary words which does not change the word. O

Lemma 2.2.3 For any O € {Z,7,D}, any finite language L and
any language L', O(L, L") is finite.

Proof. Since an arbitrary word w has only a finite number of sub-
words which can be used for the operation, O(w, L) is finite for any
language L’. Because L is finite and O(L, L) = Uwer O(w, L"), the
finiteness of O(L, L') follows. o
The following result follows from the definition.
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Lemma 2.2.4 For any languages families L1, Ly, L], LY with £, C
Ly and L2 C L4 and any operation O € {I,7T,D}, O(L1,L,) C
O(LY, £5).

2.2.1 Inclusions

The aim of this section is to prove some relations of the form £ C
O(L, L") or O(L,L") C L for some language families £ and £’ and
some operation O.

We start with a direct corollary of Lemma 2.2.3.

Corollary 2.2.1 For O € {I,7,D} and any language family L,
O(FIN,L)C FIN.

This result can be extended to other families if we require some
conditions for L.

Lemma 2.2.5 For any O € {Z,7,D} and any language families L
and L' such that {e} € L', L C O(L,L").

Proof. Obviously, for O € {Z,7,D} and any language L, L
O(L,{e}). Hence, L € £ implies L € O(L,L").
Clearly, there can be given other conditions in order to get £

O(L,L"). As an example we mention that V' € L’ ensures L
(L, L.

NN a

Lemma 2.2.6 If L is closed under morphisms, inverse morphisms
and intersections with regular sets, then O(L,FIN) C L for any
Oclu.

Proof. O = 1. Let L over the alphabet V be an arbitrary language
in £, and let L' = {w;,ws,...,w,} be an arbitrary finite language.
Then we consider 7 additional letters ay, as, ..., a, and the morphisms
h1 and hy given by

hi(a)=aforaeV, h(a;))=w;for1<i<r,
hy(a) =afora eV, hy(a;)=mi(w;)forl1<i<r.
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Then

I(L,L) = hao(hTH(L) N | V"aiV?)
=1
which proves that Z(L, L") € L holds.

O =7T. Let L, L' and a,,a,,...,a, as in the preceeding con-
siderations. Further, let by,b,...,b, be additional letters. Then we
define the morphisms h; and hy by

hi(a)=aforaeV, h(a)=wforl <<,
hi(b;)) =€ for1 <: <,

hao(a)=aforaeV, hya;)=cefor1 <2<,
ho(b;)) = w; for 1 <1< 7.

Then
I(L, L) = ha(h7 Y (L) N | J(V*a:V*0:V" U V™0V "0,V ™))
1=1
which proves T(L,L") € L.

An analogous proof can be given for O = D. a

Lemma 2.2.7 For O € {ZI,7}and a language family L € {REG,
CF}, O(REG,L)C L.

Proof. We give the proof only for £L = CF, O =T and £ = REG,
O = T. The necessary (small) modifications for the other cases can
be seen from the given proofs and are left to the reader.

L=CF, 0O =17 Let L and L' be a regular and context-free
language, respectively. Let L be accepted by the deterministic finite
automaton A = (Z,X,8,2, F) and M = (Q,X,T,¢, 490,70, F') be
the pushdown automaton accepting mi(L’) Then we construct the
pushdown automaton

E = (Zx(Zu{t})x(Zu{t}) x (QuU{t'}),X,T,8" (20,11, q0),
70, F x {t} x {t} x {t'})
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where ¢ and t' are additional symbols and, for z;,22,23 € Z, T € X,
vy€T,qe @ and gr € F', §" is defined as follows:

6/,((zlit7t7q0);z770) = {((zi1t1taq0)v70) | Zi € 6(21’1:)}

(in this first phase characterized by the presence of ¢t and the absence
of ¢/, in the first component of the state of K we simulate the work
of the finite automaton A),

6!,((Zl7t)t7q0)75a70) = {((21,Z,Z,qo),’)’o) | z€ Z}

(we guess that the word w under consideration under consideration
can be written as w = wyvw, with mi(v) € L' where w; is the
subword we have already consumed; we switch to the second phase
characterized by absence of t and t'),

6”((21,22>23’Q),$77) = {((Zl722az:l37 ql)17l) | 23 € 6(2(13133)7
(¢,7) € ¢(g,z,7)},
6”((2172%237‘1)7577) = {((Zla32723aql)77,) | (q,a 71) € 5’((],1,7)},

(in the second phase K simulates the work of M in the fourth com-
ponent of the state and in its stack; at the same time K simulates the
work of A backwards in the third component of the state; the first
component of the state is not changed, i.e. it stores 6(zp, w;) during
this phase),

6”((21)227 21, qF)7£7 7) = {((227 ta tu tl)77)}

(the word v read in the second phase belongs to mi(L’) and 2z, =
6(2z1, mi(v)) holds, i.e.

6(20, wymi(v)) = 6(8(20, w1), mi(v)) = (21, mi(v)) = zo;

we switch to the third phase characterized by the presence of ¢ and
'),

(5”((21, i, tl)7 1717) = {((zi7t’ t t,)7 7/) [ z{ € 5(2171:)}
(again, we simulate the work of A). Therefore K accepts w if and

only if w can be written as w = wyvw; such that v € mi(L’) and
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(20, wimi(v)wy) € F,ie. wymi(v)wy € L. Thus K accepts I(L, L.

L =REG,O =T Let L and L' be two regular languages which
are accepted by the deterministic finite automata

A:(ZA,X,(SA,ZA,FA) and BZ(ZB7X76B’237FB)7

respectively.
We first show that the language

Ly = {wiugvus | urvugug € L,v € L', v # €,up # €}

is regular. In order to do this we construct the nondeterministic finite
automaton

C= (2076CaX7(t11ZAaZAaszzAazB)vFC)
where
Zc = {tl,tQ,tg,t4} X ZAXZaXZaXZsXZp

(t1,%2,t3,tq denote the work on u,uy, v, us, respectively; the second
component is used to simulate the work of A on u; and u3 in case of
presence of t; or t4 and to store the state obtained after reading u,; in
the other cases; the third component guesses the state of A obtained
after reading u;v and stores it; the fourth component simulates the
work of A on u, starting with the guessed state; the fifth component
simulates the work on v starting with the state stored in the second
component; the sixth component simulates the work of B on v),

Fo = {(ts;21,22,23,22,24) 1 21,22, € Z4, 23 € Fp,24 € Fp}
U{(t4121,22,23722,24) : 22)2376 ZA,Z] € FA7Z4 € FB}

(words with uaz = € are accepted by the first set, the other words by
the second set), and

bc((t1,21,24,24,24,28),2) = {(t1,64(21,2),24,24,24,2B)}

U{(t2,21,22,64(22,2),24,2B)}
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for zy € Z4, ¢ € X (M simulates the work of A on aletter z of u; in
the second component or it reads the first letter of uy starting with
27 in the fourth component and stores the state z; obtained after
reading u; and the start state z; in the second and third component,
respectively),

6C((t27z17227237214723)11:) = {(t2721722,6/4(‘23)1)’2/4723)}
U {(t3121722)Z3a6A(Z1a$)aéB(ZB)I))}

for 2z1,29,23 € Z4,z € X (M simulates the work of 4 on a letter z of
u9 in the fourth component or it reads the first letter of v in the fifth
component starting with the state stored in the second component),

bc((ts, 21, 22, 23, 24, 25), ©) = {(t3, 21, 22, 23, 6 4 (24, T), 6 B(25, 2))}

for 21,22,23,24 € ZA; zZ5 € ZB7 T Xa 22 ?é 24 OT ¢q ¢ FB (M
simulates the work on letters of v),

6c((t3, 21,22, 23, 22, 25),2) = {(t3, 21, 22, 23,04(22,2),0B(25, T))}
U{(t‘h 614(237 12),22, 23,225, 25))}

for z1,29,23 € Z4, 25 € Fg, ¢ € X (M simulates the work on v or
reads the first letter of u3),

60((t4a 21,22,23,22, 25)1 I) = {(t‘h 6/4(217 1)7221 23, Z'Z)ZS)}

for z1,22,23 € Z4, 25 € Zp, z € X (M simulates the work of A on
U3).

By the given explanations we obtain the equivalence of the fol-
lowing statements for a word w = ujugvug with us # €

a) M accepts w,
b) 6a(za,u1) = 21, 6a(22,u2) = z3, 64(21,v) = 22, 64(23,u3) € Fy
and ég(zp,v) € Fg, for some states z;, 23,23 € Z4,
¢) 04(za,u1vuous) € Fy and ég(zp,v) € Fp,
d) wyvuquz € L and v € L',
e) w € Ll-
Analogously we can show that M accepts w' = uyuqv if and only
if ‘U)I € Ll
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Thus M accepts L; which proves the regularity of L,.
By a similar construction we can show that

Ly = {u1vugus | uviugvus € L,v € L', v # €,up # €}

is regular, too.
Since
T(L,L'y=LuULuUlL,
and L, Ly, L, € REG, we obtain the regularity of 7(L, L’). a

For duplications the analogon of Lemma 2.2.7 does not hold, be-
cause
D(SV*$,8V*8) = {Sw¥Bw$ | w e V*}
implies the existence of a non-context-free languagein D(REG, REG).
Therefore we present another upper bound.
First we recall the definition of simple matrix grammars and their

languages. A k-simple matriz grammar (with regular components) is
a (k + 3)-tuple

G = (Ni,Ns,...,Ne, T, M, S)
where

® Ny, Ny, ..., N and T are pairwise disjoint alphabets (the sets
N;, 1 < ¢ < k, are the sets of nonterminals, T is the set of
terminals),

e S¢TUNyUNzU...U N (is the axiom),

e M is a finite set of productions of the following forms:
S — w with w € T*,
S — A1A;... A, where A; € N; for 1 <<k,
(Al - ’U)]Bl,Ag - UJQBz,...,Ak — kak) with w; € T*,B;’ €
Nifor1<i<k,
(Ay = w1, A > wa, ..., Ak — wy) with w; € T* for 1 < i < k.

For z,y € {S} UT* U T*NiT*N,...T* Ny, we say that z directly
derives y (written as z = y) if and only if either

=5 and S—yeM
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or

2211A1I2A2...1}kAk, with CEiET*,AiGNi fOI‘lS’LSk‘,
Y =T101T2V2. . . DLV,
(A] —>v1,A2—>v2,...,Ak—>Uk)€ M.

The language L(G) generated by G is defined as
LG)={z|zeT", § =" w}.

A language L is called a simple matriz language if there is an integer
k and a k-simple matrix grammar G such that L = L(G). By SM we
denote the family of simple matrix languages. We note that {a™b™ |
n>1} e SM.

Lemma 2.2.8 D(REG,REG) C SM.

Proof. Let L and L’ be two regular languages L and L’. Moreover,
let G = (N,T,P,5)and G’ = (N',T, P, 5’) be the regular grammars
(with the sets N and N’ of nonterminals, the set T of terminals, the
sets P and P’ of productions and the axioms S and S') generating L
and L', respectively. Without loss of generality we can assume that
all productions in P and P’ are of the form A — zB or A — ¢ where
A and B are nonterminals and z is a terminal.

We consider the 5-simple matrix grammar

H = (N(l)’N(Z)’N(C*)’ NW NG T Py, SH)
where, for ¢ € {1,2,3,5},
NO = (A | 4e NYu{x®) v}

and

N = (AW | 4 e N'yu {xW}
are pairwise disjoint sets (with additional letters X() and Y (), 1 <
1 < 5), and Py consists of the following rules

Group 1
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Sy — XV x@xG) x4 x6)
(X(l) - 50 x@) o x@ x@) o xC) x4 5 x4 x6) - x6)),

Group 2
(A(l) - oBM x(@) o x(@) x@) o xG x() o x@) x6
X)) for A— vB € P,
(A1) - Yy, x@ o A0 x@) o x@) x() o (g4 x6)
X®))for A€ N,
Group 3
Y — Y 4@ o 9B@) x0G) o X@) cM - D@ X6 -
X®)

for A—»vBe P,C —-vDe P,
(y(l) S YD 4@ 5 y@ x6) o 40) c@ L vy Xx6) 5 X(6)
forC »e€e P,

Group 4

(Y@ -y y@ - y@ 46) 4B YH) - Y x6) - x6)
for A—»vB € P,

(YW -y y@ 5 v@ 460 - y@) y® YW, x6) - 46))
for Ae N,

Group 5. )

YO - y® y@ L y@ yE  y® y® - Y AG) 5 B0
for A—-vB € P,

YO 5 Yy y@ 5 y@ yE - yB) y@ o Yy AG) 5 y©6)
forA—ec€ P,

YO 56 Y®D 5670 5 e YW 5 6 Y0 o 6.

The application of the two rules of Group 1 yields the derivation
Sy = XM x@xCx)x06) — g1)x2 x0G) x4 x(©)

Any of the first given rules of phase 2 simulates a derivation step in
G and such steps can be iterated, i.e. a derivation § =* wF} in G
is simulated. Thus we obtain the derivation

SWOx@xE xM) x(6) wy (F)W X @ x ) x (1) x(5)
=  w, YWO(R)D XG5 x6)
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in H. Now by iterated use of the first given rules of group 3 we simu-
late simultaneously a derivation F; =* wF» in G and a derivation
S’ =" wyoF in G' because the terminals in the rules for A and C
coincide. Hence we get

w Y WD(F)B X (gHx6) =~ w Y Dy (7)) (Fy)
FOX0) = w, Y W,y O(F) P, y (D X ),
By the first given rules of group 4 we simulate a derivation Fp =—*
wsFy in G and obtain '
wlY(l)ng(2)(Fg)(a)ng(")X(s) —* wlY(l)ng(z)wg
(Fs)(3)w2y(4)X(5) — ’U)1Y(1)’(U2Y(2)1.U3Y(3)’w2Y(4)(F3)(5).
Finally, by the first given rules of group 5 we simulate a derivation
F3 =" wyFy in G and terminate by the other rules which yields

wlY(l)ng(Z)ng(a)ng(4)w4(F4)(5) :>* ’LU]Y(I)’U)QY(Z)’U)a

Y(3)w2Y(4)w4Y(5) —> Wi WaW3WoWy.
Therefore wyw,wswows € L(H) if and only if there are derivations

S =" un ] =" wnw F, =" wywawizFy ="

U Wow3We Fy = Wy wow3wy
in G and 5’ =* w, in G'. Thus
L(H) = {whwowawowy | wywowswy € L,wy € L'}.

Analogously we can construct a 5-simple matrix grammar H' such
that

L(H") = {wiwswowawy | wywewawy € L, wa € L'}.

Moreover, D(L, L") = L(H)U L(H'). The closure of SM under union
implies D(L, L") € SM. O

Lemma 2.2.9 Let O € {Z,7,D}. Further, let L' € {CS,RE} and
let £ be a language family with £ C L. Then O(L,L') C L'.
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Proof. We give the proof only for £’ = CS. The same proofs work
for L' = RE, too (one only has to omit the considerations on the
space complexity). Moreover, we give an informal proof; the formal
details are left to the reader.

O = I. It is sufficient to show that Z(L,L’) € C'S holds for any
two context-sensitive languages L and L'.

We construct a Turing machine M accepting Z(L, L’). M works
as follows on a given input word w:

1. M copies w on the first work tape, marks non-deterministically
a subword v of w and writes‘a copy of v on the second worktape.

2. M replaces the marked word v by mi(v) yielding wimi(v)w,
on the first worktape.

3. M checks v € mi(L’) by taking the word on the second work-
tape as input and simulating the linear-bounded automaton
accepting the context-sensitive language mz(L’).

4. M checks wymi(v)w, € L by taking the word on the first work-
tape as input and simulating the linear-bounded automaton
accepting L.

M accepts w if and only if both checks in phases 3 and 4 are successful.
Thus w = wyvw, is accepted by M if and only if wymi(v)w, € L and
v € L'. Hence w is accepted if and only if w € Z(L, L').

Moreover, phase 1 needs space O(|w|+|v|). Phase 2 requires space
O(|v]). Phases 3 and 4 need O(|v|) and O(|w]|), respectively. Because
|v| < |w|, M needs space O(Jw|) on w. Since the languages accepted
by Turing machines with linear space are context-sensitive, Z(L, L)
is context-sensitive.

O = T. We change the proof for O = T as follows: In phase 2, M
cancels the marked word v in the word w which yields w’ and inserts
v at some place in w’ which yields w”. In phase 3, M checks v € L.
In phase 4, M checks w" € L.

Then w € 7(L,L’) holds if and only if w is accepted by M.
Moreover, M only uses linear space.
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O = D. In this case we copy two non-overlappings subwords v,
and v, of the input word w on the second and third worktape. Then
we check whether or not v; = vy. If this is the case, then we copy w
to the first worktape and cancel either vy or vz in the word on the
first worktape. Finally, we check whether or not the word on the first
worktape belongs to L and the word on the second worktape belongs
to L'

M only accepts if all checks give a positive answer. Again, we
need only linear space which proves D(L,L') € CS. a

2.2.2 Strictness of Some Inclusions

The preceeding lemmas prove some inclusion of the form £ C O(L, L)
C L’'. The following lemmas show the properness of the inclusions in
some cases. For this it is sufficient to show that there are languages

in L'\ O(L£, L") and O(L, L")\ L, respectively.

Lemma 2.2.10 Let O € {Z,7,D}. {a™" | n > 1} # O(R,Q) for
any reqular language R and any language Q.

Proof. O = I. Let L = {a™™ | n > 1}. Let us assume that
L = I(R,Q) for some regular language R and some language Q.
Without loss of generality we assume that there is no language Q' C Q
such that L = Z(R,(’). This ensures that any word in Q is reversed
as a subword of some word in R.

If a®b™ € I(z,q) for some words z € R and g € @, then one of
the {ollowing conditions hold:

~z=a%" and g€ at or

- z=a"b" and q € bt or

- z=aMb2a™b™, g =b"¢™ and nq + n3 = ng + ng = n.

Hence

I(R,Q) = I(Rna*bt,Qnat)uZ(Rnatbt,Qnibt)u
I(Rnatbtatst, Q@ nbtat). (2.1)

Because the reversal of subwords in at or 4+ does not change the
word

I(Rna*tbt,Qna*) = Rnala*st
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and
I(Rna*bt,QnbT) = Rnathlep”

where [, and [, are the smallest lengths of words in @Na* and QNb*,
respectively. Therefore Z(RNatbt,QNat)and Z(RNa*bt,QNbT)
are regular languages.

We now distinguish two cases.

Case 1: @ N b*a* is finite. Then Z(RNa*tbtatdt,Q nbta™)
is regular by Lemma 2.2.6. Therefore, by (2.1), Z(R, Q) is regular.
Since L is not regular, we get a contradiction to L = Z(R,Q).

Case 2: Q Nb*at is infinite. Then by the well-known fact that
any set of Parikh vectors of an infinite set contains two comparable
elements we obtain the existence of two different words b*a*" and
bma™ with 0 < k < m and 0 < k' < m/. Because a®b™a™'bt € R
where s + m’ = m +t = n for some n (the reversal of b™a™ leads to
a"b"), we get by the reversal of b¥a*' that w = a®b™ *aF bka™ ~*'pt
isin Z(R,Q). However, since m —k > 0 or m’ — k' > 0 has to hold,
w ¢ L. This contradicts L = Z(R, Q).

O = 7. Let us assume that L = T(R,Q) for some regular
language R and some language (). Again, we assume that there
is no language Q' C @ with L = 7(R,Q’). Since L is not regu-
lar and T(R,{c}) = R, Q contains a non-empty word w. Now let
a™b™ € T(R,w). We distinguish three cases.

Case 1: w = a™ for some m > 1. Then a""™b"a™ € T(R,w) C
T(R,Q). Since a® ™b"a™ ¢ K we obtain a contradiction to K =
o). o

Case 2: w = a*F’ for some ¢ > 1,5 > 1. Hence a™ 6" Ja'b’ €
T(R,Q) which leads to a contradiction as above.

Case 3: w = b™ for some m > 1. Hence b™a™b" ™ € T(R,Q)
which leads to a contradiction, again.

O = D. First we mention that ¢} cannot be finite, since D(REG,
FIN) C REG by Lemma 2.2.6 and L is not regular. Furthermore, we
can assume that  contains only words of a* Ub* because otherwise
the duplication leads to words containing two times the subword ab
or ba and thus not contained in L. Therefore (J contains at least a’
and a’ or at least b' and b7 for some integers ¢ and j with 1 <1< j.
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Let ai,a’ € Q and a™b™ € D(R,a’). Then a"~2U-)b" € D(R, d).
This contradicts L = D(R, Q). Analogously we get a contradiction if
b€ Q. a

Let h : {a,b}* — {a,b}* be the morphism defined by

h(a) =ab and A(b)=ba.

Then we set

T = |J{r ().

i>1

It is known that T is not context-free does not contain subwords of
the form ww where |w| > 2 (see [15]) and that T is not context-free
(use a pumping lemma).

Lemma 2.2.11 For any contezi-free language L and any language
Q, T #D(L,Q) holds.

Proof. Let us assume that T = D(L,Q) for some context-free lan-
guage L and some language Q. Since D(CF, FIN) C CF by Lemma
2.2.6, @ has to be infinite. Thus @ contains a word w with |w| > 2
and there is a word v € T such that v € D(L,w). Obviously,
v = ujwuswus With wywusus € L or ujuswus € L. Hence vy =
wywwuguz € D(L,w) or v = yyugwwus € D(L,w), and therefore
v; € D(L,Q) or v, € D(L,Q). However, v;,v, ¢ T, which is a
contradiction to T = D(L, Q). a

Lemma 2.2.12 For O € {I,7T}, L € K and L' € {CS,RE} with
ccrt,oucnycrl.

Proof. By Lemma 2.2.9, O(L, L") C £'. In order to show the strict-
ness of this inclusion we consider a unary language K € £’ \ £ and
assume that K € O(L,L’). Then K = O(L, L’) for some languages
LeLand L' € L' If alph(K) = {a}, then K = O(LNa*, L' Na*)
also holds. Since L N a* is a unary language in £, by Lemma 2.2.2
we obtain K = L Na*. This implies K € £ in contradiction to its
choice. o
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Lemma 2.2.13 Let Ly, L3, L3 be language families such that REG C
L1, L2\ L3 contains ¢ non-empty language, L, is closed under reversal
and product with letters and La is closed under right and left quotient
with letters. Then I(Ly1,L9)\ L3 contains a non-empty language, too.

Proof. By supposition, there is a language I € L, \ £3. Let V =
alph(L) and $ ¢ V. Then $mi(L)$ € L, by the required closure
properties of £L,. Thus $L$ = Z(8§V*$,8mi(L)3) € I(L4,L;). Fur-
thermore, by the closure of £3 under quotients with letters $L% ¢ L3
which proves the statement. a

Lemma 2.2.14 Let £y, L, L3 be language families such that REG C
L1, Lo\ L3 contains a non-empty language, L, is closed under prod-
uct with letters and L3 is closed under right and left quotient with
letters. Then T(Ly,L2)\ L3 contains a non-empty language, too.

Proof. By supposition, there is a language L € L2\ £3. Let V =
alph(L) and § ¢ V. Then $L$ € £, and $L$ = T($V*3,3L%) €
T(Ly1,L7). This leads to a contradiction as in the proof of Lemma
2.2.13. O

Lemma 2.2.15 For O € {Z,7,D} and language families L and L’
of K such that REGC L C L', L. C O(L, L.

Proof. By Lemma 2.2.5, L C O(L,L'). We have to show the strict-
ness of the inclusion.

For O € {Z,T}, this follows from Lemmas 2.2.13 and 2.2.14 with
[.=[,1=£3 andﬁ’:ﬁg.

Now, let L € L'\ £,V = alph(L) and $ ¢ V. Then

L' = {$w$Sw$ | w € L} € O(SL$,$V"$).

Let us assume that L' € L.

If L € {REG,CF,RE}, we can construct a generalized sequential
machine M such that its induced function fys satisfies fas(L') = L.
By the closure properties of the families under consideration fs(L') €
L which gives L € £ in contrast to the supposition.
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If £L = CS, we first construct the e-free generalized sequential
machine N which induced function fy satisfies fy(L') = {$w$!®I+3 |
w € L}. Again, fy(L') € CS. Then there exists a Turing machine
P which accepts fy(L') with linear space. Now we construct the
Turing machine P’ which works as follows on the input w. It copies
w to the first worktape and adds one symbol $ before w and |w| + 3
symbols § after w on the first worktape. Then it simulates P where
the first worktape is considered as the input tape. P’ accepts if and
only P accepts. Therefore P’ accepts L. Moreover, P’ needs only
linear space. Thus L € CS in contrast to the supposition. a

We list below a few further relations which are direct consequences
of the results presented so far.

¢ CF C I(CF,REG). The inclusion follows from Lemma 2.2.5
and strictness from

K

K

{$wSw$ : w e V*} ¢ CF,
Z({$uwSmi(w)$: we V*}, {Suw: we V*}) e
I(CF,REG)

where V is an arbitrary alphabet with § ¢ V.

o CF C T(CF,REG). Again, the inclusion follows from Lemma
2.2.5. In order to show the strictness we consider the language

K = T({a""¢™d™ | n > 1,m > 1},b%) € T(CF, REG).

If K is context-free, then K’ = K Natctbtdt is also context-
free. However, this contradicts

K' = {a"™c"d" |n>1,m>1}¢ CF

which can be shown easily by pumping techniques. Therefore
K ¢ CF is valid. .

Finally in this section we note that, for O € {Z, T}, the results of
the form O(L,,L,) C Ly with £, C £, are almost "optimal”. This
follows from Lemma 2.2.13 and Lemma 2.2.14 which say that a family
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L3 with O(L4,£2) C L3 C L, cannot be closed under quotients with
letters and the fact that most of the interesting language families are
closed under quotients with letters.

We mention that in the case of duplication we do not have such
“optimalities” as for inversion and transposition. Moreover, it is open
whether or not the inclusions C§ C D(CS,RE) C RE are strict.

A similar investigation remains to be done for iterated versions
of these operations. Along the same lines, the following problem
naturally arises. For a language L C V*, we set

D(L) = {uzzv|uzv € L,u,z,veV"},
D%r) = I,
Di(L) = D(D"YL),i>1,
pY(r) = |JDi(L).
i>0
Otherwise stated, D*(L) is the smallest language L' C V* such
that L C L' and whenever uzv € L/, uzzv € L' holds for all u,z,v €
V.
For singleton languages L = {w} and 7 > 0, we write D*(w) and
D*(w) instead of D'({w}) and D*({w}), respectively.
The problem asks whether D*(L) is still regular/context-free pro--

vided L is regular/context-free. If one restricts to the two-letter al-
phabet, then the following result holds [39].

Theorem 2.2.1 If L is a regular language over the two-letter alpha-
bet, then D*(L) is also regular.

Proof. First, we prove that if w is a string over the two-letter al-
phabet, then D*(w) is a regular language. The assertion is trivial
provided that w is the empty string or w € a*.

Let V = {a,b} and w = ayay...a,, where a; € V for 1 < 7 < n,
n 2 2. We prove that

* — *
D (U)) = {w1a1w2a2w3a3 c Wne1Gy 1 WrGp Wiy | wy € ay,
Wny1 € ar,w; € a) for a;_1 = a;,w; € V™
for a;_y # a;,2 <1< n}. (2.2)
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We first prove the inclusion 2. Obviously w; € a can be gener-
ated by duplications of a;. Analogously, w,41 € a;, can be generated
by duplications of a,. If ¢;_; = a;, then we can generated w; € a}
by duplicatios of a;.

Now let a;_, # a;. Without loss of generality we assume that
a;_1 = a and a; = b. We distinguish four cases for w; € {a,b}*.
Case 1. w; = baltbizal2 . bikglk,

Then we first duplicate k-times the word ab = a;_ja; which
leads to the word

k
a1az...a;_1(ab) a1, .0, =
aas... ai_'lai_l(ba)ka,-aiﬂai.}_g R
The desired powers 7; and j;, 1 < ! < k, can be obtained by
duplications of the corresponding letter.
Case 2. w; = b1ahb2q92 . bik-1gik-1pk,
Then we first duplicate a; = b ix-times and proceed as in Case
1 to get b1 a1 b*2g?2 .. bix-1g7k-1.
Case 3. w; = a"bira®2b?2 .. akbix,
We first duplicate a;—; = a and a; = b ;-times and jg-times,
respectively and proceed as in Case | in order to get the string
birgizplz | gtk—1hik—1g%k
Case 4. w; = a'ba®2bl2 . g'k-1plk-1g'k,
Now we first duplicate a;_1 = a #;-times and proceed then as
in Case 1 to obtain b1 @'2b%2 ... a*s-1h7k-1,

The converse inclusion is proved by induction. Denote by L the
language in the righthand side of equation 2.2. Obvioulsy, D°(w) C
L. Assume that D*(w) is included in L and take an arbitrary string
z from D™"*!(w). Assume that z is obtained from y € D™(w) by
duplicating one of its substrings. Since y € L we can write:

— * *
Y = W10 W2aW303 . .. Wno18n—1WnlnWni1 | W1 € @], Wnty € ay,
w; € a} for a;_y = a;,w; € V™ for a;_1 # a;,2 <1< m,

I = wW1a1Wwa2...u3U2a;...01uU24;.. -U1V285 .. A WaAnWnyd,
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with

w; = UpUg,Urug € V7,

w; = vV, MV €V

for some j > 7. In other words, the substring of y that has been du-
plicated was uza;w;i110:41...a;_1v1. Note that the string obtained
from y by duplicating a substring of some w; is trivially in L. There-
fore we consider j > 1.
If a;_1 and a; are distinct letters, then z can be written in the
form
I = wijaiwaas. .. wfai WA .. A1 WO Wi,

where w} = w;a;wi41ai41 ... v1u2 which is a string in {a,b}*, hence
zel.
If a;_y = a;, then we distinguish two cases:

Case 1. a; = aj4+1 = ...a;. By the definition of L, it follows that z
isin L.

Case 2. a; = @j41 = ...ag—1 # ax for some k > i. Then z can be
written as

I =wawaay... . wa;... . wag.. S Wia5 ... 01 WnQnWny,

where wj = wiak ... v1u2a;W;41 ... wx whichisin {a, b}*. Hence
z € L holds which completes the proof of our assertion.

Now, let M be a gsm which translates any string w = aja;3 ...a, €
{a, b}* in TM(’U)) = b1a1b2a2 N bnanan, where

[(11], lf 1= 1,

[an], ifi=n+1,

(a:), if a;_q = a;, 2 <1<,
(ad], f @iy # a;y, 2< 1< n.

Consider also the regular substitution s : {a, b, [a}, [b], [ab]}* — 2{*}
defined by

s(a) = {a}, s(b) = {8}, s((al) = a”, s([6]) = b*, s([ab]) = {a,b}".
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As D*(L) = Uyer D*(w) and by the proof of the assertion from
above, we obtain D*(L) = s(Tam (L)), which implies the regularity of
D*(L). a

The problem has been completely solved for singleton languages
over arbitrary alphabets by Ming in [92] in the following way.

Theorem 2.2.2 If w is a siring containing at least three different
symbols, then D*(w) is not regular.

Proof. We assume that w = abc and V = {a,b,c} below. The general
case follows easily from this.

Fact 1. Suppose that u = abcu’, where u' € V*; then there exists
v € V* such that uv € D*(w).

Proof of the fact. We show how to construct z = uv iteratively.
Initially, we set z = abc. Suppose that v = ajay...ax and z =
biby...b;. First we have that a; = b; for 1 < 7 < 3. Then for each
4 < i <k, we do the following: we find the largest index j < ¢ such
that b; = a;. Then we duplicate the subword of z determined by the
indices j...1— 1. The effect of this duplication is to make the prefixes
of v and z agree on all indices up to and including <. For example,
suppose u = abcbacca; we construct z iteratively as follows, where
the underlined portion shows the subword which is to be duplicated:

abec — abcbec — abebabcbe — abebacbabebe —

abebacchabebe — abebaccaccbabebe,

which concludes the proof of the first fact.

Fact 2. Lett(z) be the minimal number of duplications necessary
to get z from w. We have t(z) > log,(|z|/3).

Proof of the fact. Each duplication at most doubles the length of
the previous word and the starting word is of length 3.

Fact 3. Suppose that uv = abcu' € V* is square-free (it does not
contain repetitions). Let v be the shortest word such that vv € D*(w).
Then |v| > logy(|ul/3).

Proof of the fact. By the definition of ¢, uv is obtained from w
by a sequence of at least ¢(uv) duplications. Since u is square-free,
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each of these duplications must result in at least one additional letter
outside u, i.e., in v. It follows that

|v] > t(wv) > log,(|uv|/3) 2 log,(|ul/3)

and the proof of the fact is complete.

We are now ready to prove the theorem using Myhill-Nerode’s
characterization of regular languages. We construct an infinite se-
quence of pairwise inequivalent words as follows. We start by defining
Wy = abc. For ¢ > 1, we define W, inductively as follows: let V;
be such that W;V; € D*(w). Then we choose W;y; to be a square-
free word starting with abe, such that log,(|Wit1|/3) > |Vi|. Such a
word exists because there are infinitely many square-free words over
a three-letter alphabet. This length condition ensures (by the third
fact) that W; 1 V; ¢ D*(w) for all 7 < 4. It follows that W; are
pairwise inequivalent, which implies that D*(w) is not regular. O

However,

Theorem 2.2.3 For allw € V* and all ay,a4,...,a, € V, the lan-
guage D*(w) N ajal...ak is regular.

*
n

Proof. Let U = {aj,a2,...,a,} C V and denote L = D*(w) N
ajaj...ay. Consider the set M of minimal vectors in ¥y (L); accord-
ing to Konig Lemma, this set is finite (all its elements are incompa-
rable). It is easy to see that

L= {a;1+i‘a;2+i2...a§"+i" 14;,>0,1<j<n,(s1,52,...,5,) € M}.

In conclusion, L is a regular language. d
Here are some other combinatorial properties of languages D*(w).

Theorem 2.2.4 For all strings w € V*, the following assertions
hold:

(i) length(D*(w)) = {m € N | m > length(w)}.

(1) D*{w) is Parikh linear.

(i6i) (D*(w))* = D*(w).

(iv) Sub(D*(w)) = alph(w)*, where alph(w) is the minimal al-
phabet V' such that w € V™ and Sub(L) denotes the set of all sub-
strings of the strings in L.
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Proof. Assertion (i) is obvious.

(i) ¥V = {a1,a2,...,an}, then ¥y (D*(w)) = {vo + D=y vidi |
j1s.+.,jn € N}, where v = ¥y(w) and v; = (0,...,0,1,0,...,0),
with 1 appearing on the i-th position, for all 1 <7 < n.

(iii) Clearly

Djl(w)Dj2(w) . ..Djm(w) C Dj1+j2+...+jm+m—1(w)

holds for all m > 1 and j; > 0, 1 < ¢ < m. This implies (D*(w))* C
D*(w). The opposite inclusion is obvious.

(iv) The assertion follows from the more general fact that for each
string z = ujausfus € D*(w), there is a string in D*(w) which con-
tains both af and Ba as substrings, for all possible u;, ug, us, o, 3. In-
deed, by duplicating aus in z one gets the string 2’ = ujau,fau;fus,
then, by duplicating S« in this latter string, one gets

2" = uiauyfaBauyfua,

which contains both af and Ba as substrings. a

The third assertion of the last theorem implies the closure of the
family of all languages D*(w) under Kleene +, while the last assertion
of the same theorem implies the non-closure of this family under all
other AFL operations:

union: take D*(ab)U D*(ba),

concatenation: take D*(a)D*(b),

intersection with regular sets: take D*(ab)Na*tbt = atbht,

morphisms: take D*(ab), h(a) = aa and h(b) = bb,

inverse morphisms: for h(a) = h(b) = a we have h=!(a*) = {a, b}*.
Finally we remark that in this section the three operations inver-

sion, transposition and duplication have been studied isolated from

each other. Language generating devices based on different variants

of duplications have been also considered, see, e.g, [89, 94].
However, if we want to model the evolution it is necessary to con-

sider schemes which contain rules for inversion as well as for trans-

position, duplication and deletion. A grammatical approach in this

direction is presented in the next section.
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2.3 The Duplication Root

The following well-known lemma, with a very simple proof, will be
very useful in this section.

Lemma 2.3.1 The equation wv = vz has the solutions v = (af)*a,
k>0, u=apB, z=_[a

A square is an immediate repeated nonempty string, that is a
string ¢ which can be written as £ = yy, with y a nonempty string.
A string is called square-free if it has no square as a substring. Axel
Thue was the first who studied different problems related to square-
free strings, see, [128, 129].

Let V be an alphabet; for a string w € V1t we write wo z if
w = urry and z = uzy, for some u,y € V*, z € V. We say that
z is obtained from w by reducing the duplication (square) zz. The
reflexive and transitive closure of the relation > is denoted by o*. A
square-free string z is said to be a duplication root of w iff wo* z. It
is obvious that each string has a duplication root; a natural problem
concerns the uniqueness of this root and the complexity of computing
this root, provided that it is unique.

Lemma 2.3.2 LetV be an alphabet and a € VY. Ifav 3 and avy
for some strings 8,7 € V*, then there erxists a string 0 € VT such
that fv* o and yo* 0.

Proof. Assume that a contains two duplications which can be re-
duced; more precisely let zz and yy be two duplications which ap-
pear in a. Assume that § and v are obtained from a by reducing the
duplication zz and yy, respectively. We distinguish two main cases:

Case 1: The strings zz and yy do not overlap each other in
a. Hence, a = uzzvyyz, § = uzvyyz, and v = uzzvyz, for some
u,v,y € V*. We take 0 = uzvyz; clearly v o and yo 0.

Case 2: The strings zz and yy do overlap each other. Several
subcases are considered.

Subcase 2a: The strings zz and yy overlap each other as shown
in Figure 2.
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Figure 2.1.

It follows that 8 = uztyv, v = uzryv; furthermore = rs and
y = st. Clearly,

B

¥ = uzrryv = uzrstv = urziv > urtv = urstv = uryv

urstyv = uryyb b UTYv

I

hence the assertion holds for ¢ = uryv

Subcase 2b: The strings zz and yy overlap each other as shown
in Figure 3.

I T
- e
S e s W .,
| | ]
y y
Figure 2.2.

It follows that § = urszv, v = urstv; furthermore rs = tw and
st = wz. From the last two equalities one obtains rsz = twz = tst.
If t = 2, then § = v and the assertion is trivially true for c = 8 = 7.

If t # z, then we firstly assume that |z] > |t|. Thus, = = 2t
and t = rt’ for some z',t € V*. The equation rsz = tst becomes
sz’ = t's which implies that (see Lemma 2.3.1)

s = (6p)Fé for some k > 0,
2 = pé,
t = ép

for some 6,p € V*. Let us suppose that k& = 0; equation st = wz
becomes 676p = wpbrép, which is a contradiction.
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Consequently, k > 1,t = rép, and z = pérbp, hence
B = ur(6p)*6pbrépv v = ur(8p)Férépv

for some k > 1. Obviously, the assertion holds for ¢ = 7.

We now assume that |z| < |t|; from rsz = tst one infers that
t = t'z and r = tr'. It follows that r’s = st’ which leads to the
solutions

(6p)*é for some k > 0,

s =
v = pé,
t = 6p

for some 8, p € V*. Hence t = péz and r = pétép which imply that
B = upbzbp(ép)*ézv v = upbzép(6p)Fépézv.

By taking o = g, the proof of this case is complete.

Subcase 2¢: The strings zz and yy overlap each other as shown
in Figure 4.

T z
e Y
L u Tl y Ly lt v 1
Figure 2.3.

It follows that § = uzv and v = urytzv with z = ryyt. We have

B = wuryytvo uryiv
v = urylryytvoe urylrytv o uryto.

We now take ¢ = urytv which concludes the proof of this subcase.

Subcase 2d: The strings zz and yy overlap each other as shown
in Figure 5.
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z z
s Y
) U IT. .tlw. z ] v |
Y Y
Figure 2.4.

It {follows that 8 = urytv, v = uryzv. Moreover, ryt = wz and
y = tw which imply rtwt = wz. Assume that z = 2t for some
2’ € V7T: one gets the equation rtw = w2z’ having the solutions (see
Lemma 2.3.1)

(6p)k6,k > 0,

w =
2 = pé,
rt = dp

for some §,p € V*t. Consequently, z = pft. We infer that

B = urtwtv = ubp(bp)*étv,
v = urtwzv = ubp(6p)*Epbtv

for some k > 0. We take ¢ = § which concludes the proof of this
subcase.

Since any other situation can be reduced to one of those consid-
ered above, the proof is complete. c

Lemma 2.3.3 If 8 is a square-free string, ao* 3, and a v v, then
yo* 4.

Proof. We prove this lemma by induction on =, the length of a. The
case n = 1 is vacuously true.

We now assume that the assertion is true for any string a of length
at most n and take the reduction a > o' »" 8 and a > 7. By Lemma
2.3.2, there exists a string ¢ such that ¢/ o* ¢ and yv* 6. Assume
that

o =ajpase...>ap =o,
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for some & > 1. By the induction hypothesis (|&/| < |a]), one can
infer that a; o* 8 for all 1 < j <k, hence y o~ 8, too. a

A direct consequence of this lemma is the next result which states
the uniqueness of the duplication root.

Theorem 2.3.1 Each string has ¢ unique duplication root.

Moreover, in the process of finding the duplication root at any
step it does not matter which duplication is reduced.

We now discuss an algorithm for finding the duplication root of a
given string. To this aim, we need an algorithm for finding a dupli-
cation in a string. There were reported several algorithms for finding
all duplications based on the suffix tree method [4, 22, 84]. Other
algorithms can find just one duplication (85, 108]. The latter one
is based on the fingerprinting method and determines the shortest
duplication. All of them require O(n log n) time, where n is the
length of the string. However, if the alphabet is fixed, the algorithm
proposed in [85] can find a duplication in time O(n).

By Lemma 2.3.3, based on these algorithms one immediately in-
fers

Theorem 2.3.2 1. There is an algorithm for finding the duplication
root of a string y in O(|y|? log |y|), provided that the alphabet of y is
not fized.

2. There is an algorithm for finding the duplication root of a
string y in O(|y|?), provided that the alphabet of y is fized.

We finish this section by an open problem: It is known that find-
ing all duplications in a string r cannot be done in less time than
O(|z| log |z|) when the alphabet is not fixed. The algorithm an-
nounced in the previous theorem is based on such an algorithm. Is
this algorithm optimal as well?

2.4 Multiple Crossing-over

One was observed that the linkage between genes were never complete
because of the exchange events between homologous chromosomes.
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This recombination process by exchanging of segments between ho-
mologous chromosomes is called crossing-over.

Each gene occupies a well-defined site or locus in its chromosome,
having corresponding locations in the pair of homologous chromo-
somes. Crossing-over has the following features:

1. The exchange of segments occurs after the chromosomes have
replicated.

2. The exchange process involves a breaking and rejoining of the
two chromatids, resulting in the reciprocal exchange of equal and
corresponding segments between them.

3. Crossing-over occurs more or less at random along the length
of a chromosome pair.

In [65], an operation on strings and languages having the same fea-
tures is introduced. The operation is applicable to a pair of strings of
equal length as the crossing-over between homologous chromosomes.

Each string is cut in several fragments, but in the same sites for
both of them, and crossing these fragments by ligases. A new string,
of the same length, is formed by starting at the left end of one parent,
copying a segment, crossing over to the next site in the other parent,
copying a substring, crossing back to the first parent and so on until
the right end of one parent is reached. Obviously, a new string can
be obtained by starting with the other parent.

Let us remark the similarity between the crossing-over on words
and the chromosome crossing-over:

- the words are of the same length;

- the corresponding segments which are interchanged between
them are of the same length;

- the number of sites in strings is arbitrarily large;

- the sites in strings are at random, along the strings.

In this section, we consider four crossing-over operations, which
are slight generalizations of those introduced in [65] and [93], and we
study the relation between these operations and other operations in
formal language theory, especially the shuffle operations.

Let M be a finite subset of V*#V*$V*#V* #.$ ¢ V, whose
elements are called crossover rules and w;, w, be two strings of equal
length in V=

https://biblioteca-digitala.ro / https://unibuc.ro



2.4. MULTIPLE CROSSING-OVER

We define the relation

Eql
(wy,wq) =>Mq

iff the following conditions hold:

(1) wy; = 4T 1'11211132 I12t3.’63 12?323.’1)4
N Nt i’ e

Ul Uz u3 Uug
. ' ! I !
(11) wz =ty Y121Y2 Yalaya Ya23Ya -
N S o N N’
v v2 v3 U4

(1“) |ui| = |Uil7 1 S i < k + 17
() z#zSyftyi € M, 1<i<k

and

69

w

...Ty2k41, for some k > 1
N —
Uk 41
7
"ykzk-l-l
S —

k41

_ | wvoua.. . uivigy .. Uk i K s even,
Tl wiveus .. uig - .. vpg i Kk is odd

Moreover, for two arbitrary strings wy, w2,

(wl7 wZ) =M

w

iff the above conditions, excepting (iii), hold.
For a pair of strings (wy,wy) we denote

quCOM(wth) = {‘U) | (’I.Ul,wg) :>]€Iql ‘UJ}.

and

COm(wy,ws) = {w [ (w1, ws) = pr w}.

For two languages L;, L, over V* we define:
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(i) the (non-iterated) equal length crossing-over

EqlCOM(L1,Ly) = U  EqiCOM(wr,wp).

wy €Ly, wa€L>

(ii) the (non-iterated) crossing-over

COm(Ly, Lo) = U  COm(wr,wa).
w1 €Ly, waE€Ly

As we can see, in the above definitions, the strings can be cut
in arbitrarily many fragments. In the case of splicing operation the
number of segments is limited to one and in [93] to a given integer.

We shall consider a generalization of the operation studied in [93].

Let £ > 1 and M be a finite subset of (V*#V*$V*#V*)k # § ¢
V, and wy,w; be two strings of equal length in V*. Both strings
are split in k + 1 segments at the sites indicated by the rules of M.
Formally, if

(s # 2 S #yL, Ta# oSy #ys, . . Tz Sy #yL) € M

and
_ ! ! ! !
w; = UT1T121T2T913T32323T4 ... T 2kt1,
N S e N o N et N’
U1 uz u3 uq Ug41
_ ! I 1t I )
wy = LY V121Y2 Yol3VYs Y3Z3Ya - - - Yk 2kl
N N e N e N’ N —
n v2 v3 V4 Vk41
lui] = fui], 1<i<k+1
then

(w1, ws) —k=Eql | U1V2U3 .. . U¥i1 ... Ukt if k is even,
) M UIVU3 . . . UsViq] - . . Vk4 If K is odd

The relation =%, is defined by omitting the condition on the
segments u;, v;.
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As for the previous operations, for a pair of strings (wy,w;) we
denote

k — EqlCOM(wy,w2) = {w | (w1, ws) =7 7% w}.

and

k — COp(wy,w2) = {w ]| (wy,ws) =>ﬁ,, w}.

Note here that for 1 — CO is actually the splicing operation.
For two languages Ly, L, over V* we define:

(i) the (non-iterated) equal length k-crossing-over

k—EqlCOM(L1,Ls) = U  k-EqCOM(w1,ws).
w1€Ly, wr€L,

(ii) the (non-iterated) k-crossing-over

k—COpm(Ly,Ls) = U k- COm(wr, wy).
w1 €Ly, we€Ls

Remember that a trio is a family of languages closed under e-free
homomorphisms, inverse homomorphisms, and intersection with reg-
ular sets. A full trio is a trio closed under arbitrary homomorphisms.

Lemma 2.4.1 If a trio is closed under SShuf operation, then it is
closed under EqlCO.

Proof. Consider an alphabet V, two languages L;, L, over V, in a
trio denoted by F’, and a (finite) set of rules M = {z;#y;$z:#1;]1 <
i < m}. '

For any character a € V', we consider a new symbol a’ ¢ V and
denote V' = {a’ | a € V'}. Consider also 2m new symbols ¢;, ¢, 1 <
i< m.
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In the following, by a primed word (language) we shall under-
stand that all symbols of the original word (language) are replaced
by primed symbols. For instance, if w = ajay...a, € V*, then
w' = ajay...al, and if A C V> then A’ = {w' | w € A}.

Take the homomorphisms

hy (Vu{e|1<i<m}) — V",

hi(a) = a, for any a € V,
hy(e;) = z;y;, forany 1 < ¢ < m,
hy + (VU{c|1<i<m}) — (VU{c|l<i<m})",
ho(a) = a, for any a € V,
ha(es) = siciys, for any 1< i < m,
h3 (V'u{c|1<i<m})* — V™,
ha(a') = a, for any o’ € V’,
ha(ci) = zt;, forany 1 < i < m,
hq (V'u{c|1<i<m})* — (VU {c|1<i<m}),
ha(a') = d', for any ' € V',
ha(ci) = zlcitl, for any 1 < i < m.
The language

L = §Shuf(ha(hy'(L1)), ha(h3"(L2))) N (_U(VV')*{CiCi-})*(VV')*

isin F. A string in L has the form

7 al ! o 1 1 Y
OpyGgy Oy gy 5 - - Opy oy B, Cir € Opy 1 Gy ©+Qpyny gy o CinCiy - -
! 1
cqukapk“ 18401, Opiq, Mg s, EYS
whe1eforany1<r<k+11<s<nr,ap,€Va € V', and, for
any 2 < 7 < k+1, there are some m,, I, d,, e;, 1 < mr,lr,d,.,e,. < 7.,
such that

aPr,l aPr,2 e apr,.-nr yzr 19

’ I I Y
a, Qg -+ Q. = t1r 0
apr—l,dr apr—l,dr+1 e a’Pr—l,nr_l zi,-_l )
’ ' a —
dr—1,er qT—l,e,.+l Tt q:-—]‘nr_l - 1‘,-_] '
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Construct an £-free gsm g which leads a string in L, as above to the
string

' I ' i
a'Pl.l a91,1 aPl.Z alh,z te aPl.ru ath,nl iy C11 a’Pz 10"12.1 aPz,z a‘12,2 e

' oA ' ¢ a
@y Ba2imy Ci2 Cip Bp3 1 Qgs 1 < < - py g @ q3,n3 CiyCiyOp, \Qggyy + -+ -

In order to do that task, g works as follows:

start scanning the string in the state s,

leave unchanged all symbols a,, ,,a;_, until either the right end

of the string is detected and, in this case, stop, or the next ¢;
is reached,

leave ¢; and ¢ unchanged but change the state into s,

change any a,,, into a;, . and any ag_, into g, , until either
the right end of the strmg is detected and in this case, stop,
or the next ¢; is reached,

leave ¢; and ¢! unchanged but change the state into so,

restart the work from the second step for the remained part of
the initial string.

Remark that both states of g are final.
Consider now the homomorphism

s:(VuViu{c|1<i<m}u{c|1<i<m}) — V*,
hs(a) = a, for any a € V,

hs(a’) = ¢, for any a’ € V',

hs(ci) = hs(c}) =€, forany 1 < i < m.

Obviously, we have

EqlCOM(Ly, Ly) = hs(g(L)).

Because any trio is closed under ¢-free gsm mappings, it follows that
the language g(L) is in F. As it could be easily seen, hs is 4-limited
erasing on g(L). Consequently, EqICOp(Ly, L) is in the considered
trio and the proof is over. a
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Lemma 2.4.2 Any trio closed under EqICO operation is closed un-
der SShuf operation.

Proof. Let Ly C Vy*, Ly C V; be two languages in a trio F'. Consider
the alphabets

o= {a1,a2,a3la € W},
V, = {d'|aeVa},
V, = {a1,a2,a3la € Vi)

and the following homomorphisms:

hy : V) — Vf’ hi(a) = a1a2a3, for any a € V1,
hy : VP — VI, hy(a) = d}dhd}, for any o’ € V3,
hs : Vy; — V3", ha(a) = d', for any a € V3,

h4 . (V] U V{)* — (V] U Vg)*,
h4(a1) = a, h4((12) = h4((13) =g, for any a € V],
ha(ay) = a, hg(a}) = hq(a3) = ¢, for any o' € Vj.

Consider also the set of rules M = {a;#a;8b]#bjla € V1,b €
Va} U {as#e%bs#ela € V1,b € V,}. In these conditions, it is easy to
check that

SShuf(Ll, LQ) = h4(quCOM(h,1(L1), h2(h3(L2))) N (VI(VQI)Z)*)

Mentioning that the homomorphism h4 is 1-limited erasing we
conclude the proof. ]

Theorem 2.4.1 A trio is closed under SShuf if and only if it is
closed under EqlCO.

We mention now a known result concerning the interdependence
between the SShuf and Shuf operations in the frame of a trio, which
will turn to be very useful in the sequel.
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Theorem 2.4.2 Any trio is closed under SShuf if and only if it is
closed under Shuf.

Theorem 2.4.3 Any full trio closed under the operation Shuf is
closed under the operation CO.

Proof. By using the same construction as in Lemma 2.4.1, the lan-
guage

L = Shuf(ha(h7'(L1)), ha(h3'(L2))) 0 (U(V*V'*){CiCZ-})'(V*V’*)

is in the considered trio, if Ly and Lo are in the trio.
Take the gsm, g working as follows:

¢ start scanning the string in the state s,

e leave unchanged all non-primed symbols until a primed symbol
is reached,

¢ remove all primed symbols until a symbol ¢; is detected,

e change the state into s;, erase the letters ¢;, c. and replace all
primed symbols by non-primed symbols,

¢ remove all non-primed symbols until the next symbol ¢; is de-
tected

o change the state into so and erase the letters c;, ¢’
e go on until the end of the string is reached

Therefore, COp(L1, L;) = g(L) and the proof is over. o

Theorem 2.4.4 Any full trio closed under EqlCO is closed under
CO.

Proof. The proof is a consequence of all the previous theorems. O

Next, we shall examine the case of the prescribed number of
Crossing-overs.
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Theorem 2.4.5 Any full trio closed under Shuf is closed under k —
CO, forany k > 1.

Proof. The proof is a slight modification of the proof of Lemma 2.4.2.
Let k be a positive integer and L,, L, be two languages over V in a
trio F; assume that

M = {(z;l#y;] $Z{1 #til , 1:,‘2#31,'2$Zi2#ti2 sy Iik#yik$2ik#tik)|
1<i< n}.

Consider kn new symbols ¢, 1 <1< n,1 <j <k, and the
homomorphisms defined as follows:

hi:(VU{c;;[1<i<n,1<7<k}) -V,
hl(a): a,a €V,
hi(ei,) = 24,9, 1< i<, 1 <j< k.
hg;(VU{c,-J|1§i§n,l§j§k})*—>(VU{ciJIISiS
n,1 <j<k)*
h2(a):a'1
ha(eij) = zijei;9:,,1 <i<n,1 < j <k}

The language

Ly = ho(hTH(L))NE

where F is the regular language

E=JVi{eaV{c,}V*...V*{c;,}V*
=1

is in F.
Analogously, the language

Ly = ha(hg (L)) n | V™ {cl JV{c}V"™ .. V{3V
=1
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is also in F', where the homomorphisms hg and h4 work as hy and hs,
respectively, but on primed symbols and strings.
From the closure properties of the family F' we have that

Ls = Shuf(Ls, Ly N U V*V'*{cilci-] |17 20 .V"V’*{cikcik}V*V'*
=1
isin F.
We have k — COp(L1,L,) = g(Ls), where g is a gsm similar to
that constructed in Theorem 2.4.3. Because any full trio is closed

under arbitrary gsm mappings it follows that k — COp (L1, L2) € F.
O

Theorem 2.4.6 If F is a full trio closed under union and EqlCO
operation, then F is closed under k — CO.

Proof. It follows from the previous theorem and Theorem 2.4.2. O
By combining the ideas used for proving Lemma 2.4.1 and Theorem
2.4.5 one can get

Theorem 2.4.7 Any trio closed under SShuf is closed under k —
EqlCO, for any k > 1.

and, consequently

Corollary 2.4.1 Any trio closed under EqlCO is closed under k —
EqlCO, for any k > 1.

We finish this section by pointing out some further directions of
research and open problems. Several natural questions which can
naturally arise, if we are looking to the above diagram, are:

1. Are there trios closed under £ — Eq/CO and not closed
under SShuf, for different values of £ ?

2. Are there trios closed under CO and not closed under
Shuf ?

3. Are there trios closed under ¥ — CO and not closed

under Shuf, for different values of k ?
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As far as the last question is concerned, a partial answer is

Theorem 2.4.8 There are trios closed under 1 — CO and 2 — CO
but not closed under Shuf.

Proof. Take the class of context-free languages which is a trio and is
closed under splicing (1 — CO) [105] but it is not closed under Shuf.

On the other hand, the family of context-free languages is closed
under 2 — CO. Let Ly, L, be two context-free language over V and
M be a set of 2-crossover rules. Assume that

M= {(zil#Ii2$yi1#yi27$i3#ri4$yi3 #yi4)|
1<i<n}.

Consider 4n new symbols ¢; ;, and ¢} .,1 < i< n,j = 1,2 and the

homomorphisms

h,] Z(VU{Ci_j l 1 st n’j = 1’2})* - V*7

1_17

hi(a)=a,a€V,

hi(eij) = Ti, -y Tigy,s

hy: (VU{c;[1<i<n,j=1,2})" - V",
hy(a) = e,a €V,
hQ(Cg,j) = Yigjo1 Yiny -

The languages
Ly=h UV {ci1}V*{ei2}V*

Ly=h3l(Ly)n U Ve 3V {ci 3V~
=1
are context-free.
For a language L denote by Sub(L) the set of all subwords of the
words in L. Define the substitution

st (VU{eij|1<i<n,j=1,2}) - 2V, c hgicn j=12)*
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S(a’) = a‘,a‘ E Va
s(eip) ={ci2}, 1 <1< n,
s(cig) = ¢t V=ct, N Sub(Ly),1 <1< n.

The above substitution is a substitution with context-free languages.
Indeed, Sub(L4) is a context-free language and ¢,V "c; , are regular
languages for all 1 <7 < n. Under these circumstances, we conclude
that s(L3) is context-free. Now, the words in s(L3) are of the form

w = uch 1 ve; 9tc; 02
for some 1 < i< n,and u,v,t,z € V*.

We construct a gsm g which replaces the symbol c; 1 by z;,, re-
moves all symbols after ¢! ;1 until ¢z, and replaces c; 2 by z;,, for all
1 < i < n. It follows that 2 — COpr(L1, L2) = g(s(L3)) therefore, the
class of context-free languages is closed under 2 — CO. a

For all operations considered here one can define, in a natural way,
the iterated case. What are the interdependence relations between
them in this case ?

2.5 Two Crossover Distances

A basic problem in the area of combinatorial algorithms for genome
evolution is to determine the minimum number of large scale evo-
lutionary events (genome rearrangements) that transform a genome
into another. The present section, based on [95], is a contribution
to the algorithmic study of genom evolution by crossovers (translo-
cations).

Two types of crossover distance between two sets of strings (genomes)
are introduced; we examine the complexity of computing these dis-
tances in the case of uniform crossover, that is at each step the strings
exchange prefixes of the same length. We present exact polynomial
algorithms based on the “greedy” strategy when the target set is a
singleton. When considering arbitrary target sets a 2-approximation
algorithm is provided for computing the sequential crossover distance.

Some open problems are also formulated.
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Prior work dealing with the combinatorial analysis of genome op-
erations has focused on evolution distance in terms of inversions,
transpositions or crossovers for chromosomes formed from different
markers which correspond to unique segments of DNA. From the for-
mal point of view this means that all symbols of the strings represent-
ing the chromosomes are different. Thus Kececioglu and Sankoff [66],
[67] developed exact and approximation algorithms for two types of
inversion distance, Bafna and Pevzner reported approximation algo-
rithms for transposition distance [8]. More recently [68], Kececioglu
and Ravi discussed exact and approximation algorithms for distance
involving crossovers alone as well as together with inversions. Some
applications of these results to biological data are now underway (9],
[55].

Our work differs from these approaches in many respects: the
strings representing chromosomes may have multiple occurrences of
the same symbol, they may have common symbols, the number of
copies of all strings in the initial set is considered to be arbitrarily
large, the definition of the crossover distance.

Let V' be a given alphabet (practically this alphabet is the DNA
alphabet {A,T,C,G}); chromosomes may be viewed as strings over
this alphabet. For each string z € V'*, z[1, j] delivers the substring of
z that starts at position < and ends at position jinz,1 <7< j < |z|.
Conventionally, z[¢, j] is the empty string in all cases j < 1.

For two strings x,y over an alphabet V and two integers 1 < i <
|z],1 < j < |y|, we define the crossover operation

(z,9) by (21, 22) iff T = tu,y = vw, z; = tw, 2, = vu,
and [t| =4, |v| = ;.

The pair of natural numbers (4, j) indicates the length of the prefixes
they interchange with each other. When we are not interested about
the length of these segments, we write simply F. Let us note that,
from a chromosome and its replica, say zyz, one may get two other
chromosomes zyyz and zz. It is worth mentioning here that this type
of recombination is known as crossover between ”sister” chromatids
and it is the main way of producing tandem repeats or block deletions
in chromosomes.
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We extend the crossover operation to a finite set of strings A C V'+
by
co(a)= |J {zul(z,9)F (z,0)).
z,y€A
Let A be a finite set of strings that appear arbitrarily many times in
A. Define, iteratively

COq(A) = A,
COrs1(A) = COR(A)UCO(COk(A)),
CO.(4) = [Jcow4).
k>0
A crossover sequence in CO.(A) is a sequence S = s1,52,..., S,

where for each 1 < 1 < n s; = (2, %) F(kipi) (ui, v;), for some
Ti, Y, ui, 0 € COL(A) and 1 < k; < {zg], 1 < p; < |yi|. Given a
crossover sequence as above S and as above and z € CO.(A) we
define

Pi(S,z) = card{j <ilt =z, or z=y;}+card{j <i|z; =y; =z},
00, if ¢ € A,
Fi(S,z) = card{j < ilu==z;orv=y;}+

card{j < ilu; = v; = ¢}

The length of a crossover sequence S = sy, 32,...,5, is denoted
by {g(S) and equals n. A crossover sequence S as above is contiguous
iff the following two conditions are satisfied:

(l) 1,41 € Ar
(7'7') E—l(sa (E,') > Pi—l(Sy:Ei)a a‘nd E—1(57 yl) > Pi—l(57 y‘i)V
foralll1 <i < n.

The second condition is very natural if one considers that the copies
of the two strings that exchange prefixes are not available anymore
for further crossover steps; it claims that at each crossover step at
least one copy for any of the two strings involved in this step is

available. By CCS we mean a contiguous crossover sequence. Let B
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be a finite subset of CO.(A); a CCS § as above is B-producing if
F.(S5,2) > P,(S,z) for all z € B. In other words, S is B-producing if
at the end of all crossover steps form § we have at least one copy at
each string in B. Roughly speaking, the sequential crossover distance
from A to B (SCOD(A, B) shortly) is defined as the minimal number
of steps strictly necessary to get B starting from A, providing that
at each step just one crossover takes place. Formally,

SCOD(A,B) = min{lg(5)|S is a B — producing CCS in CO.(A)}.

The parallel crossover distance from A to B (PCOD(A, B), shortly)
is defined as the minimal number of steps strictly necessary to get
B starting from A, provided that at each step all possible crossovers
take place. Formally,

PCOD(A, B) = max{min{k|z € COx(A4)}|z € B}.

Example 2.5.1. Let us consider the initial set A = {z1,22,23, 74}
with

z1 = abcbad, zy = bbabd, z3 = accbabd, z4 = aaab,

and
21 = bbcbad z9 = ababd  z3 = ababad z4 = bbcbd
zs = abbababd 26 = aabad z; = abababd zg = bbd
zg = bbbd 210 = bbabad 2y, = bbbabad 21, = bbababd

213 = bababd z14 = accbd 215 = bbecbabd  z14 = acbabd
z17 = abcecbabd  z15 = abad

We provide below a B-producing CCS, B = {z4, 26, 23, 211, 215,
216, 218}

(z1, z9) b (2,2) (22,21) (21,22) *‘(4 4) (24,23)
(z1,22) F (2,2) (22,Z1) (22,$2) *‘(4 2) (27, Zs),
(23, 27) F(a) (25, 26), (22,23) F(a3) (212, 214),
(28, 212) F25) (26, 210), (22,23) F(a3) (212, 214),
(z2,23) F(3,3) (212, 214), (212, 210) F21) (211, 213),
(212 z3) l‘(21 (215,216) (zl)z3) F (3,1) (217,213)
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Sometimes we refer to B as a target set. In the sequel we are
dealing with the complexity of computing the crossover distances de-
fined above for the case of uniform crossover i.e. all strings exchange
prefixes of equal length. We distinguish two cases depending on the
cardinality of target sets: singleton target sets and arbitrary target
sets.

2.5.1 Singleton Target Sets

As we said above, by uniform crossover we mean a special type of
crossover so that prefixes which are to be exchanged are of the same
length. Formally, the crossover operation k; ;) is said to be uniform
iff ¢ = j, so that we shall simply write |;..

In the case of uniform crossover with a singleton target set, we
may assume that the initial set of strings contains only strings of the
same length, that is the length of the target string.

Lemma 2.5.1. Let A be a given finite set of strings and z be a string
of length k. Consider

A = {zeAlz]=k}u{zl,|z| - 1851z € A, |z| < k} U
{z[1,k - 18]z € 4,|z| > k},

where $ is a new symbol. Then SCOD(A,z) = SCOD(A,z) and
PCOD(A,z)= PCOD(A4,z).

Proof. Clearly, one can construct a z-producing CCS in CO.(A),
starting from a z-producing CCS in CO.(A), of the same length,
hence SCOD(A,z) < SCOD(A, z). Conversely, given a z-producing
CCS in CO.(A), one can construct a z-producing CCS in CO.(A)
of a smaller length. Consequently, SCOD(A,z) = SCOD(A,z).
The proof is complete because we note that all strings of length
k that do not contain the symbol $ from CO,(A) are in CO;(A), for
all 7 > 0, and vice versa. a

In conclusion, throughout this section the strings in the initial set

and the target string will be all of the same length.
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Suppose that A = {z},22,...,2,} and let z be an arbitrary string-
of length k; the following measure will be very useful in the sequel:

MazSubLen(A,z,p) = max{q| there exists 1 <2< n

such that z;[p,p+ ¢ - 1] = z[p,p+ ¢ — 1].

Note that with uniform crossover, a letter at position 2 in a string
remains at position ¢ after moving to another string. Assume that
z € CO,(A); define iteratively the set H(A,z) of intervals of natural
numbers as follows:

1. H(A,z) = {{1,MazSubLen(A,z,1)]};

2. Take the interval [¢,j] having the largest j; if j = k, then
stop, otherwise put into H(A,z) the new interval [j + 1,7 +
MazSubLen(A,z,j + 1)].

Note that we allow intervals of the form [7,i] for some i to be in
H(A,z); moreover, for each 1 < ¢ < k thereare 1 < p < g <k
(possibly the same) such that i € [p,q] € H(A4,z).

Lemma 2.5.2. Let S be a z-producing CCS in CO.(A). Then, lg(S) >
card(H(A,z)) - 1.

Proof. We prove this assertion by induction on the length & of z.
For k = 1 the assertion is trivially true because z must be in A,
hence H(A,z) contains just one element. Assume that the assertion
is true for any string shorter than k. Let us consider a CCS § =
81,582,...,5; in CO.(A4) producing z. Moreover, we may assume that
s; = (zi,9i) Fp; (ui,vi), 1 <1< g, and z has been obtained in S at
the last step, that is either ug = z or vy, = z. Let

A" = {z[MazSubLen(4,z,1)+ 1,k]|z € A},
! z[MazSubLen(A,z,1) + 1,k].

z

For simplicity denote r = MazSubLen(A, z,1). Clearly, H(A',2') =
{t =i —rllli.g] € H(A,2)\ {[1,r]}}, hence card(H(A',2)) =
card(H(A,z)) — 1. Starting from S we construct a CC§ in CO.(4'),
producing 2’ 5" = s{,s5,...s,, in the way indicated by the following
procedure:
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Algorithm 2.5.1.
Procedure Construct-CCS(S,r);
begin
m:=0;
for i:=1to ¢ begin
if (pi > r) then
m:=m-+1;
sto= (zi[r+ 1, k), w[r + 1, k) bpir (wilr + 1, k], vi(r + 1, E]);
endif;
endfor;
end.

Claim 1: §’is a CCS.
Proof of the claim. Firstly, we note that for each 1 < 2 < ¢ so that
pi < r, the relations ui{r + 1,k] = yi[r + 1,k] and v;[r + 1,k] =
z;[r + 1,k] hold. Assume that p;,,pi,,...,pi, are all integers from
{p1,p2,---,pq} bigger than r. Because all py,ps,...,pi, — 1 equal at
least r, it follows that both z; [r + 1,k],y;,[7 + 1, k] are in A'.

Now, it suffices to prove that for a given 2 < j < m, the relations

Fj_l(S’,z,-].[r+1,k]) > Pj_l(SI,IiJ[T‘-i-l,k]),
Fi (S yi;[r+ L,k > Pioa(S, s, [r + 1,K]),

hold. We shall prove the first relation only. It is not hard to see that
Fi1(8zi[r +1,K]) = Z Fi_1(5,2) -

r[r+1,k]=r.‘] [r+1,k)
card(X) — card(Y),

> P, 1(S,z) -

J:[r+l,k]=1‘,']. [r+1,k]
card(Z) — card(W),

Pj_l(SI,ZE,'J [r+ 1,k])

X = {t<ij=1p <ry wlr+ Lk = wfr+ 1,k = z; [r 4+ 1,K]},
Y = {t<i-1p 7y wyr + 1,k] =z, {r + 1, K]
or vr + 1,k] = z; [r + 1,k]},
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N
I

= {t< i - tp <, zr + 1,k] = ylr + 1’k] = Iij["' + ]-)k]},
W = {t<i;—1p <, zofr+ 1,k =zi,[r+ 1,k
or y[r + 1,k] = zi;[r + 1,k]}.

But, as we have seen
X=ZandY =W.

In conclusion, as § is a CCS, it follows that F;_1(S’, zq,[r + 1,k]) >
P;_1(S',zi,[r + 1,k]), and the proof of the claim is complete.

Claim 2: S’ s z-producing.
Proof of the claim. More generally, we shall prove by induction on ¢
that §' is producing u;(r + 1, k] and v;[r+ 1,k] for all 1 < 7 < q. The
assertion is trivially true for ¢ = 1. Assume that the assertion is true
for all ¢ < 7; we shall prove it for 7 + 1. If u;4y[r + 1,k] is in A’ or
piy1 > 7, we are done. If p;yy < 7, then ujpq[r+1,k] = yigalr +1,k];
for yiy1'¢ A we have Fi(S,yi41) > 0, hence there exists k¥ < ¢ such
that u; = yi31 or v; = yi41. By the induction hypothesis, u[r + 1, k]
holds, which concludes the proof of the second claim.

But there exists at least one ¢ such that p; < 7, it follows that
m < g — 1. By the induction hypothesis, m > card(H(A',2")) - 1,
and the proof is complete. a

The next result is a direct consequence of this lemma.

Theorem 2.5.1. Let z be a string of length k and A be a set of
cardinality n. There is an ezact algorithm that computes SCOD(A,z)
in O(kn) time and O(kn) space.

Proof. The following algorithm indicates how to construct a CCS
S = s1,82dots, sp,, in CO,(A) producing z, when z ¢ A, whose length
is exactly card(H(A,z2)) - 1.

Algorithm 2.5.2.
Procedure Uniform._crossover.CCS_construction(A,z);
begin
p:= MazSubLlen(A, z,1); let z be a siring in A with z[1,p] = 2(1, pl;
m:=0;
while p < k begin
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r:= MazSubLen(A, z,p+ 1),
if 7 =0 then THE STRING z CANNOT BE OBTAINED FROM

A; stop
else
let y be a string in A withy[p+ 1,p+r]=z[p+1,p+7];
mi=m+1
Sm = (a:,y) |_P (u:v)}f
p:=p+T;
I.=u;
endif
endwhile;
end.

It is easy to see that if the algorithm successfully terminates, then
either u or v is exactly z, and the length of the CCS determined by
the algorithm is exactly card(H(A,z)) — 1. By the previous lemma,
this in an optimal value. As one can easily see the time complexity
of this algorithm is given by the complexity of computing the values
MazSubLen(A,z,p), which is O(kn). Obviously, it requires O(kn)
memory. a

We shall proceed to a similar approach for computing the parallel
crossover distance from A to z. For a positive real number r denote
by [7] the natural number that satisfies [r] -1 < r < [r].

Theorem 2.5.2. Let z be a word in CO.(A). Then
PCOD(A4,z) = [logy(card(H(A, 2)))].

Proof. Denote by g = [log,(card(H (A, z)))]. For the beginning we
prove that z € CO4(A4). The argument is an induction on ¢. If
g = 0, then card(H(A,2)) = 1, that is z € A = COg(A). Assume
that the assertion is true for any set A and z € CO.(A) such that
[log,(card(H(A,z)))] < ¢q and let

H(A,z) = {[1,m),[r1 + 1,72), ..., [rp—1 + 1, K]}
with 2971 < p < 29. Consider B = CO;(A); it is easy to see that
H(B,z) = { {[1,72)s[r2 4+ 1,74], ..o [Tpm2 + 1, K], ?fp %s even,
{[L,r2)s[r2 + 1,74), -y [rp—1 + 1, K]}, if p is odd.
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For [log,(card(H(B,z2)))] = g — 1 it follows that z € CO,_1(B)
CO4(A), and the proof is complete. In conclusion, PCOD(A,2)
Nloga(card(H(A,2)))].

By a similar reasoning one can prove that if z € CO,(A), then r
is at least [logy(card(H (A, 2)))]. o

Based on the previous lemma and Theorem 2.5.1 one may state:

<

Theorem 2.5.3. Let z be a string of length k and A be a set of
cardinality n. There is an ezact algorithm that computes PCOD(A,z)
in O(kn) time and O(kn) memory.

2.5.2 Arbitrary Target Sets

We shall try to adapt the techniques used in the previous section

for arbitrary target sets, too. Let A be a finite set of strings and
z € CO.(A); denote by

|z|, iff 2 € A,

MazPreflLen(4,2) = max{q|q < |z|, there exists z € 4,

|z] > g, so that z[1,q] = z[1,q]},

MazSufLen(A,z) = max{q| there exists z € A,

|z] = |2l, so that z[|z| — ¢ +1,]z|] = 2[|2| — ¢ + 1, 2]},
ArbMazSubLen(A, z, p) = max{q| there exists ¢ € A and
|z] > p+ g such that z[p,p+ ¢ — 1] = 2[p,p+ q — 1].

We define iteratively the set ArbH (A, z) of intervals of natural
numbers as follows:

1. ArbH(A,z) = {[1, MazPrefLen(A, 2)]};

2. Take the interval [i, 7] having the largest j: if 7 = |2|, then stop.
Ifj <|z| ~ MazSufLen(A,z), then put the new interval 7+
1,7+ ArbMazSubLen(A, z,5 + 1)] into ArbH (A, z); otherwise
put [j + 1, |2|] into ArbH (A4, 2).
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Theorem 2.5.4.
1. Let A be a finite set of strings and B be a finite subset of
CO.(A). Then

Y seplcard(ArbH(A, z))—1)
2
> (card(ArbH(A,2)) - 1).

z€B

2. There ezist A and B C CO.(A) such that

< SCOD(A, B) <

EzeB(card(ArbH(A, z))—1)
5 .

3. There ezist A and B C CO,(A) such that

SCOD(A, B) =

SCOD(A,B) =) (card(ArbH(A,z)) - 1).
z€B

Proof. 1. We shall prove the first assertion by induction on the length
of the longest string in B, say k. The non-trivial relation is

Y..cplcard(ArbH(A,2)) - 1)
2

If £k = 1, then B C A, hence card(H(A,z)) = 1 for all z € B,
therefore the relation () is satisfied. Assume that the relation (x)
holds for any two finite sets X and Y, Y C CO.(X), all strings in
Y being shorter than k. Assume that B\ A = {z,22,...,2n.} and
let § = s1,82,...,8¢, $; = (zi, yi) Fp: (uiyvi), 1 <1< g, bea B\ A4-
producing CCS in CO,.(A). Note that at least one string in B \ A
should exist, otherwise the relation (#) being trivially fulfiled.
Consider m new symbols a,as,...,a,, and construct the sets

< SCOD(A, B). (%)

A = {z[1,r]aiz[r +2,]z|)jz € A,1 < i < m},
B' = {z[l,r)a:iz(r + 2,]z]]]1 < i < m},

where 7 = min{p;|1 < i < ¢}. One can construct a B’-producing
CCS in CO.(A") of the same length of S, say S’ by applying the
next procedure.
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Algorithm 2.5.3.
Procedure Convert(S);
begin
for j:=1to m begin
z:=zj; ti=my
while z ¢ A begin
find the mazimal I <t such that uy =z or vy = 2,
t=1-1;
if uy = z then replace ui by w[l, rlajulr + 2, jwl);
if p; > r then z := 1,
replace z; by z[1, rlajzifr + 2, |z,

else z := y;
replace yi by w1, rla;ulr + 2, lwll;
endif;

else replace v by w1, r]a;ulr + 2, |ui]];
if p <r then z := zy;
replace z; by zi(1, r)a;zi[r + 2, |z1]];

else z := y;
replace yi by wi[l, rla;wlr + 2, lwl};
endif;
endif;
endwhile;
replace z by z[1,7)ajz[r + 2,12]];
endfor;

replace the symbol on the position r + 1 in all sirings in S thatl have not
been replaced so far by a;;
end.

For a better understanding of the previous procedure we pro-
vide below the effect of applying this procedure to a B-producing
CCS, B = {abacdb,aabcch,bbaadc}, starting from the initial set
A = {abbecb, aaaadb,bbbedc}. The CCS S is

(abbech,aaaadb) b4 (abaadb, aabech),
(abbech, abaadb) b3 (abbadb, abacceb),
(bbbede, abaccb) b, (bbacch, abbede),
(bbacch, aaaadb) b3 (bbaadb, aaacch),
(bbaadb, bbbedc) k5 (bbaadc, bbbedb),
(abaadb, aaacch) k5 (abacch, aaaadbd),
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(abaccb, aaaadb) \4 (abacdb, aaaach).

The procedure Convert runs for r = 2 transforming this sequence
into the sequence S’

(abaqcch, aaazadd) b, (abazadb, aaasceh),

(abaycch, abazadb) b3 (abaiadb, abasced),

(bbajcde, abasceb) o (bbaseceh,aba;cde),

(bbazccb, aaayadb) b3 (bbasadb, aaa;cch),

(bbaszadb, bbaycdc) b5 (bbazade, bbaycdb),

(abaadb, aaa;cch) F, (abayced, aaayadb),

(abajccd, aaaradb) F4 (abajcdb, aaayach).

Now we apply Algorithm 1 to the sequence S’ for 7 previously de-
fined. The obtained sequence §” is a B”-producing CCS in CO.(4"),
where

A"
BII

{a;z[r + 2,|z|]|]z € 4,1 <1 < m},
{aizi[r + 2,|2]]|]1 < i < m}

due to the two claims from the proof of Lemma 2.

For each 1 < i@ < m card(ArbH(A",a;z[r + 2,]z|])) is either
card(ArbH (A, z;)) or card(ArbH(A,z)) — 1. Furthermore, for each
i such that card(ArbH (A", a;z;{r + 2,|2]])) = card(ArbH(A, z;)) - 1
there exist at least one step in 5’ where the strings exchange prefixes
of length at most r. It follows that lg(S”) < lg(S’) - [t/2], where t =
card({t|card(ArbH (A", a;z;[r + 2,|2i|])) = card(ArbH(A,z)) — 1}).
Consequently,

lg(8) = 1g(8') 2 1g(S") +[t/2] 2
2y (card(ArbH(A", aizi[r + 2, |2(])) — 1)
2
Y 1 (Arbcard(H(A,z)) - 1)
5 .

+[t/2] 2

The reader may easily find sets A and B fulfilling the last two
assertions. a
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An a-approximation algorithm for a minimization problem is a
polynomial algorithm that delivers a solution whose value is at most
a times the minimum. From the previous theorem we have:

Theorem 2.5.5. There is an 2-approzimation algorithm for comput-
ing the sequential crossover distance from two sets of strings.

Proof. It is easy to notice that an algorithm that computes

> .ep(card(ArbH(A, z)) — 1) requires O(n|B|), where n = card(A)

and |B| is the sum of the lengths of all strings in B. a
As far as the parallel crossover distance is concerned one may

state

Theorem 2.5.6. There is an ezact algorithm that computes
PCOD(A, B) in O(n|B|) time, where n = card(A) and |B| is the
sum of the lengths of all strings in B.

We have introduced two crossover distances between two finite
sets of strings and proposed some algorithms for computing them
based on the “greedy” strategy. All results presented here are valid
for a particular type of crossover, namely the uniform crossover where
the strings exchange with each other prefixes of the same length.
Even so, the problem of finding a polynomial algorithm to compute
the sequential crossover between two finite sets remains open. The
next step is naturally to consider the case of arbitrary crossover; we
hope to return to this in a forthcoming paper.
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Chapter 3

Language Generating
Devices

Generative devices based on operations suggested by the mutations
which take place within genomes appear very attractive for formal
language theorists (see [33, 34, 37, 89, 94]) and hopefully, bioclogists
(see [11, 19, 20, 53, 116, 121, 122, 123, 134]). It seems that an in-
creasing trend manifests itself throughout the field of computational
biology toward abstracted views of biological sequences, which is very
much in the spirit of language theory.

The issues addressed by this section are basically formal language
theoretic questions but the results presented here address a biologi-
cally important and realistic problem as well. We hope that our model
responds to some computational aspects of bioinformatics. Maybe it
is worth mentioning here that, in spite of the simplicity of our model
(no context constraints, no auxiliary symbols), the decidability status
of many important problems is negative.

It might also be argued that, due to practical problems when
dealing with arbitrarily large genomes, the length of strings is of a
definite importance. Thus, following the approach in L-systems area,
it appears of interest to study length sets or growth functions asso-
ciated to the evolutionary grammars. One paragraph of this section
is a first approach in this respect.

We introduce in this first section the most general model - the
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94 CHAPTER 3. LANGUAGE GENERATING DEVICES

evolutionary grammar - which takes into account not only all the
operations involved in the genome evolution but lexical context for
controlling their application. We introduce a grammatical model for
the evolution of genomes on the basis of gene mutations and chromo-
some mutations and present some properties of such grammars. Few
problems which might be biologically relevant are discussed from the
computational point of view. On the other hand, the model suggests
a new direction in formal language theory motivated by the common
operations of genome evolution.

3.1 Evolutionary Grammars

For an alphabet V we denote by C(V) = {(w)lw e V*}, (,) ¢ V.
The C-length of ¢ € C(V)7 is defined as follows:

lgo(z) = {1, ifz € C(V)
lgc(y)+1, if z = yw,w e C(V)
An evolutionary grammar is a construct
EG=(V,GM,CE,CO,A)
where

e V is an alphabet (the set of nucleotides).

e GM C {Sub,Ins,Del} (the set of gene mutations: substitu-
tions, insertions, deletions, respectively)
— Subisasubset of Vx (VU{(})x (VU{}HxV
— Ins, Del are subsets of V x (VU {(}) x (VU {})\(V x
{30

o CE C {CDel,Inv,Trans, Dupl} (the set of chromosomes evo-
lutions: deletjons, inversions, transpositions, duplications, re-
spectively)

— CDel and Inv are finite subsets of C(V)*
~ Trans and Dupl are finite subsets of (C(V)*)3

https://biblioteca-digitala.ro / https://unibuc.ro



3.1. EVOLUTIONARY GRAMMARS 95

e CO is a finite subset of (C(V)*)? such that if (z,y,2,t) € CO,
then (2,t,z,y) € CO, too (the set of crossing-over operations).

e Ais a finite subset of C(V)* (the set of initial genomes)

We define the following relations on the set of genomes C(V)*:

(1)

(%)

(i4d)

T =>gpm y iff one of the following conditions holds:
t = uacbv, y = uadbv, (c,a,b,d) € Sube GM,

z = uabv, y = uacbv, (c,a,b) € Ins € GM,

¢ = uacbv, y = uabv, (c,a,b) € Del € GM

(these rules model the gene mutations)

z =—>cg vy iff one of the following conditions holds:
T = T1T3T3, Yy = T1Z3, 9 € CDel € CFE,

T = T1T9%3, Yy = r1mi(z2)T3, 22 € Inv € CE,

T = I1T2Z3T4Z57Te,

T1T3T4T2L5T¢, (T2,24,25) € Trans € CE
T1T9T523Z4%6, (T5,22,23) € Trans € CF

T THT3T4T2T5Te, (T2,%4,%5) € Dupl € CE
T1T2T5T3T4T5Ts, (Z5,22,23) € Dupl € CE

y:

(these rules model the chromosomes rearrangements)

T,y =>co 2z iff T = 71222324, ¥y = y1Y2Y3¥4, and
lgc(z122) = lgc(ny2),

Z = I1T2Y3Y4

(this rule models the crossing-over of the genomes z and y

resulting in z2).

Let us define the following sequences of languages

Lo(EG) = A,
Liyi(X) = {yeC(V)t |z = x y for some z € L,(EG)},

X e€{GM,CE}, i >0,

Lita(CO) = {zeC(V)t|z,y =>c0 2 for some

r,y€ Li(EG)}, 1> 0,
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L,‘+1(EG) = Ll(EG) U Li+1(GJM) U Li+1(CE) U
Li+:1(CO), 12 0.

The world generated by an evolutionary grammar as above is
W(EG) = limn—,00 Ln(EG)

(intuitively, L;( EG) contains all genomes which can be obtained from
genomes in the set A after at most ¢ mutations and W(EG) is the
union of all these sets, i.e. it consists of all genomes which originate
from elements of A by some given mutations).

As one can easily see the aforementioned definition of the evolu-
tionary grammars tries to model all local as well as global operations
that might occur during the evolution time.

We say that an evolutionary grammar EG is local or global if
CE = 0 or GM = 0 holds, respectively. Moreover, EG is called
non-deleting, if Del = CDel = ( holds.

The following matters appear to be of interest from the compu-
tational biology point of view:

1. It is possible to get a given genome from another one ?

2. Is a world generated by a given evolutionary grammar finite
or infinite ?

3. Are there common genomes in two given worlds ?

4. What can be said on the number of genoms derivable from
a given set of genoms by a certain number of given mutations ?

5. What can be said on the length of genoms derivable from a
given set of genoms by a certain number of given mutations ?

We mention that our model is not satisfactory in order to de-
scribe the process of evolution because we take into consideration all
genomes created by the given mutations whereas the nature takes
only some of them which survive since the corresponding organisms
have better properties and abilities (the others lead to lethal situa-
tions). In order to model this aspect one has to add further features
(see [28] for an approach).

Furthermore, we give the mutations in the grammar and allow
only them during the evolution. However, which mutations lead to

new organism is not known in advance. Therefore one has to add
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a mechanism which selects the mutations and does not require their
knowledge in advance. We shall present answers to some of the prob-
lems mentioned above.

3.1.1 Decision Problems

In this subsection we are firstly interested in the question whether
or not a given genom can be transformed by some given mutations
to a given genom. Formally, this can be written as follows: Given
some sets V of nucleotides, GM = {Sub,Ins,Del}, CE = {CDel,
Inv, Trans, Dupl} and CO of mutations and genomes z and y, does
there exist a derivation

T=x, I1 =X, I2 ==X, ... ——>X In-1 =—X, Y

n-1

with n > 1 and X; € {GM,CE,CO} for 1 < i < n. Obviously,
this is equivalent to the following problem: Given an evolutionary
grammar EG = (V,GM,CE,CO,{z}) and a genom y, does y €
W(EG) hold. This is the membership problem which is well-known
and well investigated in the theory of formal languages (see [64]).
However, the operations which are performed in one derivation step
of a evolutionary grammar differ essentially from the replacements
used in the classical theory of formal languages.

Theorem 3.1.1 i) There is no algorithm which decides, for a given
local or global evolutionary grammar EG (with a singleton set of ini-
tial genomes) and a given genome y, whether or not y € W(EG).
ii) There ts an algorithm which decides, for a given non-deleting
evolutionary grammar EG and a given genome y, whether or not

y € W(EG).

Proof. 1) It is well-known that there is no algorithm which decides
the membership problem for arbitrary phrase structure grammar, i.e.
which decides, for a grammar G = (N, T, P, S) and w € T'*, whether
or not w € Gen(G) (see [64]).

~ Let G be a phrase structure grammar as above, whose set of
productions P contains only rules of the following forms:

AB - AC, AB - CB
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A — BC

A — &, A—a
with A,B,C € N and a € T. For the effect of a rule AB — CD
could be obtained without side effects by the context sensitive rules
AB—-YB, YB—-YX YX —>CX, CX — CD, provided that Y
and X have no other occurences in the rules of G and by the Kuroda
normal form, we claim that the aforementioned forms do not induce
any restriction of the generative capacity.

Take the local evolutionary grammar

EG = (V,{Sub, Ins, Del},0,0,{(5)})
where

V. = NUTU({[B],[BC]|A — BC € P}

Sub {(B,A,X,C)|AB - AC € P,X e NUTU{)}}
{(A,X,B,C)]JAB - CBe P,X e NUTU{(}}
{(A,X,Y,a))JA—-ae P, X e NUTU{(},
YeNuTU{}}

{(A,X,Y,[BC|)JA— BCe P,X e NUTU{(},
YeNuTu{}}
{([BC],[B],X,C)|B,C € N, X € NUT U {(}}
{([B,X,Y,B))JBEN,Xe NUTU{(},Y €N
{({B), X,[BC}|B,C € N,X e NUT U{(}}

Del = {(A,X,)Y)JA-e€e P Xe NUTU{(},Ye NUTU{}}

Clearly, w € L iff (w) € W(EG) that implies the undecidability of
the membership problem for local evolutionary grammars.
For the same phrase structure grammar G let us assume that

P ={a; — B;]1 < i< n, for some n > 1. We consider the global
evolutionary grammar

cC C

-

Cc C

Ins

EG = (V,0,{CDel,Inv, Dupl},0,{z})
where

V. = NUTu {Cl,CQ,dl,dg,#,$} with
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{c1,¢2,d1,d2, #,3}N(NUT) =0
z = g(cicadidafidafa ... dafn)(#)(S)(8)
CDel = {g(diaididz)|1 <3< n}U{(e1),(c2)}
Inv = {(e)(X)NXeNUTIU{(X)e2)|[ X e NUT}
Dupl = {(g(d20;),9(dr1aidy), (X)) 1 <:<n, X e NUTU{3}}U

{((e2), (#), (XNIX € NUT}U{((c2), (X),(8))]
XeNUTIU{((d1),(c1), (X)X e NUT}U

{((d1), (X),(c2))| X € NUT}

In the above relations g is a morphism from N UT into NUT U{(,)}
defined as g(X) = (X),foral X e NUT.

Thus, by deletions and duplications we are able to simulate all
productions of P. Therefore,

we L iff g(C1C2d1d2ﬂ1d2ﬁ2 .. dzﬂn)(#)g(‘UJ)($) S W(EG)

which concludes the first statement of this theorem.

ii) Since the grammar is non-deleting, any step in the derivation
does not decrease the length of the generated word. Thus one can con-
struct an upper bound n for the number of steps which are necessary
in order to obtain a given element y by a given grammar EG. Now
we only have to determine in succession all sets Lo( EG), L, (EG), ...,
L,(EG) which can be done algorithmically since all these sets and
the sets of operations are finite. Finally, we have to check whether or
not y € L,(EG). Q

The next decidability results are direct consequences of the pre-
vious theorem.

Corollary 3.1.1 ¢) There is no algorithm which decides, for two
given local/global evolutionary grammars EGy and EGy, whether or
not W(EGl) Q W(EGQ)

it) There is no algorithm which decides, for two given local/global
evolutionary grammars EG, and EG,, whether or not W(EG;) N
W(EG)) = 0

iti) There is no algorithm which decides, for two given local/global
non-deleting evolutionary grammars EG, and EG,, whether or not
W(EGl) n W(EGQ) = 0.
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Proof. In order to prove the first assertion it suffices to take an
evolutionary grammar EG generating only one genome and another
arbitrary one EG, generating a nonrecursive world. An algorithm for
solving the problem W(EG;) C W(EG;) would imply that W(EG3)
is recursive, contradiction.

The undecidability of the intersection emptyness problem for local
(non-deleting) evolutionary grammars follows obviously from Theo-
rem 3.1.1. Let G; = (N;, Ty, 8:, F), t = 1,2, be two arbitrary gram-
mars with NN Ny =0 and P, = {aj- — ﬂj-ll <ji<n}, 1=1,2
for some ny,n9 > 1. As in the proof of Theorem 3.1.1 one can con-
struct two global evolutionary grammars EG; and EGj, such that
W(EG,) N W(EG,) is the following set

g(clc2dld2ﬂ% dzﬂ% o 'dzﬂ;dzﬂ%dzﬂg <o dzﬁi)(#)
g(Gen(Gq) N Gen(Gq))(3).

Of course, W(EG)NW(EG,) = 0 iff Gen(G1)NGen(G2) = 0, which
is undecidable.

But the above construction does not work for global non-deleting
evolutionary grammars. So, we shall provide below another proof in

the case of non-deleting evolutionary grammars.
Let ‘

T =(21,%2,-..,2,) and y=(y1,¥%2,---,Yn)

be an instance of the Post Correspondence Problem over the alpha-
bet {a,b}. Consider the global non-deleting evolutionary grammars

EG;, EGy as follows:
EG. = (V,0,{Inv,, Dupl,},0,A,), z € {z,y},

where

<
!

{1,2,...,n} U {a,b,c,d},

Az = {g(mi(z1)Imi(z2)2... mi(z,)nmi(y; ) 1mi(yz)2 ...
mi(yn)nkedzi)|l < k < n}

Ay = {g(mi(z1)Imi(z2)2...mi(z,)nmi(y; ) 1mi(y)2...
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mi(y)nkedg)|1 < k < n)
Dupl: = {(g(ma(z:)1),(p)(q), (c)(d))]1 < 2,p,q < n}
Duply, = {(g(mi(%:)i),(p)(q),(c)(d)IL < 4 p,g < 1}
Inv, = {g(mi(z;)icd)|l <i<n}uU{(d)(c)(?)|1 <7< n}
Invy = {g(mi(y)icd)|l <2 <npu{(d)(c)(2)]1 < i< n}

Note that g is the same morphism as that from the proof of Theorem
3.1.1. One easily observe that W(EG;)NW(EG,) = 0 if and only if
the given instance has no solution and the proof is complete. a

Theorem 3.1.2 It is undecidable whether or not a given local/global
evolutionary grammar generates a finite number of genoms.

Proof. By applying a reduction to the Post Correspondence Problem
one can prove (see [96]) that the finiteness problem for the sentential
form languages of context-sensitive grammars is undecidable. Fol-
lowing the proof of Theorem 3.1.1 we get a local/global evolutionary
EG grammar simulating all productions of a given context sensitive
grammar GG. By that simulation every sentential form of G has a
finite number of "similar” genomes in W(EG) (since G is length in-
creasing) and each genome in W(EG) is associated to a sentential
form of G. Therefore, W(EG) is finite if and only if the sentential
form language of G is finite. a

It is worth mentioning here that the problem remains undecidable
for local non-deleting evolutionary grammars as well. We do not know
whether the problem has the same decidability status for global non-
deleting evolutionary grammars.

All the results above are negativist. For lightening a bit this
sombre vision we present the next decidable result.

Theorem 3.1.3 [t is decidable whether or not a given global, non-
deleting evolutionary grammar produces all genomes consisting from
chromosomes in a given finite set.

Proof. The problem can be stated as follows. Let EG = (V,0,CFE \
{CDel},CO, A) be an evolutionary grammar and F be a given finite
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subset of C(V). Now, we have to decide whether or not W(EG) = F*
holds. Take k = maz{lgc(z)|z € A}. Our problem can be reduced
to the checking of the following relations:

(i) F={weC(V)| exist z,y € C(V)* such that zwy € A
(12) Any w with lgc(w) < k + 1 belongs to W(EG)

Note that the relations above can be algorithmically verified since the
evolutionary grammar is non-deleting. If one of the above relations
is not fulfilled, then the equality W(EG) = F* does not hold, too.
Now it suffices to show how can be produced any genome w € Ft
with lge(w) = k+ 2. Let wz € F* with lgc(w) = k+1, lgc(z) = 1.
As lgo(w) = k+1 there exists y € A with lgc(y) < k such that w can
be obtained from y by different chromosome mutations. On the other
hand, the genome yz has its C-length at most k + 1; consequently it
is produced from a genome z € A. Therefore, z can prodﬁce WT as
well which concludes the proof. m]
It is worth mentioning here that the theorem remains valid when F
is a finite subset of C(V)*.

3.1.2 A Growth Function for Genomes

Based on the definition of the chromosome length lgc, we define the
growth function feg : N — N of an evolutionary grammar EG by

fec(n) = max{lgc(z) | z € L,(EG)}.

This function is an analogon of the growth function known from the
theory of LINDENMAYER systems (see [113]).

First we mention that the gene mutations GM do not influence
the growth function because they change the length of genes but
do not change the length of a chromosome. Because L;(EG) C
Li+1(EG), fec is a monotonous function.

Let

‘a = max{cl(z) |z € A}.
If the set Dupl of duplications is empty, then no increase of the
chromosome length is possible, i.e.

fEc(n)=a
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is a constant function in this case.

On the other hand, if ¥ = max{cl(z;) | (z1,22,z3) € Dupl}, then
any derivation step can increase the C-length at most by £. Thus we
obtain

fEG(n) <a+n-k.

This shows that, for any evolutionary grammar EG, the growth func-
tion is bounded from below by an constant function and bounded
from above by a linear function.

However, a lot of other mappings within the aforementioned bounds
may be growth functions of some evolutionary grammars. We provide
now such a class of mappings. A function f : N — N is monotonously
increasing ultimately periodically linear (MIUPL, shortly) if there are
numbers ¢t > 0 (threshold), p > 1 (period) and 0 < ry < < ... <1y
satisfying the condition

f@+ip+j)=ft)+irp+rj, foralli>0,1<;57<p
We give the following result on the existence of growth functions.

Theorem 3.1.4 i) Every MIUPL mapping is the growth function of
an evolutionary grammar.
it) There is an evolutionary grammar EG such that fpg(n) =

O(/n).
Proof. The first item is left to the reader and we only prove ii).
It is sufficient to consider the global evolutionary grammar

EG = (V,0,{Inv,Trans, Dupl},D, {eabcdaa f})
with

Inv {ac,bc, de},
{(aec,a, f),(f,a,€)},
Dupl = {(be,a,a),(a,c,e),(e,bec,cd)}
where a,b,c,d, e, f are the elements of C(V) used. First we obtain
the following derivation

Trans

eabcdaaf = eabcdabeaf —> eabedacbaf = eabedcabaf —>
eabecdaba f = eabcecdaba f — eabcaecdaba f =

eabcdabaaec f
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which is unique in that sense that the application of other muta-
tions do not increase the C-length and lead to situations such that
no further applications of mutations are possible). Now we can re-
peat this derivation with an additional application of the transposi-
tion (f,a,e) and two additional inversions and obtain after 10 steps
eabcdababaaec fec (again, this derivation is unique in the above sense;
however, the time where the additional transposition is performed is
not uniquely determined). Now we can repeat this process and have
to use two additional steps in order to obtain eabcdabababaaecfecec
etc. Therefore we get

fec(0) =8, fec(7) =12, fec(17) =16, fEc(29) =20

and generally

fEc(T+8n+2) i) = fec(n® + 9n+7) =12+ 4n
i=1

which proves the statement. a

In light of the last result we suspect that the class of evolutionary
grammar growth functions is likely quite large and it seems to be
very difficult to give an exhaustive characterization.

3.2 Context-Free Evolutionary Grammars

This section is devoted to the context-free variant of the evolutionary
grammars investigated in the previous section. For sake of simplicity,
in the rest of this section we refer to these grammars as evolutionary
grammars but the reader should understand that they are context-
free evolutionary grammars. Besides all the problems studied for the
evolutionary grammars in the previous section we shall consider here
some specific problems as well.
A contezt-free evolutionary grammar ([33]) is a construct

EG = (V, A, Del, Inv, X pos, Dup)

where
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e V is an alphabet (the set of nucleotides. Strings of V* are
referred as genomes).

e Del, Inv, X pos and Dup are finite subsets of V* (the sets of
deletions, inversions, transpositions and duplications, respec-
tively),

e Ais a finite subset of V1 (the set of initial genomes)

We define the following relationships on the set V' *:

z =>pe ¥ iff ¢ = vwow, y = vw, v € Del
z evolves into y by deleting a segment
T =Invy iff ye I(V,Inv)(z)
z evolves into y by reversing the orientation of a segment
T =—=Xpos Y iff Yy € 7—(V,Xpos)(1>
z evolves into y by transposing a segment to a new position
T ==Dup ¥ iff yE< D(V.Dup)(x)

z evolves into y by copying a segment

and
¢t = gg y iff z = x y, for some X € {Del, Inv, Xpos, Dup}

Denote by —>% the reflexive and transitive closure of =>x. The
language generated by an evolutionary grammar as above is

L(EG) = {w e V"|z =% w, for some z € 4}

(intuitively, L(EG) consists of all genomes which originate from ele-
ments of A by some given mutations).

Remark. Each evolutionary grammar may be viewed as a very par-
ticular pure grammar [47]. Indeed, each mutation can be simulated
by a set of pure productions as follows.

o For each z € Del, the associated production is z — ¢.

o For each z € I'nv, the associated production is 2 — mi(z).
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o For each = € Xpos, the associated productions are za — axz,
foralla e V.

e For each z € Dup, the associated production is  — zz.

An evolutionary grammar is called non-deleting if Del = 0.

We shall give an informal biological interpretation of our genera-
tive device. The alphabet of the grammar might be considered as the
alphabet of nucleotides and the set A as the set of initial genomes.
Evolutionary events are described by the sets Del, Inv, Xpos, Dup;
thus the language generated by an evolutionary grammar may be
viewed as the world consisting of all genomes which originate from
elements of A by some given mutations.

3.2.1 Computational Power

Denote by L(EG) the family of languages generated by evolutionary
gramimars.

Theorem 3.2.1 I. The family of languages generated by evolution-
ary grammars is incomparable with the family of regular languages.

2. The family of languages generated by evolutionary grammars
is incomparable with the family of contert-free languages.

Proof. The following evolutionary grammar generates a non-context-
free language:

EG = ({a,b,c},{abc},0,0,{a,b,c}, {abc})
It is easy to check that
L(EG) = {z € {a,b,c}"| | 2 [o=| z [s=| z |c}
Let us consider the alphabet V = {a,b,¢,d, e} and the language

L={zeV" |if z=xar02zq, with z;,29 € V*, and a1, € V,

then o) # a; and oy # ba}.

It is easy to see that this is an infinite regular language. For
instance, L contains all square-free strings over {c,d,e}, and one
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knows that this language is infinite (see [128], [118]). The regularity
of L can be easily checked. Moreover, if Sub(L) is the language of all
substrings of strings in L, then obviously L = Sub(L) (the properties
of strings in L are hereditary).

Let us assume that L is generated by an evolutionary grammar,
i.e. L = L(G) for some G = (V, A, Del, Inv, X pos, Dup).

(i) Assume that there is z € Del,z # ¢, such that z € Sub(L).
This means that z € L. Suppose that z = a;21 = zz09, for some
21,22 € V* and ay,a; € V. There are strings w = wy8z0w, in L,
with wy,w, € V*,0 ¢ {a,b,a1,a2} (we have card(V)=5and z € L,
hence at least strings of this form with w; = wg = ¢ can be found
in L). Then w =>pe wi1Bfw,; the obtained string is not in L, a
contradiction.

(ii) Assume that there is z € Xpos, z # €, such that z € Sub(L).
For z = ay12; = z3a9, for some 21,29 € V* and ay,a4 € V, we take
w = wyBzfw, in L, with wy,w, € V*,0 ¢ {a,b,01,a3}, and we get a
contradiction by noticing that w = x,0s w1882w, produces a string
not in L.

Therefore, no element of Del and X pos can be used in a deriva-
tion step with respect to G, we can replace these sets by 0 and the
generated language is the same. Thus, we suppose that G has already
these components empty.

(iii) Consider now the language SFy. g}, of all square-free strings
over {c,d,e}. We have mentioned above that this is an infinite lan-
guage ([128], [118]). Construct the strings of the form

arabagab ... agabagyy,

for k> 1,0; € {c,d,e},1 <i<k+1,and ayay...app € SF g}
Denote by M the language of such strings.

The language M is infinite (because SF(cd.) is infinite) and it
is included in L (no double symbol and no substring ba appear in
its strings). The axiom set A is finite. Therefore, there are strings
w € M which are not in A, that is there is a derivation z = w in
G. Let w' = w be the last step of such a derivation. Without loss
of generality we may assume that w’ # w (we ignore the steps which

do not observe this property). By the definition, we have w’ € L.
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Because w contains no square, the derivation step w' = w is not
a duplication. Because Del = § and X pos = @, the only remaining
possibility is to have an inversion. Let z € Inv be the string inverted
in w' in order to obtain w, i.e. w' = vyzv; and w = vymi(z)vy for
some v1,v2 € V*. If z € V, then w' = w in contrast to our choice.
If mi(z) contains ab, then w’ contains the subword ba in contrast to
w' € L. Therefore mi(z) = aa or mi(z) = ba or mi(z) = baa hold
for some & € {c,d,e}. In the former two cases w’ contains ba, in the
latter case w’ contains aa and bb. Therefore in any case we get a
contradiction to w’ € L.

Consequently, no operation can be used in the last step of pro-
ducing a string w as above, and this completes the proof. a

A language L is called strictly bounded if and only if there are

pairwise different letters a, as,...,a,such that L C aja}...a},.

Theorem 3.2.2 A strictly bounded language can be generated by a
non-deleting evolutionary grammar if and only if it is regular.

Proof. In [50] it is shown that a strictly bounded language L C

ajaj...a; is regular if and only if there is an integer r € N, finite

sets F;; C N and integers m; ; € N, 1 < ¢ < =n,1<j<r, such that

r
r1 Jrsimy Tz Jtsama ; Tn,y+tsnmn,;
ay U iy |

ri; € Fi;,8,€ Nfor1<i<n}

For 1 <1 < n, let m; be the smallest common multiple of the integers
™mi1, Mi32, - .., M, different from 0 (or m; = 0 if m, ; = 0 for all j),

t=max{s:s€ F;;,1<i<n,1<j<r}
Now we consider the evolutionary grammar

EG = ({a1,a3,...a,},A4,0,0,0, {a"™ | 1

A

i < n})
with

A={ai"ay®...ay" |u; <2tm; for 1 <i<n}nlL.
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Let

T1,;+s1mM1,; T2,;+S2ma, Tn,y+tSnMn,
w=a," Ta, oa T (3.1)

tme,

be a word in L. If a duplication of a;
be applied to w then r;; + s;m;; > tm;. Hence, by m; = ¢;m; ; for
some ¢; € N, the word

for some 7, 1 < 1 < n, can

w = a71,1+31m1,_; aT2,1+527n‘2,J - .a7_'-'_1,1+5.—1m.—1,] a1_'.,,+(s.+tq.)m,-']
1 2 1—1 1
Tig1,FSip1Migl, am UELT)
i+1 ...ap

obtained by the duplication belongs to L, too. Since we start the
generation of L(EG) with words from A C L and the application of
duplications to words of L yields words of L, we get L(EG) C L.

We now prove the converse inclusion by induction on the length
of words. Obviously, the shortest words in L belong to A and A C
L(EG) holds by definition. Thus let us consider a word of the form
given in (3.1) which is not contained in A and assume that all words
w" € L which are shorter than w belong to L(EG). Because w ¢ A4,
there is a number 4, 1 < ¢ < n such that r; ; + s;m;; > 2tm;. By
ri; <t < tmy, we get s;m;; > tm; = tg;m; ;. Thus the word

w' = gitsimigraiteeme, oy tsicimion, gt simta)mi,
1 2 1—1 1
Tit1,7FSi+1Mity Tnj+snmn,

W ...an

isin L. By assumption w” € L(EFG). Because w” =>p,, w, we
obtain w € L(EG).

Let EG = (V, A,0,Inv, Xpos, Dup) be a non-deleting evolution-
ary grammar generating a strictly bounded language. Obviously, one
may assume that /nv = Xpos = 0 without modifying the language
generated by EG. Now it is easy to see that the language generated
by EG is regular. o

We conjecture that Theorem 3.2.2.is valid for arbitrary evolu-

tionary grammars as well. Next theorem proves this assertion for the
unary alphabet.

Theorem 3.2.3 A language over the unary alphabet is regular iff it

is generated by an evolutionary grammar.
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Proof. By the first part of the previous proof it suffices to prove that
each language over the unary alphabet generated by an evolutionary
grammar is regular.

Consider an evolutionary grammar EG = ({a}, Del, Inv, X pos,
Dup, A). Without loss of generality we may assume that Inv =
Xpos = 0. Let

#(Del) {|lz| | z € Del} = {d1,dz,...dm}
#(Dup) = {e1,cq,-..cn}

It

and
p = ged(dy,da,...,dm,c1,¢0,...Cn)

Here gcd means the greatest common divisor. It is known that

p=) kici+ Z q:di,
i=1 =1

for some integers k;,q;, 1 <.« < n, 1 < j < m. Moreover, one can
choose k; > 0and ¢; <0,foral 1 <i<n, 1 <j<m.

If L(EG) is finite, then it is obviously regular. If L(EG) is an
infinite set, there are t;,1 < ¢ < s, s < p, such that

L(EG) = Fu [ J{a"**?[k > 0},

i=1

for some finite set F. Consequently, L(EG) is regular which com-
pletes the proof. a

A statement analogous to Theorem 3.2.2 does not hold for context-
free languages because the strictly bounded context-free language
{a™b™ | n > 1} cannot be generated by an evolutionary grammar. In-
deed, let us assume the contrary and let £G = ({a, b}, A, Del, Inv,
Xpos, Dup) be an evolutionary grammar generating L. Obviously,
Dup # . For each w € Dup we distinguish three cases:

1. w € a*. Then, for large enough n, a™™ =>p., anthelpn
contradiction.

2. Analogously for w € b%.
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3. w € a*abb*. Then a™b™ may provide, by duplication, a word
having two factors ab, contradiction.

Consequently, L cannot be generated by any evolutionary grammar.

We do not know whether or not Theorem 3.2.2 also holds for
bounded languages, where a language L is bounded iff there are the
strings wy, wa, . .., wy such that L C wiwj ... w}.

In the view of the previous theorems it is of interest to look for
features to be added to an evolutionary grammar in order to generate
all regular languages. A squeezing mechanism in the form of a termi-
nal alphabet is too powerful, since we get all recursively enumerable
languages in this way as stated by the next theorem.

Theorem 3.2.4 Fach recursively enumerable language can be ez-
pressed as the intersection of a language in L(EG) with a regular
language.

Proof. Let G = (N, T, S, P) be a phrase-structure grammar. We may
assume (see [48]) that N = {5, 4, B,C} and

P={S — z;]1 <i<n, for somen > 1} U{ABC — ¢}
We consider the evolutionary grammar

EG = (V,A, Del,Inv, Xpos, Dup)

with
V. = NUTu{d«q,p,d}u{Lil <i<n},
Del = {ABC.H}u{L;S<a pjl<i<nlu{dz;L;> ]|
1< <n},
Inv = {dz;L;]1 <:<n}u{SLimi(z;)|l <7< n},
Xpos = {dz;1; b |l <i<n},
Dup = {<z;L;> 4|1<i< n},
A = {dzyL1ibd<Qzlb .. dz,L, > 45)

Firstly, we shall prove that L(G) C L(EG) N T*. More precisely, we
shall prove that

S ==g yimplies 4211, > 4 dzylyb ... dz, L, > 4y € L(EG)
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Let S =% y be a derivation in m > 0 steps. If m = 0, the assertion
is trivially true. We assume the assertion true for any & < m and
prove it for m. Consider § =>’£_1 z = y. By the induction
hypothesis, <z, Ly > ddzylob ... dz,l, b 2z € L(EG).

If the rule used at the last step was ABC — ¢, then

dril1 b Adzal,bd...doa Ly d2z = py
Azl b Adzlob 4. .zl dy

If the rule used at the last step was S — =z, for some i, that is
z = 21825,y = z1T;2, we consider the following derivation in EG:

Azl b Adzala>H. <tz Ly B A

z=rpup, AT L1 b Adzyl,bHd Az b ddz b AL
Qrpl, b Az =pe <zl D> A dzylob ...

Az; Lib Az, L b ATyl b 2 = x50 A1l D
AdzolabH...dn ;b dzpl, b 4S5 AL b 2y
=iy ATl D Azl b . G L b ATl b A
215Limi(z;) <4 D2zg =y dz1 L1 D Azl .

Qr; Lib H. . dz, L, b d 252, 4,5 4 bz = pa

Arilib A dzyl, b H4. . d o Libd Azl b d51z20

Now for any y € L(G) there exists the derivation in EG

Azl D Azl b A . QL b 485 =%
411J.1D"|<]:132_L2l>'|‘..41:nLn|>‘|y:>*Dely

We shall discuss some considerations which lead to the conclusion

L(EG)NT* C L(EG). For sake of simplicity, denote by @ = dz;1; > 4

Qzaly B H4...Qzal, b A Itis easy to see that whenever S =%

B, with B € (N UT)* we have also oS =} af =D B.
Therefore, it suffices to prove that

afl =%s ay implies § =7, v,

where 3,7 € (N UT)*. This results from the following remarks:
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o Each deletion of a substring ABC corresponds to an application
of the rule ABC — ¢.

o Let § = 3182 and aff => xpos f1 < z;L; b [, be the result of
transposing the segment <z;L; & B;. The symbols <, 1;, b,
not in ¥ UT can be removed only if one of the following cases
holds:

1. Roughly speaking, the erasing of the symbols <, L;, b,
requires that the segment <z;L; > to be preceded by the
symbol S. The overall effect is the substitution of S by z;.
Formally, af, =% o615 and a5 d z;1; b B =%
afizifz. This case can be covered in G by applying the
rule S — z;.

2. The symbols <, 1;, > can be cancelled if ami(z;) =%
a8 as well. But in this case, the transposition has no
further effect.

3.2.2 Decidability Properties

The last theorem has a series of consequences regarding some deci-
sion problems of evolutionary grammars. In the view of biological
interpretation of evolutionary grammars given in the beginning of
this section, some of these decision problems might also have some
biological relevance. Thus, the wellknown membership problem asks
whether or not a given genome might appear from an initial set of
genomes by evolution. Also the following matters appear to be of
interest from the computational biology point of view:

1. Is the world generated by a given evolutionary grammar
finite or infinite?

2. Are there common genomes in two given worlds?

3. Does the world generated by an evolutionary grammar con-
tain all genomes which would support life? Or all genomes, no matter
they would support life?

These problems, formally stated in the framework of our gram-
matical formalism, shall be discussed in the following.
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Theorem 3.2.5 The following problems are undecidable for the class
of evolutionary grammars:

1. The membership problem.

2. The inclusion problem.

3. The intersection problem. (Is the intersection of the languages
generated by two given evolutionary grammars empty?)

4. Is R a subset of L for R being a regular language and L a
language generated by an evolutionary grammar ?

Proof. Let G; = (N, T, S:, Pi), © = 1,2, be two phrase-structure
grammars with Ny N N, = 0, and EG; = (V;, A, Del;, Inv;, Xpos;,
Dup;), « = 1,2, the evolutionary grammars constructed as in the
previous proof such that Vi NV, =Ty N1y,

1. It is obvious that for each z € T7,
T € L(EGY) iff ¢ € L(Gy),

hence the membership problem is undecidable.

2. Clearly, L = {z} is a language that can be generated by an
evolutionary grammar. Since

LC L(EG) iff z € L(Gy)

the undecidability status of the inclusion problem follows.
3. Observe that

L(EG)) N L(EG,) # 0 iff L(G1) N L(Gy) # 0,

therefore the intersection problem is undecidable as well.
4. Take R = 17 and L = L(EG}). The equivalence

RCLiff L(Gy) =17
implies the last assertion of the theorem. m]
Theorem 3.2.6 It is not decidable whether or not an arbitrary given

context-free language can be generated by an evolutionary grammar.
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Proof. The proof is an usual reduction to the Post’s Correspondence
Problem. Take two arbitrary n-tuples of nonempty strings over the
alphabet {a, b},

T = (I17$2a e aI‘n)a

y= (ylay21"',yn)-

Then, consider the languages
L, = {ba'"ba® .. .ba'*czy, ...z, |k > 1}
for z € {z,y},
L = {wicwaemi(wq)emi(wy )|wy, wy € {a,b}"}

L(z,y) = {a,b,c}" = (Lz{c}ma(Ly) N L)

It is known that L(z,y) is a context-free language. For every solution
(41,%2,...,1) of PCP(z,y) the strings

ba'ba®? .. .ba'*kcz;, ... x5,z cmi(y:, )mi(ys,) .. mi(y,)

ca’*b...ba"2ba''b

are not in L(z,y). On the other hand, {a,b}* C L(z,y).
Clearly, when L(z,y) = {a,b,c}*, then L(z,y) can be generated
by the evolutionary grammar:

EG = ({a,b,c},{abc},{a,b,c},0,{a,b,c}, {a,b,c})

Now, it is sufficient to prove that when L(z,y) # {a,b,c}*, then
L(z,y) is cannot be generated by any evolutionary grammar and we
will do that in the sequel.

Let us suppose that L(z,y) = L(EG), for some EG = ({a,b,c}, 4, Del,
Inv, Xpos, Dup). We choose a solution (i,%s,...3x) such that
lzi i, .. .zi,| > maz{|w| | w € A}. For {a,b}* C L(EG), there
exists a word w € A such that

w =>*EG mi(yil )mi(yiz) vee mi(yik) € L(EG)
By the choice of the solution (71, 1,,...,1) the word

z = ba"ba' .. .ba'*cz;, ...z;,T; cwea'*b.. ba?ba"b
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is in L(EG).
Therefore,

z =>}g baba? ... batkex;, . . . Ti, Ty emi(yiy )miyi, ) - - - mi(yi,)

cal*b...ba'2ba™b,
contradiction, and the proof is complete. m|

Theorem 3.2.7 1. It is decidable whether or not the language gen-
erated by a given evolutionary grammar is finite.

2. The problem "L(EG) = V*1” is decidable for a given non-
deleting evolutionary grammar EG.

3. The membership problem is decidable for non-deleting evolu-
lionary grammars.

Proof. The first assertion is immediately true. Indeed, for a given
evolutionary grammar EG = (V, A, Del, Inv, X pos, Dup), L(EG) is
infinite if, and only if, Sub(L(EG;)) N Dup # 0, where EG;, =
(V, A, Del, Inv, Xpos,D) and Sub(X) means the set of all factors of
the strings in X. Because the set L(EG) is finite the proof of the
first assertion is complete.

The second and the third items follow from [96], since any evolu-
tionary grammar is actually a pure grammar. a

By Theorem 3.2.2 the following open decision problems are still
of interest:

e Does a given evolutionary grammar generate a regular lan-
guage?

¢ Can a given regular language be generated by an evolutionary
grammar?

3.2.3 Some Closure Properties

Theorem 3.2.8 The family L(EG) is not closed under union, con-
catenation, morphisms, intersection with reqular sets and intersec-

tion.
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Proof. We consider the languages:
Ly ={z € {a,0}7 | z |o=] 2 |s}
L2 = a+b+

Both of them can be generated by evolutionary grammars. Moreover,
L, is regular.

The same reasoning may be used in order to prove the non-closure
under union and concatenation. We shall discuss it in the case of
concatenation. We claim that L;L; is not in L(EG). Indeed, let
EG = ({a,b}, A, Del,Inv, Xpos, Dup) be an evolutionary grammar
generating Ly L,. Recall that the Parikh vector associated to a word
z in {a,b}*, denoted by ¥(z), is ¥(z) = (| z |s,] = [»). Note that
the transpositions and inversions do not change the Parikh vector
associated to a word.

Since there are words in L(EG) whose Parikh vector (n1,n;) sat-
isfies the requirement that ny — n, is arbitrarily large, at least one
of Del or Dup has to contain words z with | z |,#| = |,. We shall
analyse the case when Dup contains such words. A similar analysis
for the case when Del contains such words is left to the reader. Let
z € Dup be such a word.

If | z |o<]| z |s, then the following derivation is possible in EG

zaltle=lolegh — £ zgallb-17lagh

which implies zzal*le=1lagh € L(EG), contradiction.
If | z |¢>] z |», then the following derivation is possible in EG

gblFle=lzlogh — o zaplela=lzlogp

which implies zzbl=la=I=lbgp € L(EG), contradiction. Therefore, Ly L,
cannot be generated by EG.

Define the morphism A : {a,b,¢,d}* — {a,b}" by h(a) = h(c) =
a, h(b) = h(d) = b. Since L, Uctd* € L(EG) and h(L; Uctdt) =
Ly U Ly, it follows that L(EG) is not closed under morphisms.

The non-closure under intersection with regular sets and inter-
section can be settled in the same way. The language L; N Ly =
{a™b™|n > 1} cannot be generated by any evolutionary grammar by
Theorem 3.2.1. a
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3.2.4 Evolutionary Grammars and the Structural Lan-
guage of Nucleic Acids

Theorem 3.2.9 1. There is an evolutionary grammar that generates

Lpna-
2. It is decidable whether or not a given non-deleting evolutionary

grammar generates Lpna.

Proof. 1. We consider the following evolutionary grammar:
EG = (Vpna, A, ,Inv, Xpos, Dup)

with

Inv = Xpos= Dup={AT,CG}
A = {AT,CG,ATCG}

We claim that L(EG) = Lpna. It is easy to verify that all strings of
length at most 4 in Lpn 4 are also in L(EG). Assume that all strings
z € Lpya,|z] < 2n are in L(EG), for some n > 2, and consider a
string w € Lpn a4 with |w| = 2n + 2. Clearly, w = z,aaz,, for some
a € Vpya. By the choice of I'nv it suffices to consider only the cases
e = A and a = C. Furthermore, since CGAT € L(EG), we consider
the case ¢ = A only. Note that z129 € Lpya, |[T122| = 2n. By our
hypothesis z,z, € L(EG).

If AT =% 7122, then the following derivation is also possible
in EG:

AT = Dup AT AT :E‘}'G ATz 24 = Xpos ATz,

If CG =%, T122, then the following derivation is also possible in
EG:
ATCG :EG AT.’I)ll‘g = X pos I]ATIQ

If ATCG ==} 7172, then the following derivation is also possible
in EG:
ATCG = pup ATATCG =3 ATz17, = Xpos T1 AT,

Consequently, = € L(EG). We finish the proof of the first item by
observing that L(EG) C Lpna.
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2. Let EG = (Vpna, 4,0, Inv, Xpos, Dup) be a non-deleting evo-
lutionary grammar. We claim that Lpya4 € L(EG) if, and only
if, all strings in Lpnya4 of length at most 2k can be generated by
EG. Here k = maz{|z] | z € A}. It remains to prove that
the aforementioned condition is sufficient. We shall prove that each
t € LpNna, |z| = 2k +2is in L(EG). There are two possibilities:

(i) z = 172, 71,72 € Lpna.

Since |z| = 2k + 2, one of zy,z; is of length bigger than k. Assume
that [z1] > k. Then, there is y € A such that

y =%e 0
The word yz; € L(EG) because |yz;| < 2k. But
YTz =—EG T1T2,

hence z € L(EG).

(ii) z = az3a, for some a € Vpy 4.

There is z € A such that z =% z3. The string az@ € L(EG) and
aza :EG T, hence z € L(EG). Inductively, all strings in Lpya can
be generated by EG.

We claim that if Lpys C L(EG) we have L(EG) C Lpna if,
and only if, A, Xpos, Dup C Lpny4 and Inv contains only words
that can be reduced to palindromes. All these conditions can be
algorithmically checked. The ”if” part is immediate. In order to
prove the "only if” part, we shall consider each condition separately.
Obviously, if A contains words not in Lpya4 the same is true for
L(EG).

Assume that z € Dup and let zy be in Lpya C L{EG). Because
zzy has to be in Lppny4 it follows that 2 € Lpna.

Let z € Xpos\ Lpna and y be the shortest word such that
Ty € Lpya. Note that such a word always exists. Let z be the
reduced word associated to z. Assume that.z starts with ¢ and y
ends with b. Consider zycé € Lpn4 such that ¢ # @,c # b. We get

TYCC = X pos YCIC

and

yezc € Lpna iff ycz€ € Lpya
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The only possible reduction that can take place within ycz¢, concerns
the string z¢, hence ycz¢ ¢ Lpn4.

Now, let 2 € Inv and z be its reduced word. Again y is the
shortest word such that zy € Lpnya. We have zy € Lpnya and
mi(z)y € Lpna. Because the reduced word associated to mi(z) is
mi(z), it follows that mi(z) = z if mi(z)y € Lpna. Now the proof is
complete. O

3.2.5 Descriptional Complexity

In this section we consider the descriptional (syntactic) complexity
of languages generated by evolutionary grammars following [40]. We
are interested in the minimal number of axioms and operations, re-
spectively, and the maximal length of the words associated with an
operation. Formally, for an evolutionary grammar G = (V, A, Del,
Inv, Xpos, Dup), we set

a(G) = card(4),
o(G) = card(Del)+ card(Inv)+ card(Xpos) + card(Dup),
I(G) = max{|w||w € DelU InvU XposU Dup}
and extend these measures to a language L generated by an evolu-
tionary grammar by
(L

a(L)
o(L) = min{o(G)|L = L(G),G is an evolutionary grammar},
{(L)

= min{e(G)| L = L(G),G is an evolutionary grammar},

= min{{(G) | L = L(G), G is an evolutionary grammar}.
Theorem 3.2.10 A language L is finite if and only if o(L) = 0.

Proof. Let L be a finite language, and let V be the set of symbols
occurring in at least one word of L. Then L = L(G) for the evo-
lutionary grammar G' = (V,L,0,0,0,0). Since o(G) = 0 we obtain
o(L)=0.

If o(L) = 0 for some language L, then there is an evolutionary
grammar G = (V,A,0,0, 0,0) with L = L(G). By L(G) = A, G
generates a finite language which proves that L is finite. a
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The measure o(G) corresponds to the number of productions in
a (usual) Chomsky grammar. The context-free languages form an
infinite hierarchy with respect to the number of productions (see [54]).
Furthermore, the measure {(G) corresponds to the radius of an H
system which is grammatical device based on splicing. With respect
to the radius the languages generated by H systems form an infinite
hierarchy, too (see [104]). In this section we shall prove analogous
assertions for the measures for evolutionary grammars introduced
above.

Theorem 3.2.11 For any measure d € {a,o0,l} and any natural
number v > 1, there is a language L generated by an evolutionary
grammar such that d(L) = 7.

Proof. We consider the language
L= UL,- where L; = {(ba'b)™ |m >0} for 1 < i < 7.
1=1

Because L is generated by the evolutionary grammar
G = ({a,b},{ba’b |1 <i<n},0,0,0,{ba’db|1<i<mn})
with a¢(G) = n, o(G) = n and {(G) = n + 2, we obtain
a(Ly<mn, ofL)y<n and I(L)<n+2. (3.2)

Now let us assume that H = (V, A, Del, Inv, Xpos, Dup) is an
evolutionary grammar with L(H) = L. If there is a derivation v’ =
win H with w’ € L;, w € L;,; 1 <i,j7 <nandi# j, then there
also is a derivation w'ba*b =—> wba'b. Since w'ba'b € L; C L and
wba'b ¢ L, we get a contradiction. Thus, forany ¢, 1 <i<n, ANL;
has to be a non-empty set. Therefore a(H) > n for any evolutionary
grammar H with L(H) = L which implies a(L) > n. By (3.2), we
obtain a(L) = n.

Let @ = max{|z| | z € A}. We consider a word w € L;, 1 <7 < n,
with |w| > a+ 1. Let w = (ba'b)’. By the length of w there is a
word w’ € L with w’ = w and w’ # w. By the above considerations
w' € L;, too, say w' = (ba'b)* for some k.
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If w' = [ny wor W =>xp0s w, then [w'| = |w| and hence v’ = w
in contrast to the choice of w’.

Let us assume that w' =>py, w. Then w' = wyzw, and w =
wyzzw, for some wy,ws € V*, z € V1. Thus

|z |o=|w e — | W' |oa=1(l - k) and |z |p=2(l-k).
Therefore
z € {a’b(ba'b)" ¥ 1ba® | 1,5 > 0,7+ s =i} U {(ba'b)'"*}.

If £ =a"bba®, r,s>0,7+s =14,i.e. [ = k41, then we can apply z €
Dup to ba™bba™b which yields ba?*~*b and hence n = 4. If, in addition,
7> 0 and s > 0, we can apply € Dup to ba™1bba™ bba™ 16 and
obtain ba?"~2~*pba™"1b from which i = n—1 follows. This contradicts
i =mn. Thus £ = a"bba’® implies r+s=nand r =0 or s = 0.

We now define

M; = {a"b(ba’b)tba® | 7,5 > 0,7+ s = j,t > 0} U
{(ba?b)t |t > 1} for 1 < j < n,
M, = {a’b(ba™b)'ba’|r,s > 0,7 +s=n,t>0}U

{a™bb,bba™} U {(ba™b)! |t > 1}.

By the considerations above, we get z € M;.

Let w' = pe; w. Then w’ = wyzw, and w = wyw;,. By analogous
arguments we can show that z € M;, again.

Thus (DelUDup)NM; # @ for 1 < ¢ < n. Furthermore, M;NM; =
@ for 1 <i,7 <nandi#j. Therefore DelU Dup contains at least n
elements and o(H) > n holds for any evolutionary grammar H with
L(H)= L. Hence o(L) > n. By (3.2), o(L) = n.

Moreover, for 1 < i < n, |z| > 2 4+ ¢ holds for any ¢ € (Del U
Dup)n M;. Thus [(H) > n+2 for any evolutionary grammar H with
L(H) = L. Therefore I(L) > n 4+ 2 and, by (3.2), [(L) = n + 2.

Hence the statement holds for d € {a,0}, 7 > 1 and d*= I, 7 > 3.
It is easy to see that /({a}*) = 1 and {({a?}*) = 2, and therefore the
statement holds in the remaining cases, too. o
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3.2.6 The Differentiation Function

The notion of a differentiation function of a grammar was firstly
introduced in [29] for deterministic tabled Lindenmayer systems. It
presents a measure for the number of objects which can be derived
in a given grammar by a given number of derivation steps. Formally
we obtain the following notion for evolutionary grammars [40].

Let G = (V, A, Del,Inv, Xpos, Dup) be an evolutionary gram-
mar. Then we define its differentiation function

fa:N—>N by fg(k)=card(Li(G)),

where Li(G) consists of all strings obtained from A after exactly &
mutations.

Example 3.2.1 We consider the evolutionary grammars

G = ({a,b},{aa},@,@,(@),{aa}),
G = ({a,b},{aa},@,{aa},@,{aa}),
Gz = ({a,b},{aab},@,{aa},{b},{aa}).
Then, for k > 1,
Li(Gh) {a®+7},
Li(G?) {a?,a%,... a% 2}
Li(Gs) = {a"ba®|r+s=2i,1<4<k}u {a®**?},

and thus
fo,(k) = 1, fork>1,

fae, (k) k+1, fork>1,
fe, (k) 3454+ ... (2k+ D)+ 1=(k+1)% fork>1.

We only show the statement concerning L(G3), the modifications
for the other cases are obvious.

From the axiom aab of G3 we can generate by inversion of aa
the same word aab, by transposition of b the words baa, aba and by

duplication of aa the word aaaab. Thus the statement holds for k& = 1.
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Now let w € Ly(G3). By induction hypothesis, w = a"ba® with
r+s=2iforsomei, 1<i<korws=a?**t2,

We first consider the former case. Since the transposition and
inversion does not change the number of occurrences of a and b, we
obtain by these operation a word a” ba® with ' + s’ = 2i. If we
applied the duplication of aa we get a"*2ba® or a"ba’*t?. Because
r+s+2=2(t+1),in all cases the generated words have the desired
form.

In the former case we generate from w a word of the a"ba® with
r+s=2k+2=2(k+1)or a®*+4 = a?(*+1)+2p and all words have
the desired form, again.

Moreover, these considerations also show that all words of the
desired form are contained in Li41(G3).

We now give an upper bound for differentiation functions of evo-
lutionary grammars.

Theorem 3.2.12 For any evolutionary grammar G, there are con-
stants ¢y and cy such that fg(k) < cq - ¢k fork > 1.

Proof. Let G = (V, A, Del, Inv, X pos, Dup) be an evolutionary gram-
mar. We set

d = max{|u| | u € Dup}, a=card(A), b=max{|v]|ve A}.

Then, for any k£ > 0 and any word in z € Li(G), |2|] < b+ k-d. Thus

fo(k+1) < card({w]|w| < b+ kd})
b+kd 1
— v 1 — . b+ kd+1 _
;(card( N'= a1 (cerd) 1)
(card(V))**! dyk
card(V) -1 ((card(V))*)*.
1By setting ¢; = %%)_b—:l and ¢; = (card(V))?) the assertion fol-
ows, 0

The following shows that the exponential upper bound is obtained
for some evolutionary grammars.
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Theorem 3.2.13 For any natural number c, there is an evolutionary
grammar G such that fg(k) = c* for k > 0.

Proof. Let ¢ be given. We consider the evolutionary grammar
G = (V,{aa‘},0,0,0,{a%ba’ | 1 < i < c}).
By induction on k we prove that
Li(G) = {aba*<ba'*¢b .. .a*+baC | iy, s, .. .4k € {1,2...c}}

which implies

fa(k) = card(Li(G)) = ¢*

for k > 0.

By definition, Lo(G) = {a®ba®} and therefore the statement holds
for k = 0.

Now let w € Lg41(G). Then w' = w for some v’ € Li(G).
By induction hypothesis w’ = atba’ttcba’2*h. .. a'*T°bac. Let w be
derived from w’ by duplication of some a®ba’, 1 < i < ¢, where the
duplication involves the j-th occurrence of b. Then

w = abatrtohai2toh . @ TChat oL .tk TChaC
= a%batha2Th . . aabata T L gt Tohat
= aba''T a2t .. . avabata™batav T, L gt obS

= atbathath . alitchaitehaiitritep | giktepgl

which proves that w has the desired form. If we apply in succession
the duplications of a‘ba’t,aba’, ... aba**+! such that in any step
the last b is involved, then we get aba’ttcba>*h ... ba*k+11ba" €
Li41(G). Hence Liyq(G) contains all words of the considered form.

Thus the induction statement is shown for k + 1. a

We have shown that, for any exponential function f with a posi-
tive integer as exponent, there is a context-free evolutionary grammar
G whose differentiation function is asymptotically equal to f. We now
want to prove such a statement for polynomials.

Theorem 3.2.14 For any natural number n, there is an evolution-
ary grammar G such that fg(k) = O(k™).
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Proof. For n € {0,1,2} the statement follows from Example 3.2.1.
Let us assume that there is already an evolutionary grammar G’ =
(V, A, Del,Inv, Xpos, Dup) with fg/(k) = O(k™). Without loss of
generality we may suppose that V N {a,b} = @ and construct the
evolutionary grammar

G = (VU {a,b},{aa} - A, Del,Inv, Xpos, Dup U {aa}),

where the sets Del, Inv, Xpos, Dup are taken from G’. By induction
we show that

Li(G) = {a?}- Li(GYU{a'} - Lr_1(G")U- - -U{a***?}- Lo(G') . (3.3)

By the construction of G, the statement holds for & = 0.

Let w € Lg41(G). Then there is a word w € Li(G) with w =
w'. Furthermore there exists an integer i, 1 < 7 < k, such that
w = a**+2y for some word v € Lx_;(G'). Let us apply an element
z € Del U InvU XposU Dup to w in order to get w’. Then we have
to apply = to v and get w = a®+2v = a?*2' = w' where v’ €
Li-i41(G"). Hence w' € {a®*2}Ly_i41(G") = {a® 2} L(yr)—i(H).
If we apply the duplication of aa to w, we get

w = a?F2y = g%ty = G212, o ¢ {az(”l)“}Lk_,-(G').
This proves
Li+1(G) € {a®} - L (G U {a'} - Le(G) U - - U{a*FHD¥2) . [(GY).
On the other hand let
u' € {a®} - Lip1(G) U {a®} - Le(GYU - - U {a®FHD+2} L L(G) .

Then there exists an integer ¢ such that v’ = a?t2z’ where 2/ €
Lk41)-:(G). If i > 1, a duplication of aa in u = a2 gives u'.
Because u = a%'2' € {02(’ DN L i21)(G") € Li(G) and u == o’
we have v’ € Liy1(G).

If:=0,then k+1~i=k+1 > 1 and thereis a word z € L,(G')
with z = 2’ in G'. Hence a®z => a2z in G and a®z € {a?}L(G") C
Li(G). Thus a®z' = v’ € Ly41(G). Therefore

{a®} Len (G u{a®} - Le(G) U+ - U {a® D2} [(G') C Liya(G).-
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Therefore (3.3) is shown.
By (3.3) and the disjointness of the sets involved in the union,

k

k
card(Li(G)) = Y card({a**?}Li—i(G') = Y for(k — i)
1=0

=0

fo(k)

fa(i) = O(k™1).

1]
-
i M»
(=]

a

Without proof (use disjoint alphabets and unions of the involved
sets) we add the following lemma on closure properties of the set of
differentiation functions.

Lemma 3.2.1 Let f and g be two differentiation functions of evolu-
tionary grammars. Then their sum f+ g is a differentiation function,
too. D

The presented results give some upper and lower bounds for and
some examples of differentiation functions; the characterization of the
family of differentiation functions of evolutionary grammars is left as
an open problem.

Finally we present two classes of evolutionary grammars with dif-
ferentiation functions bounded by a constant or linear function.

Lemma 3.2.2 If G = (V, A, Del, Inv, Xpos, (), then there is a con-
stant ¢ such that fg(k) <c for k > 0.

Proof. Obviously, because the set of duplications is empty, L(G) is
finite. Let ¢ be the cardinality of L(G). Then fg(k) = card(Li(G)) <
card(L(G)) = c. a

Example 3.2.1 shows that there are evolutionary grammars with a
non-empty set of duplications which also have a differentiation func-
tion bounded by a constant.

Before we present the other class we give the definition and a prop-
erty of a number-theoretic function. For a set 4 = {a1,az,...,an} of
natural numbers we define the function

k
ga(k) = card({z a;, | a;, € Afor1 <j<k}).
=1
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This function expresses the number of all distinct sums of k elements
from A.

Lemma 3.2.3 Let A = {ay,a2,...,a5} with 0 < a1 < a2 < a3 <
...<as and m = max{a;4+1 —a; |1 <1< s—1}. Then

a; — a1

|

Moreover, both bounds are optimal.

—~ k] +1< ga(k) < (as—ar)-k+ 1.

Proof. Obviously a;-k and a,-k are the minimal and maximal number
which can be obtained by addition of £ numbers of A. Hence any sum
S of interest satisfles a1k < § < agk. This implies the upper bound.

We now prove that any interval I; = [a1k + im, a1k + (i + 1)m),
0<:1< [i%)—kj — 1, contains at least one sum of k£ numbers of A.
Obviously, this holds for ¢ = 0 by a1k € Iy. Now let ¢ = ELI a;;
be the maximal number in I; which can be represented by sum of
k numbers of A. Since ¢ < [L%&J — 1 we obtain ¢ £ a1k +
(Lga;ma‘)—kj — 1)m < ask. Thus there exists an » such that a;, < a,.
Let a;, = a;. Then we consider the sum

r—1 k
¢ = (Za’ﬁ) +ai + ( Z aiJ)
j=1 j=r+1

of k& numbers of A. Because ¢/ = ¢+ (aj341 — a1) < ¢+ m and ¢ is
maximal in I;, we obtain ¢’ € J;;1. Since we have | a“::’ kJ intervals
and the additional sum ask (which belongs to no interval), the lower
bound follows.
The optimality of both bounds follows by considering A = {1, 2,3,
..,8}or A= {m,2m,3m,...,sm} (for some m). O

Lemma 3.2.4 For any evolutionary grammar G = ({a},{a"} ,0,
Inv, Xpos, Dup) where Dup contains a non-empty word (i.e. the
underlying alphabet of the grammar is unary, there is only one aziom,
no deletion and at least one non-empty duplication), fs(k) = O(k)
holds.
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Proof. First we assume that Inv U Xpos = 0. The application of
v € Dup to a™ leads to a™*¥l. Thus taking A = {|v| | v € Dup}, we
obtain g4(k) = fg(k) for £ > 1. Hence the statement follows from
Lemma 3.2.3.

Now let InvU Xpos # 0 and ¢ ¢ Dup. We set r = min{|z] | z €
Inv U Xpos}. If we apply an inversion or a transposition to a word
w, then w is not changed by this operation because the underlying
alphabet is unary. To any word w € Li(G) with |w| > r we can
apply an inversion or a transposition, and thus w is also contained in
Li(G) for | > k. Moreover, if Dup does not contain the empty word,
all words from L,(G) have a length > r. It is easy to see that

gau{o}(k) < fa(k+ 1) < card(L-(G))gauqoy(k) for k > 1.

Now the statement follows from Lemma 3.2.3.
The proof for the case Inv U Xpos # 0 and ¢ € Dup follows by
analogous arguments and is left to the reader. a

3.2.7 Adult Languages

Since evolutionary grammars can be considered as formal models for
the evolution of genomes, the final stages of the development or evo-
lution are of special interest, i.e. those genomes to which no mutation
taken into consideration can be applied. In terms of languages we are
interested in those words which do not allow a continuation of the
derivation. Languages of such words are called adult languages and
have been investigated extensively also in connection with L-systems,
[113]. In this section we study adult languages of evolutionary gram-
mars and show that they form the family recursively enumerable
languages. We mention here that the adult languages of L-systems
do not possess this rather surprising property.

Let EG = (V, A, Del, Inv, X pos, Dup) be an evolutionary gram-
mar. Then the adult language of EG is defined by

A(EG) = {w| w € L(EG) and there is no v’ with w = w'}.

The language L(EG) contains all words which can be generated by
iterated derivation steps, and the adult language A(FG) contains
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those words from the generated language L(EG) which do not allow
further derivation steps. Therefore a word w € L{ EG) belongs to the
adult Janguage if w does not contain a subword which can be deleted
or reversed or translocated or duplicated. This implies the following
statement.

Lemma 3.2.5 Let EG = (V, Del,Inv, X pos, Dup, A) be a contezt-
free evolutionary grammar. Then

A(EG) = L(EG)n (V*\ V*(Del U Inv U X pos U Dup)V™).

We now present a characterizations of the set of recursively enu-
merable languages by adult languages of evolutionary grammars.

Theorem 3.2.15 The family of edult languages of context-free evo-
lutionary grammars coincides with the family of recursively enumer-
able languages.

Proof. By Theorem 3.2.4 and Lemma 3.2.5 any adult language of a
context-free evolutionary grammar is recursively enumerable.

Now let L be an arbitrary recursively enumerable language. We
construct an evolutionary grammar EG’ such that A(EG’) = L.

In order to get EG' = (V' A’, Del’, Inv', X pos', Dup) we modify
the grammar EG = (V, A, Del, Inv, Xpos, Dup) with L = L(EG) U
T given in the proof of Theorem 3.2.4 as follows: We obtain V'’
by adding a new symbol § to the alphabet V. Then we define the
morphisms h : V — V' by h(A) = A$ for A € N and h(z) = z for
z € V\ N. Then we set

A = h(A),
Xpos' = h(Xpos),
Dup’ = h(Dup)u{«,$},
Del' = {A$BSCS$,H}u{L$Sabp|1<i<n}U
{Qh(z;)L;> 1< i< n},
Inv' = {<Qh(z)Lli|1<i<n}u{SSLimi(h(z:))|1<i<n}.
Essentially, instead of a nonterminal A we use A$ or $A4 (where the

latter one only occurs since inversions can be involved). Thus the
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deletion of all symbols $ in a word of L(EG’) gives a word of L(EG),
and conversely, for any word w € L(EG) there is a word w’ € L(EG")
such that the deletion of all § in w’ gives w. This implies

L(EG)NT* = L(EG)NT". (3.4)

Now L = A(EG') follows from the following remarks: For any
word w € L(EG’), by the construction

lwly < |wls and July = |wlip<icny < lwlk- (3.5)

If we L(EG’) contains $ or <, then we can apply a duplication.
If w e L(EG') contains -, a deletion can be applied. Thus a word
w € A(FG’) cannot contain §, < and 4. By (3.5) w cannot contain
>, L, 1 <7 < n, and elements of N. Hence w € A(EG’) contains
only terminals. On the other hand, any word w € L(EGYn T*
belongs to A(EG') since any derivation step requires the presence of
symbols not belonging to T. Therefore we obtain from (3.4)

A(EG"Y = L(EG)NnT* = L(EG)nT" = L.

a

From the proof of Theorem 3.2.15 we see that adult languages can
be obtained as the intersection of the set of all generated words with
an monoid. This corresponds to the situation well-known for reduced?
context-free grammars G: On one side L(G) is the intersection of
the set of all generated words with the set of terminal words, and
on the other side L(G) consists of all words which allow no further
derivation.

Another Version of Adult Languages

In the theory of Lindenmayer systems another definition of adult
languages is used (see [113], pages 70-78 and 287) . By definition,
in a Lindenmayer system at every moment a derivation step can be
performed, and thus the adult language consists of all words which are
not changed by derivation steps. For an evolutionary grammar EG =

'For any nonterminal A, there is a rule with the left-hand side A.
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(V, A, Del, Inv, X pos, Dup), the modified adult language mA(EG) is
defined as the set of all words w € L(EG) such that either w € A(EG)
or w € L(EG) and w = z implies z = w.

Let EG = (V, A, Del,Inv, Xpos, Dup) be an evolutionary gram-
mar and let w be a word generated by E'G such that z = w holds for
any z with w — z.

Obviously, if there is an element v # ¢ from Del and Dup, re-
spectively, which can be applied to w, then there is a z # w with
w = z. Thus the only applicable element from Del and Dup is ¢,
and the cancellation or duplication of € in a word does not change
the word.

Moreover, if we can apply an inversion v € Inv to w yielding z,
then w = wyuw, and z = wymi(u)w,. Now w = 2z implies u = mi(u),
and thus the application of the inversion u to an arbitrary word does
not change the word.

Furthermore, let u be a transposition from Xpos such that its
application to w does not change w. If we shift u by one letter to the
right, we obtain w = vjuav, and z = vyauv;. w = z implies ua = au.
By the famous theorem by Lyndon and Schiitzenberger (see Lemma
1.7 in [125]) we get u € {a}*. Shifting to other positions we can show
that w € {a}~. Thus the application of the transposition u to any
word of v € {a}* with |v| > |u| does not change v.

We now consider the evolutionary grammar
EG) = (V, A, Del\ {e},Inv\ {u | u = mi(u)}, Xpos, Dup\ {¢}).

Obviously, any word w € mA(EG)\ A(EG) to which elements of
Del or Dup or Inv can be applied without changing w is contained
in A(EG;). Thus we obtain

A(EG) = A(EG1) U | J{w | w € L(EG)Nn{a}*,s(a) < |w| < t(a)}
a€V
(3.6)

where

s(a) = min{lu| | v € TN {a}*
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and
min{|u| | u € (DupU Del) N {a}™,
H(a) = if (Dupu Del)n{a}* #0

00, otherwise.

3.3 Duplication Grammars

String duplications or duplications of segments of strings are rather
frequent in both natural and genetic languages. For motivations com-
ing from linguistics, we refer to [86] and [110].

We consider here the context-free variants of duplication gram-
mars. We investigate their generative capacity, their mutual rela-
tionship, and their relationship to the context-sensitive duplication
grammars.

Based on [32], Martin-Vidé and P&un introduced in [89] a gen-
erative mechanism (similar to the one considered in [33]) based only
on duplication: one starts with a given finite set of strings and pro-
duces new strings by copying specified substrings to certain places in
astring, according to a finite set of duplication rules. This mechanism
is studied in [89] from the generative power point of view.

The section considers the context-free versions of duplication gram-
mars - this formalizes a possible hypothesis that duplications appear
more or less at random within the genome in the course of its evolu-
tion. We follow [94] where some problems left open in [89] were solved,
new results concerning the generative power of context-sensitive and
context-free duplication grammars were proved, and the two classes
of grammars were compared. Finally, some decision problems are
discussed.

A contezt-sensitive duplication rule is a triple whose components
are strings over a given alphabet ( in the case of DNA the alphabet
consists of the four nucleotids), say (u, z,v), which has the following
interpretation:

¢ the string z, which appears to the left of uv in the processed
string, is inserted in between u and v;
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e the string z, which appears to the right of uv in the processed
string, is inserted in between u and v;

o the string z which appears in between v and v is doubled.

A contezt-free duplication rule is a string over the given alphabet,
say =, whose effect is the duplication of z either to the right of,
or to the left of, or immediately after, an already existing copy of
z. Clearly, context-free duplication rules may be viewed as context
sensitive duplication rules whose contexts are empty.

In vivo, cross-over takes place just between homologous chromo-
somes (chromosomes of the same type and of the same length), see
[57]. A model of a cross-over between a DNA molecule and its repli-
cated version is considered in in the next section - this is 2 model
for a cross-over between “sister” chromatides. One specifies an ini-
tial finite set of strings and a finite set of cross-over rules of the form
(a,0,7,8). It is assumed that every initial string is replicated so that
two identical copies of every initial string are available. The first copy
is cut between the segments o and 3 and the other one is cut between
v and 4. Now, the last segment of the second string gets attached
to the first segment of the first string, and a new string is obtained.
More generally, another string is also generated, by linking the first
segment of the second string with the last segment of the first string.
Iterating the procedure, one gets a language.

The main idea of this approach is schematically presented in the
Figure 3.1.

A
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Hence, the splicing operation introduced by T. Head, see, e.g., [60]
is performed here between identical strings. It is easily seen that one
obtains the insertion of a substring of w in w; this induces a duplica-
tion of some chromosomes into genome. This type of recombination
is considered to be the main way of producing tandem repeats or
block deletions in chromosomes.

A (contect-sensitive) duplication grammar is a construct

A= (V> Dl, D'ryDOa A)a

where V is an alphabet, Dy, D., Dy are finite subsets of V* x V¥ x V=,
and A is a finite subset of V*. The elements of D;, D, and Dg
are context-sensitive duplication rules, and elements of A are called
axioms.

Given a duplication grammar as above and two words z,y € V*,

we define the following three types of direct derivation relations in
A:

z =»p, y iffz=ugxuvz9223, ¥y =z uzVT2213,
with z1,2,,2z3 € V*, and (u, z,v) € Dy,
t —»p, y iff ¢ =z1205uvz3, y = z1272uzv23,
with z1,z2,23 € V*, and (u,z,v) € D,
t =>p, y iff z=z1uzvz,, y= z1u2202,,

with z1,22,23 € V*, and (u,z,v) € Dyg.

The union of these relations is the direct derivation relation of A,
denoted by =>>, and the reflexive and transitive closure of = is the
derivation relation of A, denoted by =—>*. The language generated
by the duplication grammar A is defined by

L(A)={yeV* |z ="y, for some z € A}.

Thus, the language of A consists of all words obtained by beginning
with strings in A, and applying iteratively duplication rules from
DiUD,UDy. The application of a rule to a string means to copy one
of its substrings to the left of, or to the right of, or next to its “given”
occurrence. Because each of the three sets of rules may be empty,
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one obtains seven families of languages denoted by DUPL(X), X €
{l,7,0,1r,10,70,(r0}; the presence of a letter within X means that
the corresponding set of rules is non-empty, e.g., for X = {0, D; #
0, Do # 0 and D, =0.

Analogously, we define a context-free duplication grammar as a
construct A = (V, Dy,
D,, Dy, A), where V and A have the same interpretation as above, but
Dy, D,, Dy are finite subsets of V+ whose elements are context-free
duplication rules. Given a context-free duplication grammar as above
and two words z,y € V1, we define three types of direct derivation
relations:

r Ep, y ffr=uaizy223, y= 11229223,
with z1,z9,23 € V*, and z € Dy,
z Ep, y iff z =z121373, ¥y = T1279223,
with z1,25,23 € V*, and z € D,,
t Ep, y iff ¢ =2zy22;, y= 192229,
with z,,22,23 € V*, and z € Dq.
Again, the union of these relations is the direct derivation relation,
denoted by [=, and the reflexive and transitive closure of |= is the

derivation relation, denoted by =*. The language generated by the
context-free duplication grammar A is defined by

L(A)={y eV~ |z "y, for some z € A}.

Again, we get seven families of languages denoted by C FDU PL(X),
X e {l,r,0,lr,10,
r0,{r0}.

3.3.1 A Short Comparison

We begin by settling the relationships among the seven families of
context-free duplication languages.

Theorem 3.3.1 The relations in the following diagram hold, where
an arrow indicates a strict inclusion and a dotted line links two in-
comparable families.
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CFDUPL(])
| AN
AN
| « CFDUPLU0) —
CFDUPL(0) CFDUPL(I70) =— CFDUPL(ir)
/  CFDUPL(r0)
I
| /
CFDUPL(r)

Figure 3.2.

Proof. The language {a"b™a?b?|n,m,p,q > 1} isin CFDUPL(0)
(one starts with abab and doubles either an occurrence of a or an oc-
currence of b) but not in CFDUPL(Ir). To see the latter, we note
that each context-free duplication grammar having just left and right
duplication rules generates strings in atb*tatbtatbt; a contradic-
tion.

By a similar reasoning, the language {a"b™|n, m > 1} belongs to

CFDUPL(10)n CFDUPL(r0) n CFDU PL(ir)

but not to
CFDUPL(L)UCFDUPL(r).

The language {a,b,c}* is in CFDUPL(r)n CFDUPL(l) (the
initial set contains all strings of length at most 3, each letter a,b,¢
appearing at most once; duplication rules allow copying of any let-
ter to the right/left of one of its occurrences.) Because there are
arbitrarily long square-free strings in {a,b,c}*, [128], it follows that
{a,b,c}* ¢ CFDUPL(0).

Finally,

{a,b,c}*{$}*{d,e, f}* € CFDUPL(ir0)\
(CFDUPL(10) U CFDU PL(r0))
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which concludes the proof. a

The following result concerning the relationships among the context-
sensitive families of duplication languages has been proved in [89].

Theorem 3.3.2.[89]
1. The families DUPL(l)-and DUPL(r) are incomparable.
2. The following inclusions

DUPL(ryu DUPL(l) C DUPL(Ir)
DUPL(0) C (DUPL(r0) N DUPL(I0))

are proper.

It is an open problem whether or not DUPL(0) is included in
DUPL(Il) orin DUPL(r). However, we have

Proposition 3.3.1 CFDUPL(0) is strictly included in DUPL(Ir).

Proof. Let A = (V,0,0, Do, A) be a duplication grammar with Dy =
{z1,Z2, ..., z,}. Construct a duplication grammar A’ = (V, Dy, D,,
@, A"), where

D, =D
AI

{(zi,zi,€)]1 < i< n},

{z € L(A)] each z; has at most two non-overlapped

occurrences in z}.

It is easy to see that A’ is a finite set, and L(A) = L(A’). a

Along the same lines, we have

Theorem 3.3.3 CFDUPL(X)C DUPL(X), for all X € {0, I, r,
{0, r0, Ir, I70}.

Proof. It suffices lo provide languages that prove all inclusions to
be strict. The duplication grammar A = ({a, b}, {(¢, a,a), (¢,b,b)},
0, 0, {ab,a®b,ab? ab?} generates Ly = {a™™|n,m > 1}. Hence
Ly is in DUPL(l) (also in DUPL(r)) but not in (CFDUPL(l) U
CFDUPL(r).

Similarly, {a"b™a?b%|n, m,p,q > 1} € DUPL(Ir)\CFDUPL(Ir).
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One can show that {a™b™abln > 1} cannot be generated by any
context-free duplication grammar. On the other hand, {a™b"ab|n >
1} € DUPL(Ir0) ( see [89)]).

Take now the language L, = {ab"c™dPe|l < n,m,p < 3}*. This
language can be obtained by starting with the string abcde and iter-
atively applying rules {rom the set

Do = {(e,abcde,c),(a,b,c),(ab,b,c),(b,c,d),(be,c,d),
(c,d,e),(cd,d,e)}.

Consider the homomorphism A : {a,b,c}* — {a,b,c,d,e}* defined
by h{a) = ab3cde, h(b) = abc’de, h(c) = abed®e. Let z be an ar-
bitrarily long square-free string over {a,b,c}. The string h(z) is in
L. It is easy to notice that the adjacent identical substrings in hA(z)
are only the letters from {a,b,c}. If L, were in CFDUPL(0), then
any context-free duplication grammar generating L, would generate
strings containing arbitrarily many adjacent occurrences of the same
letter from {a,b,c}; a contradiction. a

3.3.2 Observations on the Generative Power

We start by considering unary alphabets. We will prove that in this
case the generative power of duplication grammars equals the accept-
ing power of deterministic finite automata. To this end, we prove the
following lemma.

Lemma 3.3.1 Over the unary alphabet, the equality DUPL(X) =
CFDUPL(0) holds for any X € {l,r,0,1r,10,70,(r0}.

Proof. Let A = ({a}, D, D;, Dy, A) be a duplication grammar. Let

Dy = {(w.a%,w)1 <1< n},
DT = {(Ilﬂu’jl:ylnl S l S TTL},
Do = {(zna,ul <1< ).

Take

« = maz({|uzv| : (u,2,v) € DyUD, UDo}U{|z| : z € A}.
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Consider now the context-free duplication grammar
A= ({a},@,@, Déh AI)7
where

AI

{z|z € L(A),]|z| < 3a},

n m P
D(,) {aqlq:2a5i5+2ﬁsjs+275ksy aSqS?a}
s=1 s=1 s=1

We claim that L(A) = L(A’). Note that each rule in Dy is applicable
to strings of length at least a. Furthermore, each application of
a rule in Dj simulates the application of a sequence of rules from
D;U D, U Dg. Consequently, L(A") C L(A).

All strings of length at most 3a from L(A) are also in L(A’). Let
z be the shortest string in L(A) such that |z| > 3a. Then there exists
a derivation in A’

=t Yy =>+ z

with

(6) z€A4,
(1) a<|yl < 3a,
(1)) a <z -yl £ 2a

Because y € A’ one may write y =>p; 2, and so z € L(A'). Induc-
tively, L(A) C L(AY). 0

Theorem 3.3.4 A language over a unary alphabet is regular if and
only if it is generated by a duplication grammar.

Proof. By the previous lemma, it suffices to consider duplication
grammars with just context-free duplication rules whose effect is to
double an occurrence of a substring. Let L C {a}* be a regular
language. Then, there exist a finite set F' and the positive integers
ki;1<i<m,and ¢ > maz{|z| |z € F} such that

L=Ful|J{a"*n > 1}
=1
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This can be easily seen if one considers a deterministic finite au-
tomaton accepting L, for which the transition function is defined
everywhere.

Consider now the duplication grammar:

A = ({a},0,0,{a%}, F U {dF*+9]1 < i < m).

Clearly, L = L(A). Duplications can never be carried out on words
of F. :

Conversely, let us consider a duplication grammar A = ({a}, 9,
0, Do, A), with Dg = {a®,a®,...,a"}. Let

p = ged(cy, ey ... Cn),

where gcd means the greatest common divisor. If L(A) is finite,
then it is obviously regular. If L(A) is an infinite set, then there are
‘t;,1<i<s, s <p,such that

L(A) = Fu | J{a"**|k > 0},
1=1
for some finite set F'. Consequently, L(A) is regular which completes
the proof. m|
The next result settles a problem left open in [89].

Theorem 3.3.5 All regular languages are in DUPL(X), X € {l, r,
10, 70, Ir, I70}.

Proof. We present a proof for DU P L(r), the proofs for other cases are
analogous. Let R be a regular language recognized by the determin-
istic finite automaton M = (Q,V,4,qo, F') with the total transition
function 6. Let for each state g, C,, be defined as follows:

C; = {z €V*|§(q,z) = q by passing each state, different from g,
at most once}.

For strings z,y € V*, we define the equivalence relation ~p as follows:

(z ~p y) iff (uzv € R iff uyv € R), for any u,v € V™,
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It is well-known (see‘e.g. [114]) that V*/ ~g (the quotient of V* by
~r) is finite; let k be the cardinality of V*/ ~g (the index of ~pg).

Now, one constructs the duplication grammar A = (V, 0, D,, 0,
A), where

Dr = U {(J:,y,s)lry ~R T, |$| < k7y € Cq}a and
qu-Cq¢0
A = {we€ R|for each q € Q, each string in C,

has at most k non-overlapping occurrences in w}.

We claim that A is finite. Indeed, no word longer than (£ +
1)l - card(Q), where [ = maz{card(C,)|q € @}, is in A. To see this,
assume that such a word, say w,isin A;so |w| = p > (k+1)l-card(Q).
Let g0,4q1,...,9p, gp € F, be the sequence of states that accepts w.
At least (k + 1) states in this sequence must be the same; assume
that ¢ is such a state. But then w contains at least k£ + 1 identical
substrings in Cy; a contradiction.

Clearly, L(A) C R. Let z be the shortest word in R\ L(A). Thus,
there exists z € Cy, for some ¢ € (), such that z occurs more than &
times in z. Let z = way, with |w| > k, where the given occurrence
of z is the last (rightmost) occurrence of z in 2. Let z = uvzy with
|v}] = k. Thus v has k& + 1 prefixes, and so there are two prefixes
v1, v of v such that v; ~g vy and |v1| < |v2|. We choose the closest
pair of such prefixes. By replacing v, by v; in v we get a string uv'zy
which is in L(A) because it is in R and it is shorter than z. Moreover,
vy = v1t, where t must be in Cy, for some ¢ € @ (because of the choice
of v; and vy). Consequently, (v,t,e) € D;, and so uv'zy =>p_ =.
Thus z € L(A); a contradiction.

Analogously one proves that each regular language is in DU PL({).

O

We recall that the family DUPL(0) is incomparable with the
family of regular languages.

The position of the class of regular languages with respect to
the classes of context-free duplication languages is given by the next
theorem.

Theorem 3.3.6 The family of regular languages is incomparable with
any of the families CFDUPL(X),X # 0.
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Proof. The regular language V*{c}*V*, where V contains at least
three symbols and ¢ ¢ V, cannot be generated by any context-free
duplication grammar. Indeed, if a context-free duplication grammar
generates all strings in V¥ {c}*V*, then it must contain left/right
duplication rules involving strings in V'* 4 ¢*. Therefore, also strings
in VH{c}TV*T{c}TV* can be generated.

Consider now the Dyck language over {a,b}, denoted by Dg,
and the non-regular language L = {ab}D,. This language is in
CFDUPL(r). The context-free duplication grammar A = ({a,b},
0, {ab}, 0, {abab}) with only right duplication rules generates L.
Clearly, L(A) C L; let z be the shortest string in L\ L(A). If
z = abzy, with z,y € Dy, then ab yields z in A as follows:

ab E" aby E” abzy.

If z = abazb, with ¢ € Dy, then the derivation eb | abab |=* abazb
is possible in A. Consequently, L(A) = L. a

The relation between CFDUPL(0) and the class of regular lan-
guages remains open.

Recall that a homomorphism which erases some symbols and
leaves the others symbols unchanged is called a projection. A projec-
tion h : (V UV')* — V= that erases the symbols in V' only is the
projection of V, denoted by pry.

Theorem 3.3.7 For each contez!-free language L € V*, there exists
a language L in CFDUPL(r) (CFDUPL(!l)) and a homomorphism h
such that L = pry(h~1(L")).

Proof. Let G = (N,V, S, P) be a context-{ree grammar generating L.
Assume that

P=|J{4i — i l1 <5<l
1=1
with § = A;. Furthermore, we assume that ¢ ¢ L. Let V' = N U
VU{c|l < i< n}u{d}, where c;,d, are new symbols. Let then A
be the duplication grammar (V’,0, D,,0, A), where

D, = {(ciwij|t <1<n, 1<j7<r}, and
A = {Cl‘lyldCI‘IJd. ..dC.L'l,,-ldCiL'Q.]d...dCI,m-"dAl}.
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Now, let h be the homomorphism

hi(VU{[i,jlll<i<n1<j<n}u{a|l <i<n} — (V)
such that
R([5,7]) = czijd,1<i<n, 1 <3<,
h(c;) = Aic;,1 <i<m, and

h(a,) = a, acV.

It is easy to see that pry(h~'(L(A))) = Gen(G). Clearly, whenever
a substring c¢;z;; is copied, this is done somewhere to the right of
the last occurrence of d - otherwise one gets a string “rejected” by
applying the inverse homomorphism k. Also, all strings that contain
nonterminal occurrences that are not immediately followed by some
¢i, to the right of the last occurrence of d, are rejected in the same
way. Moreover, every occurrence of a nonterminal A;, situated to the
right of the last occurrence of d, has to be followed by just one oc-
currence of ¢;. In this way duplication rules simulate the application
of production rules in G. a

3.3.3 Decision Problems

We discuss in this section some basic decision problems. We bt.egin by
pointing out that the “totality problem” is decidable for all families
of duplication languages.

Theorem 3.3.8 Let A be a duplication grammar over the alphabet
V. It is decidable whether or not L(A) = V=™,

Proof. We will consider duplication grammars having only left dupli-
cation rules - the other types of duplication grammars can be treated
in a similar way. Let A = (V,D;,0,0, A) be a duplication grammar.
The main point of our argument is the [ollowing property

L(A)y=V*ifandonly if {r € V™ :|z| <k +1} C L(A),

where k = maz{|z|:z € A}.
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The “only if” part is obvious. For the “if” part of the proof,
assume that z is a shortest word in V* \ L{A). This word can be
written as z = ya with @ € V. Hence y € L(A)\ A, and so there
exists £ € A such that z =>Br y. Because |za| < |yal, it follows
that za € L(A). But, also za =>"15r ya = z. To conclude, it suffices
to note that the inclusion {z € V* :|z| < k+ 1} C L(A) is decidable
due to the decidabilty of the membership problem. a

It is proved in [89] that the membership of a context-free lan-
guage in the family of languages DUPL(X), X # 0, is not decidable.
Our next theorem extends this result to the families of context-free
duplication languages, as well as to DU PL(0).

Theorem 3.3.9 It is not decidable whether or not a context-free lan-

guage is in a family CFDUPL(X),X ¢ {r,l}.

Proof. The proof is similar to the one in [89]. Let G be an arbitrary
context-free grammar with the terminal alphabet {a,b}, and let

L = Gen(G){c,d}" U {a,b}*{c"d"|n > 1}.

IfGen(G) = {a,b}*, then L = {a,b}*{c,d}* whichisin CFDUPL(X),
for all X ¢ {r,l}. It is easily seen that the grammar A = ({a,b,¢,d},
@, 0, Do, A), With

Dy = {a,b,c,d,ab,ba,cd,dc},

and
A = {a,b,c,d,ab,aba,ba,bab, cd, cdc,dec,dcd},

generates {a,b}*{c,d}*. The reader my easily check this assertion.
If Gen(G) # {a,b}*, then L cannot be generated by any con-
text sensitive duplication grammar (see the proof of Theorem 4 in
[89]). Consequently, L € CFDUPL(X) for X ¢ {r,{},if and only if
Gen(G) = {a,b}*, which is undecidable. o
This result can be also extended to the families C FDU PL(r) and
CFDUPL(l).

Theorem 3.3.10 It is not decidable whether or not a contexi-free
language is in a family CFDUPL(X), X € {r,!}.
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Proof. The proof is based on a reduction to the Post Correspondence
Problem (PCP). Take an arbitrary instance of PCP, i.e., two arbitrary
n-tuples of nonempty strings over the alphabet {a,b}:

€ =(z1,%2,...,Zn),

y= (yl)y2""7y’n)'

Then, consider the languages
L, = {ba"ba®...ba%%cz, ...z,2y |k > 1} for z € {z,y},
L, = {wycwzemi(wz)emi(w; )|wy, ws € {a,b}*}, and
L(z,y) = {a,b,¢}" = (Lz{c}mi(Ly) N Ls).
It is known that L(z,y) is a context-free language. For every solution
(t1,12,...,%) of PCP(z,y) the strings
ba'lba? .. .ba'kcz;, ... zixi emi(y, Ymi(yi,) - ..
mi(y;, )ea*b .. . ba'2ba'th
are not in L{z,y).
Clearly, when L(z,y) = {a,b,c}*, then L(z,y) is in CFDUPL(r) N
CFDUPL(l).
Now, it is sufficient to prove that L(z,y) ¢ CFDUPL(l)U
CFDUPL(r)if L(z,y) # {a,b,c}".

Let us suppose that L(z,y) = L(A), A = ({a,b,c},0, D,,0, A). We
choose a solution (4,12, ...1) such that

g, zip_y -2y | > maz{|w| |w € A}.
For {a,b}" C L(A), there exists a word w € A such that
w " mai(y;, )mi(ys,) ... mi(y;, ) € L(A).
By the choice of the solution (i1,15,...,1) the word
z = ba"ba? .. ba'k CT;, ... T;, T4, cwea*h ... ba2ba"b

is in L(A).
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Therefore, we get

z E* ba"ba®?...ba'*cz;, ...z T cmi(y;, )mi(ys,) -

mi(y,-k)cai*b ...ba2ba" b,

a contradiction. Hence the theorem holds. a

Finally, we consider “nonemptiness of the intersection problem”
Ys P

for DUPL(X), X #0.

Theorem 3.3.11 [t is undecidable whether or not L1 N Ly = 07 for
arbitrary two duplication languages in DUPL(X), X # 0.

Proof. Let ¢ = (z1,22,.-.,%n),¥ = (¥1,¥2,- .-, Yn) be an instance of
PCP, and let

Ly = {wSed"$cd™ .. . $ed*a;, ... ziyzi |k > 1,1 <4; <n, 1< 5 <k}

U{wScd$cd™ .. . $ed*8z;, ... zspzi |k > 1,1 <45 <n,1 < j <k},

where w = cdzcdy cd®zcd?y; . .. cd* T, cd™y,. L, is defined analo-
gously.

Clearly, the duplication grammar A = ({a,b,¢,d,$,#}, 0, D., 0,
{w$#}), with

D, = {($,cd'z;, #)|1 <i < n}U{($,cd'z;, X)1 < i< n, X € {a,b}}
U{(d1$7a’)? (d’$7b)}

generates L .
This concludes the proof, because L; N L, = 0 if and only if the
instance (z,y) of PCP has no solution. o

3.4 Self Crossover Systems

In this paragraph we are dealing with a very particular case of crossover
despite that this is not the only biologically significant case. One has
asserted [57) that in vivo, crossover takes place just between homol-
ogous chromosomes (chromosomes of the same type and of the same

length). A first attempt to model the homologous recombination was
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made in [65], where crossover between strings of equal length, which
exchange each other segments of equal length, is proposed.

Roughly speaking, in the present paper, we try to model crossover
between a DNA molecule and a its replicated version. Thus, our ap-
proach appears as a model for crossover between "sister” chromatids.
In our opinion this restriction makes up a theoretical aspect of molec-
ular biology that deserves to be investigated. What would happen if
crossover occured only between a chromosome and its replica 7

The 1main idea of our approach is schematically presented in the
figure below:

| ‘ | . | 'B | y ]
Wt f i T —
.—4\|—.—'.
w i T (—
z Y 6 t
Figure 3.3.

One gives a starting finite set of string and a finite set of crossover
rules (a, 3,7, 6). One considers that every starting string is replicated
so that, we have two identical copies for every initial string. The first
copy is cut between the segments @ and § and the other one is cut
between v and 6. Now, the last segment of the second string adheres
to the first segment of the first string, and a new string is obtained.
More generally, another string is also generated, by linking the first
segment of the second string with the last segment of the first string.
Iterating the procedure, we get a language.

We want to point out, at this moment, some connections between
our approach and the other large scale operations in genome. If the
situation is as in the Figure 3.3, then we have the deletion of a certain
substring of w which may be viewed as the deletion of a segment of
a chromosome.

If the situation is as in Figure 3.1 of the previous section, then
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we have the insertion of a substring of w in w; this appears as the
duplication of a segment in a chromosome.
A self crossover system is a triple:

5CO = (V, A, R)

where V is an alphabet, A is a finite subset of V*, and R is a fi-
nite commutative relation, R C (V* x V*)2. With respect to a self
crossover system as above, for z € VT, we define:

ey ff (1) ¢ =z108z0 = 237024

(it) y=zi0bzy

(47) (@, B)R(7,98).

Note that z > z3y8z; follows from the definition of R. Moreover,
the strings ziadéz4 and z3vfBz, are somehow "conjugated” namely,
there exists u € V* such that

z = wvuvy, for some vy, vy € V7,
Tiabzy. = viuuv,,
z37Bz2 = viv2

Denote by s<* the reflexive and the transitive closure of the relation
B,

The language generated by a self crossover system as above is
L(SCO)={z e V'|ww"z, we A}

Example 3.4.1 Take V = {a,b}, A = {bab}, and
R = {(a,b;b,a),(b,a;a,b)}.
We have
L(SCO) = {bb} U {ba?"b|n > 0}.

Indeed, bab va ba2b and bab va bb. Assuming that bab oo™ ba®"b, by
applying the rule (a,b;b,a) to this string, we get ba®"bva ba®™*' b. By
using the other splicing rule, we get ba®"b va bb. a
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Example 3.4.2 Consider V = {ay,az,...,a,}, A = {a1az...a5},
R = {(g,&;¢,6)}. .
We state that L(SCO) = V*. We are going to prove our assertion
by induction on n. It is obvious that the statement is true for n = 1.
Letz e VT,
z= zla;’ 220,:12 .. .zka;“zkH

with ty,te, ...t > 1,21,2k41 € (V = {an})*z1,22,..., 2 € (V —
{a})*.

By the hypothesis of induction and following the crossover rule,
we can perform the sequence of crossover below

2

t
W= 0107...0, DA Q107 ... Gpw B4" 21AnW & 2105w 64" 214} W

Going on, one obtains

131

210" w va 216 ww 4 2108 200w zlaﬁj z2a2woa* ...

t t t
N zla:l‘ zza:f .. .zka;"w " 2101 220,2 ... ZkGF Zpp10n D9 Z

Therefore, every string in V* can be generated by the above system,
which concludes the proof.

Denote by L{(SCO) the family of languages generated by self
crossover systems. The elements of £L(SCQO) will be referred as self
crossover languages.

Theorem 3.4.1 FEvery self cross-over language L, over {a}, is either
a finite set or exist a finite set ' € V* and k > 0 such that L =
Fu{a®n > k}.

Proof. Let SCO = ({a}, A, R) be a self cross-over system. Since

L(SCO) = | J L(5CO,), SCO, = ({a},z, R)

€A

it suffices to show that any language L(SCO;) is either a singleton

or of the form {a™|n > k}, for some k > 0. Clearly, every language

L(SCO,) is either a singleton or an infinite language.
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Let L(SCO;) be an infinite language and
k = min{|aé| : (a,B)R(~,6)}.
p = maz({|al |(a, B)R(7,8)} U{IA] [(e, B)R(7,6)})

Moreover, let (a, 8;7, 6) be the cross-over rule which fulfils the min-
imal value of k. Of course, L(SCO;) C {a™|n > k}. We show that
any z = a™,n > k is a string of L(SCO,). Because L(5CO;) is an
infinite set, exists m > n + p such that a™ € L(SCO,).

Then, we have the two following decompositions

a" = an—|a|—|5|a|a|/am—n+|6|

at = am—|5|/a|6|'

where the cross-over sites are indicated by the symbol /, which result
in generating of a™. a

Lemma 3.4.1 The language L = a*b*a*b* cannot be generated by
any self cross-over system.

Proof. Assume that L can be generated by the system SCO =
({a,b}, A, R). Let z = a™™a*b? be a string in L such that n,m,p,k
are bigger than the length of the longest string over {a,b} which
occurs in a rule of R.

Please note that, at each cross-over between two identical strings
of the above form, only the number of occurences of only one symbol,
in just one of its two segments is modified. According to this remark,
in order to get z, we have to produce a cross-over on a string of the
form a™b™a*b",0 < r < p, in the sites indicated below by the symbol
/:

a™b™a b [ b7 7 > 0
a™b™akb /b
But, we can choose also the following sites for cross-over:
a"bmakbm /b7

a™™ [ bm2gkbT
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and get the string a®b™a*b"1t™2a*b", which leads to a contradiction.
a

The next result is a consequence of the results got so far.

Theorem 3.4.2 The family L(SCO) is incomparable with the fam-
ilies of regular and contert-free languages, respectively.

Theorem 3.4.3 The families L(EG) and L(SCO) are incompara-
ble.

Proof. We prove that the self cross-over language L = {bb} U {ba?"b|
n > 1} cannot be generated by any evolutionary system. Assume
the contrary and let EG = ({a,b}, A, Del,Inv, Xpos, Dup) be an
evolutionary grammar generating L. Since the set Dup has to be
nonempty exists a* € Dup.

All strings ba?"b, ba?"*'b, ba®"**b are in L(EG); consequently,
by applying duplication rules to all strings ba2"b, ba?"*'b, ba2"**b
we get strings in L(EG). Therefore, there are integers p < ¢ < 7
such that

M+ k = 2F
2n+1 +k = 929
211+2 + k = 2T

which leads to 29%! — 2P = 27 — 29 or equivalently 2P(29+1-7 — 1) =
29(27=7 — 1). It follows that p = ¢ that is contradictory.

Conversely, we observe that the language L; = a*b*a*b* can be
generated starting from abab by iterating the duplication and deletion
of both letters a and b, respectively. a

Now we shall prove that the family £(SCO) has very poor proper-
ties concerning the closure under usual operations in formal language
theory.

N

Theorem 3.4.4 The family £L(SCO) is an anti-AFL and it is not
closed under left/right derivatives and complement, too.
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Proof.

Union: The languages L, = {bb} U {ba®"b|n > 0} and L; =
{baaab} are self cross-over languages but not their union. We omit
the simple proof of this fact.

Catenation: The language L = {a™b™|n,m > 0} can be generated
by the self cross-over system (a detailed proof is left to the reader):

SCO = ({a,b},{ab},{(a,e;¢,a),(b,&;¢€,b),(¢,a;a,¢),(e,b;b,¢)}).

From Lemma 3.4.1 it follows that L? is not a self cross-over lan-
guage.

Intersection with regular sets: Consider the intersection between
the self cross-over language {a}* and the regular language {a*"|n >
1}, which is not in £(SCO) due to Theorem 3.4.1.

Morphisms: Take the morphism h : {a,b}* — {a}* defined by
h(a) = h(b) = a, and the self cross-over language L = {bb} U
{ba*"b|n > 0}. However, h(L) = {aa} U {a®"*%|n > 0} is not in
L(SCO), as a consequence of Theorem 3.4.1.

Inverse morphisms: Take the self cross-over language L = {a™|n >
3} and the morphism & : {a,b}" — {a}" defined by h(a) = a, h(b) =
e. Clearly, h"}(L) = {z € {a,b}"| |z|o > 3}. We are going to prove
that h=(L) ¢ L£(SCO. Assume the contrary but notice that exists
k > 0 such that at least a cross-over rule is applicable to the string
z = b*ab*abkabk. Thus, ¢ may be split

¢ between two a’s,
e between an @ and a b,
e between a b and an a.

Therefore, we should consider nine cases, but the reader can easily
find out some appropiate sites such that each case leads to strings
containing less than three a’s, contradiction.

Kleene operation *: Consider the self cross-over language L =

{bb} U {ba?"b|n > 0} and assume that L* can be generated by a self
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cross-over system. Following the same idea as for proving Lemma
3.4.1, we want to obtain the string

z = ba®" bba®" .. . bba® b

with large enough n;,1 < i < k, pairwise different. For increasing the
number of a’s occurences in the last segment, we must split one copy
of z somewhere on its last segment of a’s. But, by choosing another
segment, we will obtain a string which has a substring of the form
ba™b, and 7 is not a power of 2, contradiction.

Left derivatives: Take L the previous language. We shall prove
that 9}(L) = {6} U {a®"b|n > 0} is not in L(SCO).

Assumming the contrary, in order to get a string a"b, with large
enough n, we must apply a cross-over rule to a string, say a?" b, n #
m. By crossing-over, the string a?” b may give the strings a®” t*b and
a®"~*b, for some k > 0. For both strings must be in 8}(L), it follows
that exist ¢ # j such that 2™%! = 2¢ 4+ 27, contradiction.

The case of the right derivatives is symmetric.

Complement: For the non-closure under coinplement, take the
language generates by the self cross-over system

SCO = ({a,b}, {aaabbabb}, R)
where
R = {(e,&;2,y),(z,y;¢,¢)lz,y € {aa,ab,ba,bb}}

In order to prove that L(SCO) = {a,b}* — {,a,b} we establish the
following two facts.

Fact 1. All strings of length two over {a,b} are in L(SCO).

This fact can be easily checked. For instance, the string ba can
be obtained as follows:

aaabbabb v babb 4 ba

Fact 2. Both strings aaabbabba, aaabbabbb are in L(SCO).
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The cross-over steps for generating the above strings are given

below:
aaabbabb a aaabbabbabb < aaabbabba

and
aaabbabb < aaabbabbbabb a aaabbabbb

According to the first fact, we can assume, by induction, that all
strings of length n > 2 over {a, b} are in L(SCO). Let z be a string
of length n+ 1 over {a,b} and z = ua. From the inductive hypothesis
we have

aaabbabba <™ ua

hence, by combining with the second fact, z € L(SCO). Analogously,
if z=ub.

Therefore, the complement of L(SCO) is the language {¢,a,b}
which, obviously, is not in LSCO. a

Theorem 3.4.5 The family L(SCO) is not closed under duplica-
tions and deletions.

Proof. If we try to duplicate the letter a in the strings from {bb} U
{ba?"b|n > 0}, we get the language {ba®"*'b|n > 0} which is not
a self cross-over language. Indeed, let us assume that the string
ba®"+1p produces two conjugated strings, say ba?"+1b and ba2"+1b.
Observe that 27+1 4 2 = 2 4 92k 4 2 holds that requires n = m = k.
Consequently, our task leads to a finite set, contradiction.

The same reasoning is valid for deletions as well. a
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Chapter 4

Other Operations

4.1 The PA-Matching Operation

We consider the PA-matching operation, used in DNA computing,
as a formal operation on strings and languages. We investigate the
closure of various families of languages under this operation, rep-
resentations of recursively enumerable languages and decision prob-
lems. We also consider the dual operation of overlapping strings. All
closure properties of families in the Chomksy hierarchy under both
non-iterated and iterated PA-matching and overlapping operations
are settled.

In the fastly emerging area of DNA computing, many new com-
putability models are considered, where many of the operations used
are inspired by the DNA behavior in vivo or in vitro. Examples of
such operations are: the splicing operation (used in H systems), the
annealing (used in sticker systems), and the insertion-deletion oper-
ations. These and other operations are discussed in [104].

Here we investigate yet another operation suggested by operations
on DNA molecules, the so-called PA-matching operation, used in
[109]. 1t is related to both the splicing and the annealing operations:
starting from two single stranded molecules z, y, such that a suffix w
of r is complementary to a prefix @ of y, by annealing we can form

the molecule with the double stranded part <1f)> and the remaining
: w
sticky ends specified by z and y. The matching part is then ignored
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(removed), so that the resulting string consists of the prefix of z and
the suffix of ¥ which were not matched.

This operation is considered here as an abstract operation on
formal languages. We relate it to other operations in formal language
theory and we settle the closure properties of families in the Chomsky
hierarchy under it. A dual operation is that of overlapping, where
we keep a matching part of two strings. Also in this case we settle
all closure properties of Chomsky families. Once again, it turns out
that manipulation of DNA molecules leads to operations interesting
from formal language theory point of view.

The set of all the proper prefixes and suffixes of the strings in a
language L C V* are denoted by PPref(L), PSuf(L), respectively.

For Ly, Ly, C V* we define the left quotient of L, with respect to Ly
by Lo\Ly = {w e V* | zw € L for some z € L,}. The right quotient
is defined in the symmetric way. When L, is a singleton, L, = {z},
then we write 0%(L) instead of {z}\L; and this operation is called
the left derivative of L; with respect to z. The right derivative is
denoted by 97(L;).

A finite transducer is a gsm which is able to change its current
configuration without reading effectively the current input symbol.
The finite transduction defined by a finite transducer M is denoted
by Thr, similarly to the gsm mapping. If L is a regular language and
M is a finite transducer, then Tys(L) is also regular.

4.1.1 The Non-Iterated Case

The PA-matching operation consists of cutting two strings in two
segments such that the prefix of one of them matches the suffix of
another, removing these two matching pieces, and pasting the re-
maining parts.

Formally, given an alphabet V', a subset X of V*, and two strings
u,v € V¥ one defines '

PAmx(u,v) = {wz|uv=wz,v=22, forz € X, and w,z € V*}.
The operation is naturally extended to languages over V by

PAmx(Ly,Ls)=  |J PAmx(u,v).
ueL),veL;
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When L; = L, = L we write PAmy(L) instead of PAmy (L, L2).
Since we shall only deal either with finite sets X or with X = V*,
we use the notation fPAm for finite PA-matching and the notation
PAm for arbitrary PA-matching PAmy +.

The reader familiar with the splicing operation ([59], [60], [104])
may easily recognize a special variant of splicing in the finite PA-
matching case.

A splicing rule over V is a quadruple r = (uy,ug, u3, uq), with
w eV 1<i<A4.

Given a finite set R of splicing rules and the strings z,y € V* we
write

or(z,y) = {z1wiusyz |z = z1urueT2, ¥ = Y1usiaye,
(’LL],UQ,'U.3,U4) € R) T1,Z2,Y¥1,Y2 € V*}
For Ly, Ly, L C V™, we define
or(Li,L2)=  |J or(z,v)
T€Ly,y€L?
or(L)=o0or(L,L),
O’%(L) =L,
R (L) = oR(L) U oR(oR(L)), i 20,
oR(L) = | ok(L).
i>0
Note that in the splicing case we cannot check the suffix-prefix
matching; this is the main difference between the two operations.
However, with the use of other operations, the two operations can
simulate each other.

Lemma 4.1.1 If a family F of languages is closed under concatena-
tion with symbols and non-iterated splicing, then F is closed under
the operation fPAm.

Proof. For L,,L, C V=, consider two symbols ¢;1,¢y not in V.
For a finite set X C V*t, consider the set of splicing rules R =
{(6,2c2,c12,€) | £ € X}. Then we obviously have

PAmx(Ly,Ly) = or(Li{ea},{c1} o),
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which implies the lemma. a

Lemma 4.1.2 If a family F of languages is closed under finite trans-
ductions and the operation fPAm, then it is closed under non-iterated
splicing.

Proof. Let Li,L; C V* be two languages and R be a finite set of
splicing rules over V. For each rule r = (uy,us,u3,us) consider a
new symbol a, and let X = {a, | 7 € R} be the set of these symbols.

We define two finite transducers, My, M3, such that, for each z €

V=,
Tm,(z) = {ziwa, |z = sruugzy, for r = (uy,uz,us,uq) € R
and z1,z, € V*},
Tam,(z) = {a,uq22 | T = Truauaty, for r = (uy,ug,us,uq) € R

and 1,12 € V*}.
Clearly, the equality
or(L1, L2) = PAmx(Tp, (L1), Tiy(L2))

holds (the PA-matching just puts together the strings marked by the
two tranducers) which proves the lemma. a

Of course, the concatenation with symbols can also be performed
by finite transducers, therefore, by combining the above two lemmas
we get:

Theorem 4.1.1 If F is a family of languages closed under finite
transductions, then F is closed under the operation fPAm if and only
if it 1s closed under non-iterated splicing.

Then by Theorem 7.1 from [104], we get the following corollary:

Corollary 4.1.1 The families REG, CF, RE are closed under the
fPAm operation, but LIN is not closed.

Also the [amily C.S is closed under the operation f PAm (although
it is not closed under splicing), as a consequence of the following
result. ‘
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Lemma 4.1.3 If a family F of languages ts closed under concatena-
tion, union, and right and left derivatives, then F is closed under the
operation fPAm.

Proof. The following equality is obvious:

PAmx (L1, L2) = | J 05(L1)8L(L2).
zeX

The required closure properties of F' imply then the lemma. a
Corollary 4.1.2 The family CS s closed under the fPAm operation.

We move now to investigate the properties of arbitrary PA-match
operation.

Lemma 4.1.4 If a family F of languages ts closed under the shuffie
and finite transductions, then F is closed under PAm.

Proof. Let Ly, Ly € F,L,,Ly C V*. Consider the alphabet V' = {a’|
a € V} and the morphism h defined by h(a) = @', for a € V. Since
each morphism can be realized by a finite transducer, h(L,) € F.

We construct now a finite transducer M which, informally speak-
ing, works as follows on the strings from the language Shu f( Ly, h(L3)):

- M reads a prefix of the input string formed exclusively by non-
primed letters and leaves it unchanged;

- then, starting from a new state, M checks for a while if the
input contains only pairs of letters of the form aa’, and writes
nothing to the output;

- then, starting from another state, M reads only primed symbols
and writes as output the non-primed versions of them.

It is easy to see that M defines a transduction that satisfies the
equation
Tap(Shuf(Ly, h(L2))) = PAm(Ly, Ly).

Thus the lemma holds. a
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Lemma 4.1.5 If a family F of languages such that REG C F is
closed under concatenation with symbols, left derivatives, and PAm,
then F is closed under Pref.

Proof. Let L C V* and let ¢, ¢ be two new symbols. Then obviously
Pref(L) = 84 PAm({e:} L{ez}, V*{c2}),
and so the lemma holds. a

Theorem 4.1.2 1. The families REG and RE are closed under
PAm.
2. The families LIN, CF, and CS are not closed under PAm.

Proof. Let us consider the languages

L, = {cwdymi(w)ds | w € {a,b}*},
Lg = {dl’UJdgmi(’LU)Cg | w E {a,b}+}.

Clearly, both of them are linear languages. It is easy to see that
8¢, (05,(PAmM(Ly, L2))) = {ww | w € {a,b}*},

which is not a context-free language. Consequently, the families LI N
and CF are not closed under PAm.

The family CS is not closed under Pref; the families REG, RE
are closed under shuffle and finite transductions. Thus, the theorem
folows from the previous lemmas. |

A language L is said to be a fired point of the PA-match operation
iff PAm(L) = L.

If L is a regular language, then by Theorem 4.1.2 we have that
PAm(L) is regular. The equivalence problem for regular languages
is decidable. Therefore, we can decide whether or not a given regular
language is a fixed point of the PA-match operation. As expected,
this is not true for the family of context-free languages.

Theorem 4.1.3 The problem whether or not a given contezt-free
language 1s a fired point of the PA-match operation is undecidable.
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Proof. Take two arbitrary n-tuples of nonempty strings over the
alphabet {a,b}, z = (z1,%2,...,20n),¥ = (Y1,¥2+- -5 ¥n); 7 > 1, and
consider the languages

L, = {ba"ba'...ba*czy, ...21p2, | k> 1,1 < <,
1 <1<k}, for z € {z,y},

{wrcwaemi(wy)emi(wy)|wy, we € {a,b}"},

{a,b,c}* — (Lo {c}mi(Ly)N L;).

L
L(z,y)

It is known, see, e.g., [117], that L(z,y) is a context-free language.
If PCP(z,y) has no solution, then L(z,y) = {a,b,c}" and

PAm(L(z,y)) = {a,b,c}". (4.1)

If PCP(z,y) has solutions, then L(z,y) # {a,b,c}* but equality 4.1
still holds. (For each w € {a,b,c}*, the strings c¢* and c'w are in
{a,b,c}* but not in L;; hence, these strings are in L(z,y). This
means that w € PAm(c4, c'w), that is, {a,b,c}* C PAm(L(z,y)).
The converse inclusion is trivial.)

Consequently, PAm(L(z,y)) = L(z,y) if and only if PCP(z,y)
has no solution. Since PCP is undecidable, the theorem holds. a

4.1.2 The Iterated Case

We will investigate now the iterated version of the PA-match opera-
tion.

It is defined as follows. For a language L C V* and a finite set
X C VT, we define:

PAm% (L) = L,
PAMSY (L) = PAm%(L)U PAmx(PAm% (L)), k>0,
PAm%(L) = |JPAmk(L).

k>0

When X is finite, the iterated PA-mathching operation is denoted
by fPAm*; in the case X = V*, the corresponding operation is
denoted by PAm*.
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Lemma 4.1.6 If a family F of languages is closed under concate-
nation with symbols, iterated splicing, and left and right derivatives,
then F is closed under iterated finite PA-matching.

Proof. Let L C V* be a language in F and X be a finite subset of
V+. Let ¢1, ¢y be two new symbols. We associate with X the set of
splicing rules R = {(¢,zcy,c12,¢) | ¢ € X}. Clearly,

PAm% (L) = 0 (9L, (cr({c1} L{e2})))-
Hence the lemma holds. |

Lemma 4.1.7 Let F be a family of languages closed under concate-
nation with symbols, union, left and right derivatives.

1. If F is closed under fPAm™, then F is closed under fPAm.

2. If F is closed under PAm™, then F is closed under PAm.

Proof. For Ly,Ly C V™, let ¢;,c, be two new symbols. It is easy to
see that the following equation holds:

PAmx(L1, Ly) = 0L, (07, (PAm% ({e1} L1 U La{ca})).

(The derivatives require that at least one PAm operation is per-
formed, while the markers ¢, cy prevent performing more than one
such operation.) Note that this relation holds also for PAm. a

Theorem 4.1.4 1. The families REG and RE are closed under both
fPAmM™ and PAm™.

2. The family LIN ts not closed under fPAm* and PAm*.

3. The family CF s closed under f PAm* but it is not closed under
PAm=.

4. The family CS is closed neither under f PAm™* nor under PAm*.

Proof. 1. The closure under fPAm* follows from Lemma 4.1.6 and
the fact that the family of regular languages is closed under iterated
splicing (see 26, 60, 104]).

A more involved argument is required for proving the closure un-
der PAm™ (remember that the regularity is not preserved by an it-
erated splicing with respect to a regular set of splicing rules — see
[102)).
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Let R C V* be a regular language recognized by a finite automa-
ton M = (Q,V,4,qo, F), which satisfies the following conditions:

F {qf}7 do 7£ as,
5(gs,a) = 0, foralleeV,
@0 ¢ 6(qgo,z), foreachzeVt.

Clearly, each regular language is accepted by a finite automaton sat-
isfying the above conditions.

We construct now iteratively a sequence of finite automata with
e-moves, Mo, My, ..., M;, ... with M; = (Q,V,6;,q0,{qs}) as follows:

* -IMO = (Q7V7607q07{qf}) =M.

o Miy1 =(Q,V,6i+190,{qs}) is obtained from M; as follows.

— biy1(8,a) = b:(s,a),forall s € Q,a € VU {e}.

— For all pairs of different states q,¢' € Q — {go,¢s} such
that:

1. g ¢ 6i(q¢),
2. L(M,)N L(M%) # 0,

where

M, = (Q,V, 6,90, {g}), and MY =(Q,V,6;, ¢, {q;}),

we set
biv1(q',€) = big1(q',e) U {q}.

Obviously, the above sequence is finite, because there exists k such
that My, = My (the set of states is not changed, only new transi-
tions are added); hence My, = My, for all p > 0. Note also that
the construction is effective due to the decidability of the emptiness
problem for the intersection of two regular languages. Furthermore,

R = Ace(Myp) C Ace(M,) C Ace(M3) C ... C Ace(My) =

ACC(Mk.H) = ... Q PAm*(R)
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holds. On the other hand, one may easily prove by induction that
PAmI(R) C Ace(M;), for all j > 0; therefore PAm*(R) = Acc(Mj).

2. Because the family LIN is closed neither under fPAm (Corol-
lary 4.1.1) nor under PAm (Theorem 4.1.2), by Lemma 4.1.7 it fol-
lows that it is not closed under the iterated versions of these opera-
tions.

3. It is known that the family C F is closed under iterated splicing
(60]; thus, the closure of C F under fPAm* follows from Lemma 4.1.6.
By Lemma 4.1.7 and Theorem 4.1.2, we get the non-closure of CF'
under PAm™.

4. Consider now a language L € RE — CS5,L C V*. There are
a1,a2 ¢ V and a context-sensitive language L' C L{a;}{az}* such
that for each w € L thereis ¢ > 0 with wala§ € L'. We have then

8;1(PAmIaz,azc}(L'{ag,ag} U {azc}) =1TL.

Indeed, the first PAm operation transforms strings wa;a} € L' into
waya} 'c. The next step leads to wa;aj~? and the process can
be iterated. The right derivative with respect to a; selects from
PAMY,, 4,0 (L {0, azc} U {azc}) the strings of the form wa,. Since
we nondeterministically concatenate L’ with both a; and a2, in this
way we can get waj for all w € L. Thus, the equality follows.

If the family CS was closed under the operation PAml‘azMC},
then L € CS, which is a contradiction.

As a matter of fact, the non-closure of the families CF and CS

under iterated arbitrary PA-matching may be obtained from a more
general result.

Theorem 4.1.5 Each recursively enumerable language L C V* can
be written as L = 8% (97, (PAm*(L') 0 {c1}V*{c3})), where L' is a

contezt-free lunguage and cy,co are two new symbols.

Proof. Assume that L is generated by a type-0 grammar G = (N, V,
S, P)in the Geffert normal form, that is, with N = {§, A, B,C} and
P having only context-free rules of the form § — z,z € (NUV)*,
and a single extrarule ABC — ¢. Consider the context-free grammar
G'=({S},VU{4,B,C,X},5,{S - h(z) | S — z € P}), where X
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is 2 new symbol, and h is a morphism that replaces A by X A leaving
all the other symbols unchanged. Consider the language

I' = {ea}L(GY{e2} U{XABCwc,Ymi(w)Z | we (VU{B,C})"}
U {YwZmi(w)e;|we (VU{B,C})'},

where Y, Z are two new symbols. Clearly, L’ is a context-[ree lan-
guage.

Let cyw; X ABCwsyc, be a string in {c1}L(G'){c2}, with w, €
(VU{B,C})* (that is, this is the rightmost occurrence of X ABC in
our string). The only possible PA-matching operation is

PAm(ciun X ABCwacy, X ABCwqc2Y mi(wq)Z) = cyun Y mi(w;)Z.
The obtained string can again “enter” only one operation:
PAm(cyw Y mi(w,)Z,Ymi(wz) Zmi(mi(wsy))er) = cywiwacs.

In this way, one occurrence of X ABC has been removed. By iterating
the PAm operation, all such substrings can be removed — therefore
{e1}L{c2} = PAm*(L') N {c1}V*{c2} holds. The left and the right
derivatives lead now to L. a

As a direct consequence of the above result, we find that every
family of languages that contains all context-free languages but not
all recursively enumerable languages, and is closed under intersection
with regular sets and right and left derivatives, is not closed under
PAm*. This is the case for the most of the language families in the
regulated rewriting area [114]. Moreover, the above result implies
some undecidability results.

Corollary 4.1.3 The following problems are undecidable:
1. For an arbitrary L € CF, is PAm*(L) regular/contect-free?
3. For an arbitrary L C V*,L € CF, does w € V= belong to
PAm*(L)?

4.2 The Overlapping Operation

In this section we consider another operation on languages that may
be viewed as the dual of PA-matching. While the PA-matching oper-
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ation removes the matched part, the overlapping operation preserves
the matched part and removes the rest.
More precisely, for strings =,y we define

Ov(z,y) = PSuf(z) N PPref(y).
Then,

Ov(L1,L2)= |J Ov(z,y) = PSuf(L1) N PPref(Ls).
z€Ly,y€L2

We write Ov(L) instead of Ov(L,L). The closure properties of the
language families in the Chomsky hierarchy under the overlapping
operation are the same as for the PA-matching operation.

Theorem 4.2.1 1. The families REG and RE are closed under Ov.
2. The families LIN, CF, and CS are not closed under Ov.

Proof. The first assertion follows from the closure of both families
under intersection, PPref and PSuf.

It is easy to see that the closure under overlapping, together with
other “easy” closure properties (concatenation with symbols, left
and right derivatives), implies the closure under intersection (L; N
Ly = 8L (97, (0v({c2} Li{c2}, {c1}L2{c}}))) and the prefix operation
(Pref(L) = 8'({c*}V~,{c}L{c})). These observations imply the sec-
ond claim. o

From the previous proof it follows that the fixed point problem
for Ov is decidable for regular languages. The problem remains unde-
cidable for context-free languages (with the same proof as for PAm).

Now, let us consider the iterated version of the overlapping oper-
ation. The usual way of defining an iterated operation (see the case
of the splicing and the case of PA-matching) does not work for the
iterated overlapping, because Ov(Ov(L)) C Ov(L), which makes the
usual definition (Qv**}(L) = Ov*(L) U Ov(Ov*(L))) uninteresting.
Therefore, we shall define Ov¥*}(L) = Ov(Ov*(L)), for all £ > 1.
Moreover, Ov™(L) = L’ iff the following two conditions are fulfilled:

(i) L' C Ov*(L), for all k > 1,
(i) for each L” with L' C L” there exists & > 1
such that L” ¢ Ov*(L).

https://biblioteca-digitala.ro / https://unibuc.ro



4.2. THE OVERLAPPING OPERATION 169

This means that, Ov*(L) is the largest language (with respect to
inclusion) which is included in all the sets Ov(L), Ov*(L),...

Theorem 4.2.2 1. For each k > 1 there is a language Ly such that
Ov*(Lk) = Ov*(Lg).

2. There are languages L such that Ovkt1(L) C Ov*(L), for all
k> 1.

Proof. Consider the language Ly = {a'd’ | 1 < 1,5 < k}. It is easy to
see that Ov(Lp) = Ly—1,2 < m < k, and Ov(L1) = 0. Therefore,
Ov* (L) = Ov*(Ly).

Consider also the language

Lo = | J{(ba™b)'(ca™) | 1 < 4,5 < n}.

n>1

For each n, we can overlap only strings containing blocks ba™b, ca™c.
For given n, we can perform a bounded number of overlappings, be-
cause at each step we have to remove either the prefix ba™b or the
suffix ca™c. Therefore Qv ! (L) # Ov*(Ls) for k < n. Because n
can be arbitrarily large, the operation can be iterated an arbitrarily
large number of steps. a

Note that Ov¥(Ls) # 0, but Ov*(Leo) = 0.
Theorem 4.2.3 The families LIN and CF are not closed under Ov*.

Proof. For Li,Ly C V™, let us consider two new symbols, ¢, c;. We
obtain the equality:

Ov' ({1} Lifea} Uf{er} " La{ea} )N {1}V {e2} = {er }(L1N L2){c2}
Indeed, {c1}*(L1 N La){c2}™ € Ov({e1} Li{ea}™ U {1} La{ea}).

Starting from strings in {cy}*(L1 N L2){c2}*, we can iterate the over-
lapping operation an arbitrarily large number of times.

By this equation, the closure under Qv* implies the closure under
intersection. Since the families LIN and CF are not closed under
intersection (but they are closed under concatenation with regular
languages, intersection with regular languages, union, and left and

right derivatives), the theorem holds. a
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Theorem 4.2.4 The family CS is not closed under Ov™.

Proof. Let L C V* and let ¢y, c; be new symbols (not in V). Consider
the language

L' = {1 }'V{er} U {aa}?((Shuf(L,{c2}"))nV*{c2}"V").
This is a context-sensitive language. It is easy to see that
0" (L) 0 {1}V {ez) = {e1} Pref(L){c}.

(We have {c;}*Pref(L){c2}* C Ov(L’'), hence we can iterate the
operation Qv an arbitrarily large number of times.)

Because the family CS is closed under right and left derivatives,
but not under the operation Pref, we obtain the non-closure under
Ov*. O

Clearly, RE is closed under the iterated overlapping operation.
The case of the family REG will be settled below (also in affirmative),
after establishing two auxiliary results.

Let A = (Q,V,6,q0, F) be a minimal complete deterministic finite
automaton; because the automaton is complete, the mapping 6 is
total and a dead state exists fromn which there is no path to a final
state. Let A be the set of all finite automata of the form 4,, =
(Q,V,8,p,{q}), for p,q € Q. Clearly, this is a finite set. We denote
by L(A) the family of all languages recognized by automata in .4 and
by CL(A) the closure of the family L(A) under finite union and finite
intersection operations. Because L(A) is a finite family, also CL(A)
is a finite family of languages.

Lemma 4.2.1 The family CL(A) is closed under complementation.

Proof. Let L be a language in CL(.A). It can be written in the form
L=(Liin...0L1n)U...U(Ly1N...N Ly .. ), where each language
L;;;1<i<m,1<j<n,is an element of L(A). The complement
of each language L;; (we denote the complement of a language K by
K)is also in L(A), since A was a complete deterministic automnaton.
Because L = (L1 U...ULj o, )N...0 (L1 U...ULp ), it follows
that also the complement of L is in CL(A). 0
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Lemma 4.2.2 The family CL(A) is closed under the non-iterated
overlapping operation.

Proof. Let L be a language in CL(A). We write it in the form
L=TyU...UT,, where each T;,1 <t < n is a finite intersection of
languages in C L(A). For every integer i = 1,...,n, denote:

Ki={z e V™| 0,(Ti) = {e}},
M; = {z € V" | 8(Ti) = 0},
P ={z e V" | (T)) = {e}},
R, ={zeV"|0.(T:) = 0}.

Note that the following assertions hold for each string z € V*:

ze€L—-0v(l)e d(L)={e}or (L) ={e} &
(8L(T;) C {e)} for all 7 and there is some j such that 85(T;) # 0),
or

(0%(T;) C {e} for all i and there is some j such that 9_(T;) # 0).

Consequently, we have

L-0v(l) = (ﬂ (K;iuM)- ) Mi)

1<i<n 1<:<n

U (( () (PUR)- ) Ri).

1<i<n 1<i<n

By Lemma 4.2.1, it suffices to prove that for every : = 1,...,n the
languages K;, M;, P;, R; are contained in CL(.A).

Consider any T} = Lyn...N L, where L; € L(A),1 < j < m.
Yor every j there is an automaton 4; = (Q,V,4,p;,{f;}) in A such
that LJ' = L(A])

a. In the standard manner, construct the product automaton
Ag = (Q"‘,V,E,E,{f}) which accepts T;, where p= (p1,-+->Pm)

and f=(fy,..., fm). I Ax has a cycle which contains the final state
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?, then K; = 0 and this is a language in C L(.A). Otherwise, K; = T;,
which is again in CL(A).

b. For the previous automaton Ar, let Fps be the set of states
which appear on a path {rom P to f Consider the automaton Aps =
Q™,V, 6,P,FM). Then,

M; = Acc(Ap) = U Acc((Qm,V,g,;,{E})).

TJ.EFM

For every state q= (q1,...,9m) € Fu, the language accepted by
the automaton (Q™, V,E,P,{E}) is an intersection of the languages
Acc((Q,V,6,p;,{q;})), which are in L(A) for all j =1,...,m. Con-
sequently, M; € CL(A).

c. The proof of the relation R; € CL(A) can be obtained in the
same manner as in the case of M,.

d. For each automaton A; = (Q,V,6,p;,{f;}) as above we con-
struct its reversal, Af = (Q,V,éR,fj,{pj}) and we make Af‘ de-
terministic by the usual subset construction technique. Let Aﬁ =
(29,V,8F,{f;}, F;) be the automaton obtained in this way. Then,

by definition, Acc(Aﬁ) = mi(L;) holds.
We construct the product ((29)™,V, 6R s, F) of automata Aﬁ,
.., AR which accepts TR = mi(L))n...n mi(Lnm), where S=

IR 1

({fi},. s {fm}). Let Fp be the set of all states ¢ in F such that

does not have a path to any state of F. Let Ap = ((29)™,V,6F,
, Fp). Then, we have P? = L(Ap). Thus,

P, = Acce(AR)

wl =l

Ace(((29)™, V, (6R)F, Fp, {31))
U Acc(((22)™,V,(6%)R, 4, {3}))-

TJ'EFP

It suffices now to show that for every EE Fp, the language Z?

ACC(((2Q)"HV,(§")R,3, {51))isin CL(A). Let 4= (Ey,...,En) €
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Fp, where E; C Q,1 < j < m. Note that for any (Xi,...,Xm) and
(Y1,..-,Ym) in (29)™ and for any a € V, the following assertions
hold:

(Yy,...,Yn) € ((%)R((Xl,...,Xm),a)

B (M, Ym)ya) = (X1, ey Xom)
6?()@-,11): X;, forallj=1,...,m,
X; ={q| g€ é%(p,a), forsome p€ Y;}, forall 1 < j < m,
X; ={q|p=26(q,a), for some peY;}, forall 1 <j<m.

t ¢ ¢

Therefore, we have

A

q

N——

N (ﬂ Ace((Q, V58, {5;1) = U Acel(@, V28, {3))

1<5<m \r€kE, r¢E;

hence this language is in C L(.A) and this completes the proof of the
lemmma. |

Theorem 4.2.5 The family REG is closed under the operation Ov~.

Proof. Starting from a minimal deterministic finite automaton A for a
regular language L, we construct the family CL(.A) as above. Because
this family is closed under non-iterated overlapping, all languages
Ov*(L),k > 1, are in CL(A). Because the family C L(.A) is finite, it
follows that only finitely many languages Ov¥(L) are different to each
other. The smallest of them is equal to Ov™(L) and it is an element
of CL(A). It follows that Ov~(L) is a regular language. O

4.3 Operations Suggested by
Gene Assembly in Ciliates

We define three operations on strings and languages suggested by the
process of gene assembly in ciliates. The closure of the classes of reg-

ular and context-free languages under these operations is settled. We
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also consider the macronuclear language of a given language. Finally,
some open problems and further directions of research are discussed.

A bit more precisely, these operations are suggested by the intri-
cate transformation process by which the macronucleus of a ciliate
results from its micronucleus. The reader interestead in more biolog-
ical details is refered to [76] and [106].

Following [42, 43] we define the following three operations which
might be viewed as formal linguistical definitions of the operations
through the gene assembly process in cilitates is accomplished:

o (loop, direct repeat)-ezcision (ld, for short),
o (hairpin, inverted repeat)-excision (ht, for short),
e (double loop, alternating direct repeat)-ezcision (dlad, for short).

The computational power of this transformational process taking
place in ciliates has been considered in [77] and [42].

A gac-scheme (gene assembly in ciliates) is a pair o = (V, P),
where V is an alphaBet and P is a finite subset of V1, whose elements
are called pointers, such that mi(P) = P.

For a gac-scheme as above, we write V = {@|a € V} and P for
the set consisting of all strings obtained from those of P by replacing
each letter with its barred copy in V.

4.3.1 The Id Operation
The Non-Iterated Case

Given a gac-scheme 0 = (V,P) and a string w € V¥, we define
formally the [d operation as follows.

The /d operation proceeds informally as shown in Figure 4.1. As
one can see, the linear molecule (string), in which two occurrences of
a pointer a have been emphasized, is folded into a loop aligned by
this pair of pointers. Then, the string is cut as in Figure 4.1, yielding
two strings, a linear one and a circular one. We consider here that
a circular molecule is no longer a micronuclear precursor for another
assembly, so that we keep only the linear molecule. For this reason,
the segment y must not contain any pointer.
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T, a  z
+
Figure 4.1.

Formally, the !d operation is defined by

ld,(w) = {zoz|w=zayaz, z,2z€ V* ye VT,
a € P, Sub(y)n P = 0}.
A string w is called an ld,-macronuclear string if ld,(w) = 0.
The above operation can be extended to languages in a natural

way:
lda(l’) UwelL ldo(w)‘

A family of languages F is closed under the operation [d if for any
language L € F and any gac-scheme o, {d,(L) € F holds.

Proposition 4.3.1. Any full trio is closed under ld.

Proof. Let 0 = (V, P) be a gac-scheme with P = {zy,z,,...,z,} for
some n. The construction is rather simple: We define the homomor-
phisms

h:(VUVU/{cr,ca.orcn,di,da,. .. dy})" — V7,
defined by

h(a) = h(a)=a,a€V,
h(ci) h(dl) = Iy, 1 S 1 S n.

and
g: (VUVU {c1,¢0,. . en,dy,doy oo dn}) — VT,
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defined by

g(a) = a,gl@ay=1,aceV,
g(c;) = 4, g (d) ,1<i<n

Now we consider the regular language
R= U,V {e}(VH\ 7*PV*){d} V™.

We claim that
ld,(L) = g(h'(L) N R),

for any language L over V. Indeed, the regular language R assures
that the following conditions are satisfied:

- The strings in A~*(L) N R are produced from those strings in [
having two occurrences of some pointer, say ¢;, whose inverse homo-
morphical images are the symbols ¢; and d; while the other pointer
occurrences are not transformed into symbols in the set {c3, ¢z, .
Cny d1, d2y .y dp}.

- The segment between these two occurrences in the original string
contains no occurrence of any pointer and is transformed into its
barred version by the inverse homomorphism A~!.

- The prefix and suffix of the original string before and after these
occurrences, respectively, are left unchanged by applying h~!.

Now the homomorphism g erases any symbol d;, 1 < 2 < n,
together with all barred letters, restores any string z; for ¢;, 1 <
t £ n, and leaves unchanged the letters {rom V', which concludes the
reasoning. a

Since the families of regular and context-free languages are full
trios, we get:

.oy

Corollary 4.3.1. The families of reqular and contezt-free languages
are closed under the operation [d.

The Iterated Case

Let L be a language over an alphabet V and ¢ = (V, P) be a gac-
scheme. The (d,-macronuclear language of L, denoted by {d, M (L),
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consists of all /d,-macronuclear strings obtained from the strings of
L by applying iteratively the operation /d with respect to o.
More formally, we define the languages

Ro = I,
Ly = {w€ Ro|lds(w) =10},
Riy1 = lde(Ri\ L;), and
Liyi = {w€ Rip1|lds(w) =0}, i >0.

Then,

ldc,M(L) = UizoLi.
We now address the following problem: given a regular/context-free
language L and a gac-scheme o, is {d, M (L) still regular/context-free.
In the remaining part of this section we provide a complete answer
for a large class of gac-schemata.

Lemma 4.3.1. Let 0 = (V,P) be a gac-scheme such that any two
strings z,y € P, with y # mi(z), do not overlap each other. Then,
one can construct a deterministic finite transducer M such that for
any language L over V', gas(L) is ezactly the set of allld,-macronuclear
strings existing in L.

Proof. We assume that P = {zW) 2™ 2"} for some n > 1
and zU) = zgj)a:gj) . 'Il(igi) . Before defining the finite transducer,

we briefly recall the well-known KMP algorithm for string matching
proposed in [69]. For each 1 < j < n, one constructs the array nect;
of dimension |z(7)| provided by the following algorithm:

begin
next;(l) := -1,
for i:=2to |zU)] do
k= nexrtj(i— 1)+ I;
while J:Ej_)l # J:Scj) and k> 0do
k= nextj(k) + 1;
next;(i) == k;
end
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Given a string ¥ = y1¥2 - . . Ym, Where y¥1,¥2,. .., Ym are symbols,
the matching process of zU/} in y proceeds as follows. The sym-

bols in the two strings are compared until a mismatch is found. At
()

that point, say at z;”/, the same symbol in y is compared against

:cfi)n](i)ﬂ. If this is a mismatch too, then the same symbol in y is

compared against zi]e)ﬂ](m:tj(i)ﬂ)ﬂ
when the mismatch is against zgj); in this case we proceed to the next
symbol in y.

Based on this brief recall of the KMP algorithm, for each 1 < j <

n, we define the function

and so forth. A special case is

EMP;:{1,2,..,]cD)} x V — {1,2,...,1a)] + 1}
where
i+1,ifz¥ =q
KMPj(i,a) = { KM P;(next;(i) + 1), if 21 # ¢ and next;(i) > 0,
1, otherwise

Construct the finite transducer M = (Q,V, 6,{qo}, F, where

Q = {a}U{linin,-vin)(kr k2, s ka)] | 0 < dj, kj < 20| + 1,
1 << n},

g = [(1,1,...,1)(0,0,...,0)],

F = Q\{Qey%}

and the transition mapping 4 is defined as follows.
For each a € V', 6([(i1,72,...,9n)(k1, ka2, ..., kn)],a) is

1. g, if exists 1 < j < nsuch that i; = k; = [z + 1,
2. [(dh,4h, ... 20 ) (ky, kY, ... kL)), otherwise, where

o if there exists a 7 with 1 < j < n such that 1 = lz(j)| +1,
then if there exists a t with 1 < ¢ < n such that i, = |z{!)|
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Q)

and 1‘1.' = a, then
l:. = it+ 1,
i; = 1,157‘7515S7l,
k:. = 0, 1 S r S n,
else
i = i,
il KMP.(i;,0),1 <7 <nyr # 5,
k_;- = KMPj(kj,a),
k;- = kr,lsrsnar7éj'

o if i; # || + 1 for all 1 < j < n, then if there exists a t
with 1 <t < n such that 7; = |x(‘)| and zf:) = a, then

1; = it+l,
o= 1,1<r#£t<n,
k. = 0,1<r<n,

else i, = KMP,(i;,a) and k] = k. forall 1 <r < n.

Let us give some informal explanations on the working mode of this
finite transducer. As one can easily see, the transducer writes always
the read letter, so that the defined transduction is a subset of the
input language. Except for the error state g., each state is formed by
a pair of n-tuples of natural numbers. When the first occurrence of a
pointer, say ;, has been meet in the input string, the corresponding
number of the first component of the current state became |z;|+1. By
our supposition - the pointers do not overlap each other - as soon as
such an occurrence has been found, the searching process for another
occurrence is resumed in the first component of the current states,
for all pointers other than z;, and starts a searching process of z; by
means of the second component of the current states.

When a proximate pointer occurrence has been identified, two
situations may appear:
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- This is an occurrence of z; and the transducer will enter the
error state g, and no move is possible anymore. This corresponds to
the case when the input string has two consecutive occurrences of z;
and no other pointer occurrence in between; consequently it is not an
ld,-macronuclear string in L.

- This is an occurrence of a pointer other than z;. In this case,
the former pointer occurrence, that of z;, is of no use for the rest
of the computation, hence it can be dropped and the computation
continues by considering the pointer occurrence just identified as the
first pointer occurrence in the input string,.

Clearly, if the transducer entirely reads the input string in a state
other than the error state g, the input string is an {d,-macronuclear
string in L, and we are done. m|

Proposition 4.3.2. Let ¢ = (V, P) be a gac-scheme such that any
two strings z,y € P, with y # mi(z), do not overlap each other.
Then, for any semi-AFL F, the language ld, M (L) is in F provided
that L s in F.

Proof. We assume that P = {z;,z3,...,z,} for some integer n > 1.
The language T C {1,2,...,n}* such that for every z € T, z =
i1ty ...1 the relation 7; # 7;41, 1 < 7 < k — 1, holds, is clearly a
regular language. Let A = (Q,{1,2,...,n},6,{qo}, F) be a deter-
ministic finite automaton recognizing 7.

We now consider the following regular languages over V

By = V¥ \ (U Ve (VE\ V2PV ) {5}V F)u
Ve } (VT \V*"PV*)),1<i< n,
recognized by the automata .4;, respectively,
E: = VA \ (UL VHa (VF\ VPV ) {5}V H)u
(VI\V*PV*){z;}V*),1<i < n,

recognized by the automata A;, respectively, and

Li;=B;NE;1<i#j<n,
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recognized by the automata 4; ;, respectively.
Furthermore, we consider the regular language

R=TV+\(V*BV),

the automaton recognizing R being denoted by .Agr. Assume that all
the automata mentioned above have pairwise disjoint sets of states.

Claim 1. The language

LI

= Uil‘iz---isETBil {cil }R({d'l] }R)*{dil }Iil V12 {ciz }R({dlz }R)*
{diMip iy - - Ji,_y i, (i, JR({di, } R) ™ {ds, } Ex,

is regular.

Proof of the claim. We shall informally explain the steps of a
computation of the finite automaton which recognizes L’; following
these explanations, the reader can easily write a formal construction.

1.
2.

Let j = 1.

By a [-move, the automaton nondeterministically chooses a
number z;, between 1 and n, and starts to simulate the automa-
ton A;; till this simulation process cannot continue. During this
process of simulation, the current state is a pair consisting of
the state ¢;; = 6(qo,?;) and the current state of the automaton
A

When the process stops, the current state has to be formed by
i, and a final state in .Aij, and the reading head positioned on

cij -

- By reading ¢, , the automaton starts simulating the automaton

ARr. The current state now is a pair consisting of ¢; and the
current state of Agp. This process ends successfully when d;, is
read in a state (g;,,7), where r is a final state in Ap.

. The automaton reads d;; and starts again to simulate Ag in the

same way as in the previous step. This step will be executed
till a symbol in V is read or the automaton is blocked.

Letj=j5+1.
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6. Now the automaton nondeterministically chooses a symbol ¢; #

i;—1 and may change its state into the pair (g;,,s), where ¢;, =
6(gi,_,>1;) and s is the initial state of A;;_,;, or the initial
state of fiij.

151,

If the state (g;;,s) is chosen, then the automaton A;;_, ;; is
simulated as long as possible. This process must end in a state
(qij ,t), with t being a final statein A;;_, ;; and ¢;; as the current
input symbol. Now the computation continues with step 3.

. If theinitial state of A,-j is chosen, then the automaton simulates

the work of fiij until the input string is completely read. The
computation is successful (the input string is accepted) if and
only if it ends in one of the final states of A;;.

Thus we conclude the proof of the claim.

We define the following homomorphisms:

h: (VUVU {C],Cg,..l.,Cn,dl,dg,...,dn})* -— V*,

defined by

and

ll

h(a)
h{c;)

h(z) =a, a €V,
h(d)) =z, 1<i< n.

gI(‘/UVU{Cl,Cz,...,Cn,dl,dz,...,dn})* -—_ V*,

defined by

9(a) = a,g9(@)=1,a€V,
gle)) = 2, 9(di)=1,1<i<n.

Claim 2. For any language L the following relation holds:

ldg M(L) = gm(LYU g(h™Y (L) N L').
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Proof of the claim. By Lemma 4.3.1, the first term of the
above union is the set of all Id,-macronuclear strings existing in L
and, by the definition of L’ and a similar reasoning as in the proof
of Proposition 4.3.1, it is easy to infer that the second term is the
set of all /d,-macronuclear strings obtained as a consequence of the
application of ld, as many times as possible.

Since the classes of regular and context-free languages are semi
AFLs (they are closed under homomorphisms, inverse homomorphisms,
intersection with regular sets and union, which implies also the clo-
sure under finite transductions), it follows that for any regular/context-
free language L, ld, M (L) is still regular/context-free. These obser-
vations complete the proof. a

4.3.2 The hi Operation

The hi operation works as shown in Figure 4.2. Now, an inverted
repeat pair of pointers has been put in evidence. The string is folded
into a hairpin aligned by the inverted pair of pointers yielding a new
linear string from which a pointer has been dropped.

T «a

T a
= ——
i y) — ¥y) —
z  mi(a) z a

Ly

z, « >‘;rm'(gi)} z .
+
a
_—

Figure 4.2.

Formally, given a gac-scheme o = (V, P), we define

his(w) = {zami(y)z|w = zaymi(a)z, z,z€ V™, ye VT,
Sub(y)N P =0,c € P}.
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The above operation can be extended to languages in a natural
way:
his(L) Uyer hig(w).

A family of languages F is closed under the operation hz if for any
language L € F and any gac-scheme o, hi,(L) € F holds.

Proposition 4.3.3. 1. The family of regular languages is closed un-
der hi.

2. The family of contert-free languages fails to be closed under
hi.

Proof. The first part of the construction is quite similar with the
construction in the proof of Proposition 4.3.1. Let o = (V,P) be a
gac-scheme with P = {z1,z2,...,Zn, mi(z1), mi(zs), ..., mi(z,)}
for some n. We define the homomorphism

h:(VuVu{er,eca. . yen,dida,...,dn})" — V*,
defined by

h(a) = h(&) =a, a € V,
h(ci) = i, h(di) = mi(z;), 1 <1< n.

For a regular language L, now consider the regular languages

Ly = hHL)OUL Ve (VI\ VTPV ){di} V™,
Ly = RHL)AUL VH{d IV \ VPV ) {c}V™

The language L, can be written as a union of n pairwise disjoint
languages
Ly = UL Lii{ei} Lai{di} Lay,
where all the languages L;;, 1 < 7 € 3,1 < 7 < n, are regular.
Let A =(Q,VUVU{er,co.--rCn,d1,da,...,dn}, 6, {g0}, F) be a
reduced (without useless states) deterministic finite automaton which
recognizes L;. We consider the following finite automata:

° -Ai,l = (Q)Vaé |QXV) {QO},Fi,l)y Where F‘il = {q S Q I t’here
exists s € () such that 6(q,¢;) = s}.
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L Ai,2 = (Q3V16 IQXVvSi,ZaR.Q)a where Si,2 = {6(q,Ci) | qe€ Exl}
and F;, = {g € Q| there exists s € Q such that é(q,d;) = s}.

° Ai,3 = (Q: V76 |QXV7Si,3aF)7 where Si,3 = {6(q’d1) | S E.'Z}‘

Since A is minimal, it is easy to check that L;; is accepted by the
automaton A;; forall1<j<3and1<i<n.
Consequently, the language

Ly = Ui Ly i{ei}mi(Lo;){di} Lai

is still regular. Obviously, a similar construction leads to the language
L, starting from the language L.

The reasoning from above for the language L, can be schemati-
cally illustrated as in Figure 4.3. All edges in the subgraphs denoted
by Go and G are labelled with letters from V' while all edges in the
subgraphs denoted by Gy, Ga, . .., G, are labelled with letters from V.
Now, we inverse all edges in the subgraphs denoted by Gy, Ga,...,G,.
Clearly, the new automaton, which is not necessarily deterministic,
accepts the language

Ly = Ui Ly i{ei}ymi(La:){di} Ls,i.
We now define the homomorphisms

91,92 (VUVU{C],CQ,...,Cn,dl,dQ,...,dn})* I V*7

g1(a) = §1(@) = g2(a) = g2(@) = a, a €V,
g1(e:) 92(di) = zi, g1(di) = go(ci) =1, 1 < i< m.

The equality g1(L;) U g2(L%) = his(L) is immediate. Consequently,
the first assertion is proved.
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Gy
| l

C1 d1

BN 4

2, A,

2, ' dy F

] d

:2 Ga

Cn d

J | |

Go Gn Gy
Figure 4.3.

2. It is sufficient to take the linear language
L = {wemi(w)c | w € {a,b}"}

and the gac-scheme o = (V,{c}). Obviously, hi,(L) = {wecw | w €
{a,b}*}, which is not context-free. g

It is worth mentioning here that two letter suffice for the previ-
ous counterexample. Indeed, we could define the homomorphism h
from {a,b,c} into the two-letter alphabet {a,b} defined by h(a) =
aba, h(b) = abaa, and h(c) = bb. Now, it suffices to take the homo-
morphical images of all objects defined in the previous counterexam-
ple.

4.3.3 The dlad Operation

As in the definition of the previous two operations, we explain infor-
mally how the dlad operation proceeds. This operation is applicable
https://biblioteca-digitala.ro / https://unibuc.ro



4.3. GENE ASSEMBLY IN CILIATES 187

to those strings which have a alternating direct repeat pair of point-

ers as illustrated in Figure 4.4. This string is folded into two loops

each of them aligned by one pair of pointers. The operation removes

one occurrence of each pointer and yields a new linear string,.
Formally, given a gac-scheme o = (V, P) we define

dlad,(w) = {ravfyuz|w = zaufyavfz, u,v,y€ VY z,2€ V",
a,f € P, Sub(t)n P =0,t € {u,y,v}}.

= —
Ly u
< v
Z B
z o v 1[3 \Iy\lu\lz

Figure 4.4.

The above operation can be extended to languages in a natural
way:
dlad,(L) Uyer dlad,(w).

A family of languages F is closed under the operation dlad if for any
language L € F and any gac-scheme o, dlad,(L) € F holds.
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Proposition 4.3.4. The class of regular languages is closed under
dlad, whereas the class of contezt-free languages is not closed under
this operation.

Proof. Let 0 = (V,P) be a gac-scheme with P = {z1,z3,...,2,}
for some n. Consider the new alphabets V(i,j) = {a(¢,j) | a € V},
1 <4,7<n 1% 3. By P(ij) we denote the set of all strings
from P in which each letter a is replaced with a(%,7). We define the
homomorphism

h: (V U (U:le,z;ﬁ]v(zv.])) U {C11C27' . ‘acnvdhd% . '7d‘n})* — V*)

defined by
ha) = ha(i)=a a€V,1<ij<mizs,
h(c;) = h(di)=1z;, 1 <i<n.

For a regular language L, we now consider the regular language

L' = ALY O Ui VeV D\ V(6 5) P33, )V
(6 DN}V D\ V6 )PV DH NV )\ V?
(%, 3) P& ))V7(5,3){d;}V™,

which can be written (see the proof of Proposition 4.3.3) as a union
of n(n — 1) pairwise disjoint languages L; ;

Li; = Lija{ci}Lijofc;} Li ja{di} Li j.a{d;} Li j 5,

where all the languages L; i, 1 < ¢,7 < n,1# 7,1 < k <5, are
regular. Clearly, the languages

Li; = Lijadei} Lija{c;} Lija{di} Lij2{d;} Lijis,

are regular, too.
We define the homomorphism

g: (V U (U:t]:],I#JV(lv])) U {617627 e 7Cnld17d21 e )dn})"l — V*v
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by

gla(i, 7)) =g, a € V,1< 4,5 <myi # 5,
z;, 9(d) =1, 1<i<n.

g9(a)
g9(ci)

The equality

9(Ul 210 L1 ;) = dlady(L)

can be easily checked which concludes the first part of the proposition.

We consider the context-{ree language
L = {a"cb cbcb™ca™ | n,m > 1}
and the gac-scheme ¢ = ({a,b,c}, {c}). Thus, we get
dlad, (L) = {a"cb™cb"™ 1 a™ | n,m > 1)

which is not a context-free language. m]

Again, the number of letters needed for the last counterexample
can be reduced to two by the same homomorphism defined at the end
of the previous section.

We now point out two open problems. For a given language L
and a gac-scheme o, we can define its hi,-macronuclear and dlad,-
macronuclear language, respectively, in a similar way to that of defin-
ing the ld,-macronuclear language. By the results from the previ-
ous sections, there exist context-free languages such that the corre-
sponding hi,-macronuclear language and the corresponding dlad,-
macronuclear language, respectively, is not context-free. We do not
know what happens if the given language is regular.

More generally, one may consider the gac-macronuclear language
of a given language, say L, as the language consisting of all macronu-
clear strings obtained from the strings of I by applying iteratively
the three operations no matter in which order. This problem seems
to be fascinating because all three operations are involved in the
transformational process of genes in ciliates.

We now continue with a brief discussion about some further di-

rections of research. Let us restrict our discussion to one operation
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only, say Id, but emphasizing that the problems we discuss here may
be addressed to each opeartion as well as to the three operations al-
together. For a given string w and a gac-scheme o, we define the
ld,-macronuclear distance of w as the minimal number of applica-
tions of the ld operation to w in order to get a ld,-macronuclear
string. For a language L, its [d,-macronuclear distance is given by
the maximal !d,-macronuclear distance of its strings, if there is an
upper bound or infinite, otherwise. Several problems appear to be of
interest with respect to this measure. Is this measure computable for
regular languages? What is the complexity of computing this mea-
sure for finite languages? Or even for regular languages, if it turns
out to be computable?

4.4 Evolutionary Systems

We introduce a language generating device based on string operations
suggested by the evolution of cell populations, called evolutionary sys-
tem. The cells are represented by strings which describe their DNA
sequences. The cell community evolves according to gene mutations
and divison defined by operations on strings. The paper deals with
the generative power of these mechanisms (a characterization of the
class of recursively enumerable languages is presented), and the dy-
namics of the string population. A connection between the growth
function of DOL systems and the population growth relation of evo-
lutionary systems is also given.

Description of the dynamics of evolving cell populations is an in-
triguing question which has been in the focus of interest in current
computer science. At the level of individual cells, evolution proceeds
by local operations (point mutations) which substitute, insert and
delete nucleotides of the DNA sequence. Evolutionary and functional
relationships between cells can be captured by taking only local mu-
tations into consideration.

Treating DNA sequences as strings has been often used for inves-
tigating the structural information contained in biological sequences.
Several approaches have been proposed so {ar, most of the investiga-
tions along these lines deal with grammatical formalisms. The gram-
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matical form is preferable for promoting an abstracted and hierarchi-
cal view of the domain. For example, regular grammars have been
used for describing very simple genes [11]. Despite one has argued
[124] that the genetic language is not more than context-free, these
arguments are based on observations restricted just to the amino
acid code. Other authors have argued the inadequacy of context-free
grammars for modelling the gene regulation [20] or some secondary
structures of nucleic acids {121]. In [19] transformational grammars
were considered for modelling the gene regulations, while {122] used
definite clause grammars, which were constructed on the backbone
of context-free grammars with appropriate specifications associated
to nonterminals, for investigating gene structure and expression or
different forms of mutation and rearrangement. More recently, gram-
matical formalisms based on string operations suggested by life-like
interactions [24] or large scale rearrangements in genomes [33] and
(34] have been introduced.

In this paper we present a language generating mechanism, called
evolutionary system, inspired by the evolution of cell populations,
which might model some properties of evolving cell communities at
the syntactical level. We represent cells by strings which describe
their DNA sequences. Informally, at any moment of time, the evo-
lutionary system is described by a collection of strings, where each
string represents one cell. The cell belongs to species and their com-
munity evolves according to mutations and divison which are defined
by operations on strings. Only those cells are accepted as survival
(correct) ones which are represented by a string in a given set of
strings, called the genotype space of the species. This feature paral-
lels with the natural process of evolution.

The first problem discussed in the paper concerns the languages
(sets of strings) of the species of the evolutionary systems. We show
that any recursively enumerable language is a language of a species
of an evolutionary system with point mutations of restricted forms.
Then we present results on the dynamics of cell population in the
system. We prove that there is no algorithm for deciding whether
or not the population of an evolutionary system of regular genotype

space is finite, but such an algorithm does exist for systems of finite
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genotype space. We establish a connection between Lindenmayer
systems (language theoretical models of developmental systems) and
evolutionary systems by showing that the growth function of any
deterministic 0L system can be obtained from the population growth
relation of some (deterministic) evolutionary system.

Now we proceed to the main definition of the paper, namely that
of the evolutionary system. In order to illustrate the parallelism be-
tween the formal model and the natural process of evolution, we
provide each component of the defined system with some informal
explanations.

Let n, m be two positive integers. An evolutionary system of type
(m,n) (an ES, for short) is a construct:

I=(V,5,5,...,5m,21,%2,...,Zn),
where
e V is the alphabet of the system;
o 5 = (‘Li, M;, B;), 1 < i< m, are the species of the system, with

— L; being pairwise disjoint subsets of V*, called the geno-
type space of the species i,

— M; = (Ins;, Del;, Sub;), being the sets of point mutations
(insertions, deletions and substitutions, respectively), where
Ins;,Del; C (VU{e})xV x(VU{e}),
Sub; (Vu{eh) xVx(Vu{e}) xV,

M

— B, being finite subsets of L; x L;, called the sets of division
rules.

o The strings z; over V, where for each j, 1 < j < n, there exists
k, 1 <k <m, with z; € L, describe the cells of the system.

If Del;,Ins; C {e} x V x {e} and Sub; C {e} x V x {e} x V for
all 1 <14 < m, then the evolutionary system is called contezt-free.
Evolutionary systems with L; € F for all 1 < i < m, where F
is a class of languages, are called evolutionary systems of F-genotype
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space. In the present paper we shall focus our attention on evolution-
ary systems of finite or regular genotype spaces.

A configuration (or a state) of an evolutionary system [ is an
element in (V1) for some.r > 1, representing the cells which are
present in the system at some moment.

The configuration (z1,z3,...,2,) is said to be the initial configura-
trom.

An evolutionary system is functioning by. changing its configura-
tions, defined by the direct derivation relation = .

By a direct derivation step a configuration is transformed into
another one such that each cell either divides into two offsprings (two
new cells) according to a division rule or it evolves into a new cell
by some point mutation provided that this new cell belongs to some
genotype space. If a cell cannot divide or evolve, it dies disappearing
from the new configuration.

Formally, for two configurations ¥y = (y1,%2,-..,9%) and z =
(21,22,...,2¢) we define the relation y =r 2z by the procedure
derivation.

The reflexive and transitive closure of the relation = is denoted
by ==1. The language of the species k£, 1 < k < m, in an evolutionary
system I is

Lk(r) = {yeLkl(II)IZ)"'axn) =>F‘ (y17y27""y7"'ayi)
for some t}.

That is, the language of species k in the evolutionary system is the
set of cells which arise from the initial configuration and belong to
the genotype space of species k.

Algorithm 4.4.1 Procedure derivation(y,z),

begin
t:=0;
fori:=1to k do

if y; € L,, for some s then choose nondeterministically

a rule p from B;U Del, UIns; U Sub,;

if p = (u,v) € B, and y; = vv then
t=t+1;
https://biblioteca-digitala.ro / https://unibuc.ro



194 CHAPTER 4. OTHER OPERATIONS

2y = Uy
t=t+1;
zy = v

endif

{The cell y; divides into two offsprings according to a division rule
from B;.}

if (p = (a,¢,b) € Dely) and (y; = uacbv) and (uabv € 2, L;)

then
t=t+1;
zy 1= uabv;
endif
if (p = (a,¢,b) € Ins,) and (y; = uabv) and (uacbv € 7, L)
then
t:=t+1;
z, = uacbv;
endif
if (p = (a,c,b,d) € Sub,) and (y; = uacbv) and (vadbv € |J-, L)
then
t=t+1,
z, = uadbv,
endif

{ The cell y; evolves by mutations. Informally, y; is rewritten
nondeterministically in one of the three if statements.}

endif
endfor
end.

The population of a configuration (y1,y2,...,¥:) of an evolution-
ary system I' = (V, Sy, S2, ..., Sm, 1, T2, ..., T,) is defined by

99(.1!1;112,-'-7%) = (QI,(I2,---,(]m)7
where ¢; = card{y,|y, € L;,1 <r <t},1 <1< m.

The population of T is defined by

(PQ(F) = {(ro(yhy?’"'7yt)|($17I27' "’zn) :>lI.‘1 (yl)y27" '7yt)}'
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4.4.1 Language of Species

We first show that context-freeness does not diminish the genera-
tive power of the evolutionary systems regarding the languages of
species. Then we prove that each recursively enumerable language is
a language of a species of an evolutionary system of regular genotype
space.

Theorem 4.4.1 For each evolutionary system I' = (V| 51, Sa, ..,
Sm, T1, T2, ..., Tn) there ezists a contect-free evolutionary system
= (U, Sy, S5 ..., Sy Sm41, 21, T2, - .., Tn) of the same genotype
space as I' such that Li(T') = Li(I") for all 1 < k < m.

Proof. Take

U = VU{la,bcI(a,b,c) € | ] Insi} U
k=1

{[a, b, c, D]|(a,b,c) € U Deli} U
k=1

m

U{(a,b,¢,d)|(a,b,c,d) € | ] Subs}
k=1

and E = |Ji=, Lk-
Then the context-free evolutionary system I is defined by
Si = (Li, M, B;),
M = (Ins},0,Subl),
Ins; = {(e,la,b,c,I],€)|(a,b,c) € Ins;},
Sub; = {(e,b,¢,{a,b,¢c,D])|(a,b,¢c) € Del;} U {(c,b,e,[a,b,c,d])
(a,b,c,d) € Subd;}

forall1 <7< mand
Sm+1 = (Lm+1va+1a0)7
L1 = Pref(E){ale,b,c,I]c|(a,b,c) € Ulnsk}guf E)u

k=1
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UPref(E){ala,b,c,D]c|(a,b,c) € 6 Deli}Suf(E)U

k=1

uPref(E){ala,b,c,dlc|(a,b,c,d) € | ] Sube}Suf(E),
k=1
Alm+1 = ((07 Delm+175me+1)a
Dezm+1 = {(5,[a,b,c,D],e)Ha,b,c,D] € U}’
Subny1 = {(g,[a,b,¢,1),¢,b)|[a,b,c, I} € U} U {(¢,[a,b,c,d],e,d)]
(a,b,c,d] € U}.

It is easy to notice the double role of the last component of I'. It
filters the strings obtained by applying the point mutations at wrong
sites and restores the other ones. Note that Pref(E), Suf(E) are
finite or regular sets provided that E is finite or regular, respectively.
a
Obviously, if every species has a finite genotype space, then the
language of each species is finite as well. However, regular genotype
spaces lead to very complex languages as the next theorem states.

Theorem 4.4.2 For each recursively enumerable language L there
erists an evolutionary system I' of type (2,1) and of regular genotype
space such that L = L,(T).

Proof. Let L C V™ be a recursively enumerable language generated by
a grammar G = (N, V, S, P)'in the Geffert normal form [48], namely
N = {S,A,B,C} and P contains only rules of the form § — o,
where a € (NUV)* and ABC — ¢. (N denotes the set of nonter-
minals of GG, V is its terminal alphabet, S is the startsymbol and P
denotes its production set.)

Put k = maz{lg(a)].S — a € P} and let us define an alphabet
U by

U = VUu{s,# #}u{la)lae V1< lg(a)<k}U
{[e)le € V=,0 < lg(a) < k},

where $. #, #' are new letters not in N U V.
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Now, we consider the evolutionary system

I'=(U,51,82,9),
where
S = (V¥ M,0), My =(0,0,{(e,a,¢,a)la € V}),
Sy = (U\V*;M2,0), My = (Inss, Dely, Suby)
with

Ins; = {(57$a5)’(51#)A)} u
{($,a,[aﬂ])|a € V} U
{(€1$v[ﬁ]l)|1 < lg(ﬂ) < k}7ﬂ eV

Dely = {(e,8,¢), (e, #',¢),(#, 4, B),(#, B, C), (#', ", ¢),
(e, [e], )},

Suby = {(#,C,e,C"), (e, #,C", #}U
{(8,5,¢,[e])|S — a€ P}u
{(a,[af],¢,[8])|0 < 1g(B) < k,a € V}U
{(8,[8,¢,[BDI1 < lg(B) < k},Be V™.

We state that for each sentential form v in G, containing at least one
nonterminal, there is a derivation () =3, (é), with 6 e (NVUV U
{8, #,#'})* such that v = h(§), where h is a morphism which erases
the symbols §, #, #’ and leaves all the other symbols unchanged. We
have preferred to use the notation =y, instead of =r in order to
indicate that all rules used are from M.

We prove this assertion by induction on the number of derivation
steps made in the generation of v. The induction basis is obvious.
Therefore, it is enough to show how a rule in P, used in the last
step of a derivation in G, can be simulated with point mutations in
M;. To begin with, we explain the simulation of the derivation step
NSy =6 X1 X2... Xp72.
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From the hypothesis of induction, there exists a derivation in I
of the form (5) ::»“']\'42 (61S682) such that v; = h(6;),¢ = 1,2. This
derivation should be continued as follows:

(615(52) == M, (51$S62) =M, (61$[X1X2 .. Xp]ég) =M,

(18X [ X1 Xz .. Xp)62) =y (18 X1[X2 ... X,)'62) =0,
(5:$X181Xz ... X,)'62) =>a, (628X18[X2- .. X5)62) = m
(68X 8 X2[ Xz ... X,)62) =>nsy - - (515 X:18X58 ...
$X,[e]'62) =, (6:13X1$X28 ... $X,62).

The dollar signs will be removed by using a rule (,$,¢) in Del,.

Now we consider the simulation of the rule ABC — ¢ used in
the derivation step v ABCy2 =>¢ v172. The respective derivation
in I' runs in the following way:

(61ABC62) =M, (61#ABC&2) :>M2 (61#B062) :>M2 (61#C62)

=1, (61#C'8)) = p, (51#'C'62) =, (1#'82) =M, (6162).

Finally, each string in L;(T") is obtained from a string in Ly(T),
in which no nonterminal occurs, by removing all occurrences of the
symbols $, #, #’. When the simulation of the derivation in G is com-
plete, the obtained word, which is a terminal word, is in Ly(T'). Thus,
L(G) C Ly(T) holds.

Conversely, if w € L{(T'), then it is generated by means of rules
from Mj. The reverse inclusion, L1(I') C L(G), follows immediately
from the fact that for any derivation (§) ==}, (6) there exists a
sentential form v in G containing at least one nonterminal occurrence
such that v = h(é), where h is defined above. The proof of this
fact can be obtained by a similar reasoning to that previously used.
Therefore, L = L;(T') holds which concludes the proof. O

As a consequence, by Theorem 4.4.1 we obtain

Theorem 4.4.3 For each recursively enumerable language L there
erists a context-free evolutionary system I' of type (8,1) and of regular
genotype space such that L = L(T).
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It is worth mentioning here that characterizations of recursively enu-
merable languages based on context-sensitive insertion and deletion
operations have been reported in several papers, see, e.g., the chap-
ter devoted to this topic in [104] and the references thereof. Un-
like the aforementioned characterizations, Theorem 4.4.3 provides a
characterization based on context-free operations hut with a control
language.

4.4.2 Population of Evolutionary Systems

Theorem 4.4.2 has a series of important consequences regarding the
population of the evolutionary systems.

Theorem 4.4.4 Let I' be an evolutionary system of regular genotype
space. The following problems are undecidable:

1. The finiteness of o(I') i.e. is (I') finite?
2. Is o(T') a semilinear set?

3. The membership problem for o(T').

Proof. We first prove the undecidability of the finiteness of x(T'). To
this end, let us consider an arbitrary grammar G = (N,V, S, P) in
the Geffert normal form and the following evolutionary system

I'=(Uu{&},5S1,5,,5),

where U and §; are defined in the same way as in the proof of The-
orem 4.4.2, & is a new symbol not in U and S; consists of

Ly = {&,&&,az,&z,z}, for an arbitrary string az
witha € V,z e V1,

My ({(e, &, &)}, 0, {(e,a,e,&) U {(e,b,e,b) [ be V}),

By = {(&,2),(& &)}

;From the above construction one can immediately infer that az €
L(G) if and only if ¢(T') is infinite, hence the undecidability status
of the finiteness of ¢(T') follows.

https://biblioteca-digitala.ro / https://unibuc.ro



200 CHAPTER 4. OTHER OPERATIONS

Moreover, note that o(T) is a semilinear set if and only if it is
finite. Indeed, if ax € L((), then we have the following derivation in
I

($) =7 (az) = (&) = (&,2) = (&&,z) = (&, &,z) =

(&&, &b, 2) = (&,&,&,&,2) =7 (&,&,...,&,1)
N—— ——
2n times
for some n > 4. Consequently, ¢(I') = {1} U {2" + 1| n > 0} which
is not a semilinear set. As ¢(T') is finite provided az ¢ L(G), the
second point of the theorem is proved.

A similar construction, left to the reader, can be used in proving
the last assertion of the theorem. 0

A question that immediately arises is, what one can say about the
same problems for evolutionary systems of finite genotype space. We
first present a result which will turn out to be a useful tool in giving an
answer to this question. The result establishes a connection between
evolutionary systems and 0L systems ( Lindenmayer systems without
interactions), which are language theoretic models of developmental
systems.

An 0L system is a triple G = (V, s, w), where V is an alphabet, s
is a finite substitution on V into the set of subsets of V*, and w is an
element of V*. The language of G is defined by L(G) = ;5o s'(w).

Theorem 4.4.5 For each evolutionary system I' = (V, 81, Sq, ...,

S, T1, Tg, ..., Tn) of finite genotype space there exists an 0L system
G and a morphism h such that aiay...a, € L(G) if and only if
(z1,22,...,2,) =1 (h(@1),h(a2), ..., h(ap)) holds.

Proof. Let us consider the alphabet
U={llz €L}
=1
and the sets

m
A = {lll(z) =r (y) and y € | L},
1=1
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Clyp = A{lzllz2]lz = 2122,2 € L; and (zy,22) € Bj,
for some 1 < j < m}

for all [z} € U. Then the 0L system satisfying the requirements of
our theorem is defined by G = (U, s,[z1][z2] . . .[z4]), where the finite
substitution s is determined as follows:

AU Cy, iff AU Cio) # 0
s(l=) = { {e}, otherwise.

It is easy to notice that all requirements of our assertion are fulfilled
if we choose the morphism 4 in the following way:

h:U*—V* h(z]) =z, forall [z] € U.

a

Returning to the decision problems of evolutionary systems of
finite genotype space we can state:

Theorem 4.4.6 Let I' be an evolutionary system of finite genotype
space. Then the following problems are decidable:

1. The finiteness of (T').
2. The membership for o(I').

Proof. 1. In the previous proof ¢(I') is finite if and only if L(G) is
finite which is decidable for 0L systems.

2. Let (k1,k2,...,km) be an arbitrarily given m-tuple consisting
of nonnegative integers. It belongs to (T if and only if at least one
t-tuple (y1,¥2,...,¥:) can be generated from (z;,z2,...,2,), where

() t=) k
Jj=1
(1) k; components in (y1,y2,...,¥) arein L; forall 1 << < m.

The number of all t-tuples satisfying the aforementioned two condi-
tions is finite which, together with the decidability of the membership
problem for 0L systems, implies the decidability of the membership
problem for (). o
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4.4.3 Some Growth Relation Considerations

In this section we discuss evolutionary systems with respect to the
growth of their cell populations.
Let ' = (V,51,52,...,8m,%1,Z2,...,%,) be an evolutionary sys-
tem. A derivation in I’ consisting of k steps is denoted by :*»{E
The growth relation associated to I' is a function from positive

integers into finite subsets of positive integers defined by

fr(k) = {pl(z1,22,- -, 20) =F (41,92, Vo))

If card( fr(k)) = 1forall £ > 1, then fr is called deterministic growth
relation or a growth function.

The growth functions have been very profoundly investigated for
DOL systems. By restricting the substitution of a 0L system, we
obtain a DOL (deterministic O0L) system. As in the DOL system
G = (V,h,w) h is an endomorphism, the derivation process results
in a sequence of strings wo = w,wy = h(wo),...,wr, = A(wn-1),....
The growth function associated to G is defined by fg(n) = lg(w,).

The next result establishes a connection between the growth func-
tions of DOL systems and the growth relations of evolutionary sys-
tems.

Theorem 4.4.7 For each DOL system G there exists an evolutionary
system [' with deterministic growth relation and a constant k such
that

fa(p) = fr(kp)
holds for all p > 0.

Proof. Let G = (V,h,w) be a DOL system with V = {by,b2,...,bn}
and w = aja;...a,. Denote by ¢(G) = maz{lg(h(a))le € V} and
take k = 3(¢(G)+ 1). Consider

U=VU{<bs>|beV,1<s<k-5}u{<bs>|beV,
0<s<k—-6}UU{[z,s]lz € Suf(h(b)),be V,0<s<e(G)}
and construct

I'= (U,SI)S27'-'7Sm75m+11a1aa21"'7a’n)a
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where the components of each S; = (L;,(Ins;, Del;, Sub;), B;) are
defined in the following way: -

L; = {blu{<b,s>|1<s<k=-5}Uu{<b;,s>|
0 <s< k— 6})
Ins; = Del; =19,
Sub; = {(e,<bi,s>,6,Kbi,s—1>)1<s<k-5}u
U{(e, € b, s >,e, K bi,s— 1)1 <s<k-6}U
U{(5><< bi70>>a£abi))(57bi7€7[}"(bi)>c(G)])}7
B; = 0
forall 1 <1< m,
Lmy1 = {[z,s]lz € |J Suf(h(b)),0 < s <c(G)}u
bev
{<a,35-2>[z,s-1]jlae V,z € U Suf(h(b)),
beV
1<s<c(G)-1}u{<a,35s—2> [z,s]la = Prefi(z),
ze [ Suf(r(b), 1< s < (G},
beV
Insmy1 = {(e,<a,3s -2 >,[z,s])|a = Prefi(z),
z € | Suf(h(b)),1<s<e(G)},
bev
D81m+l = {(E,[E,S],E)lo $s< C(G)}’
Suhnir = {(<@a,35-2>,(ay,s],¢,[y,s - 1])a eV,
ye |J Suf(h(b)),1< s < (G},
beV
Bnoi = {(<a,35-2>[y,s—1)acV,ye U Suf(h(b)),
bev
1 <s<e(G)}.
By induction, one can easily prove that
if w, = cic3... ¢4, then (ay,4a9,...,4a,) =>Ilip (c1,c2,...,¢1)
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for all p > 0. At the same time, for each positive integer p, there

is a unique t-tuple (z1,z2,...,z;) such that (a1,az,...,a,) =}
(z1,22,...,2¢). In conclusion, the growth relation associated to T’
is deterministic and fs(p) = fr(kp), for all p > 0. a

If there exists a polynomial P such that maz(fr(k) < P(k)) for
every positive integer k, then fr is polynomially bounded; otherwise
fr is of ezponential type.

Corollary 4.4.1 There are evolutionary systems whose growth rela-
tions are polynomially bounded.

There are evolutionary systems whose growth relations are of ez-
ponential type.

Proof. Remember that every DOL growth function is either exponen-
tial or polynomially bounded [113]. a

As one might anticipate, it is undecidable whether or not the
growth relation of a given evolutionary system of regular genotype
space is deterministic. The reader interested in a proof may con-
sult Theorem 4.4.4. As far as the same problem for evolutionary
systems of finite genotype space is concerned, we have no complete
answer. However, some simple observations can be stated. Given an
evolutionary system of finite genotype space I' and the 0L system G

constructed in the same way as in the proof of Theorem 4.4.5, denote
by

A = {[z]| B # 0},
0 = {[z)|Ag # 0},
A = {[z]ls([z]) = €}

Clearly, AN©® = ANA = 0. A necessary but not sufficient condition
for fr to be deterministic is A N © = 0. Supposing that AN O =0,
we state that fr is deterministic iff [or every & > 1 and every z,y €
s¥(w), 2|z]s + |zle = 2|yla + |ylo. The notations used above are w
for the axiom of G and |z|y for the number of all occurrences in z of
the symbols in U.
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