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AN ALTERNATE PROOF OF A THEOREM ON THE 
ASYMPTOTIC OPTIMALITY OF SOME ESTIMATORS 

UMBERTO AMATO AND DAN TUDOR VUZA 

Smoothing dat.a is a major problem in dat.a analysis due to the lo.rge amount. of rt>al 
world applications whirh need surh a problem t.o be solved, e.g., ID signala (speE"ch, 
time series of any physiral q110.nt.ity), 2D and 3D signals (images, measmement.e). 
Many wavelet-b~d smoot.hing data (or denoieing) achemt'B reside on the folluwing 
common principie: 

a) apply 8 discrete wavelet transfurrn t.o the input do.ta x,, ... , Xn afferted by noi11e-; 
b) apply statistiral est.imator!l to the rolledion y1, .•. , Yn prodnred by the preced

ing step with the hope tu recover must uf the trne valnes 01, ••• , O„ of the wavelet. 
transform; 

c) apply the im--en,e wavelet transform to the rollertio11 111,, .. , 7/n prodwed by the 
prcceding step. 

lt is hoped that the high rapnl.,ility of wn\'elf'ts to ronrentrote must infonnation 
in a few roeffidents, while sprE'nding nuise unifurmly over oii rueffirients, impruves 
the performa.nce of statistic-al estimaturs when nsed ns abuve rnther un lhe ro.w data 
Xt,' .. , :rn. 

Donoho and Johnstone de\'oh•d mnn~• rf'searchf'fl tu the stat.istical ll!lpect.s implied 
by st.ep b) above. Suppose that the nuis~· data y = (!li, ... ,11,,) are 6J.ll'ead aro11nd 
the tme data 0 = (01, ... , On) according a, ertnin µrul.,nbility distrib11tic..111 (depending 
on 8) so that /~y; = O, (E meania expertN mluf'). The pNfunnancC' of a statistica! 
n- variate estimntur 111 = 111(y1, •••• y.,) is mensure<l L_\·.the risk fond.iun R(,1,O) = 
EE;~,.(11; - 0,)2 • The minimnm uf /1(11,0) uvt'r nll Pstimaturs of the furm 7/1 = (;!J, 

with E E {O, l} eq1111ls L?., min({ll,<1l). where <1? = q!J, -- 0,)2, nnd it is considered 
by Donoho and Juhnstone ns n sort. uf ''bf'n("hmmk„ fur evalnating the perfurmance 
of vario11s f'stimnt.ors with rt>spect ro wnvelet-bnsf'd den•Jising. 

One uf their must. signifirnnt rt>sults [3) osse1ts thnt the suft. threshuld e!ltimatur 
given by 

1/, = sgn !f;(IY,i - <1J2lug11) 1 

ha.sa ri~k ni must O(lug 11) times thf' L<>nchmark, in thf' sit1111tiun wh<:>n !J ~ _\' (0, <1 1 I,,) 
(normal n-· variatf' distrilmtiun with mean {J nnd r•Aarinnce matrix f'C(llal tu <1 2 t.imes 
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the identit_y). Mure µr('('isel.v. they pru• ed t.he ineq11ality 

R(17,0) ::S: (2logn + 1) (n 1 + ţmin(O?,n2 )) 
for the abuve defined. 17. The natural quE'St,ion whi<"h arou1,e "'™' whether thP fortur 
2 lug u in t.he abuv" ineq11ality ro11ld be imµr,~ by 11sing mllybe anot her Pst in,n
tor. 1n the snme paper, Donoho and ,Johnst.one sho,,.-ed that. the vnhlf' 2lug 11 1s 

asympt.otirally opt.imn!, by proving t.he ineq11ality 

(1) liminf-1- inf sup R(ri,B) ~ 1. 
n .,.., 2logn •1 9 cr2 +E~1 min(t1?,rr2) 

Rf'<"ently. Juhn1t.one and Silwrman ron1idrred ln !J] the <"MP 1J ~ N(O, Vn) fur a 
gene-ral <'ovarianre mat rix Vn. They prowd the inf'quality 

R(11,0) S (2lugn + 1) (iJ1 + ţm•n(Ul,/T?)) 
for the- soft thre-shold e-stimntor giwn l,y 

'7; = sgn11;(j,11;I - tT; ✓2logn)+, 
whe-re <1? an~ the diagonal t>lement, of V,, and lt'2 "" n - 1 E,:'-, 1 r,l, They a.leo prUVN:i 
thnt the foc-tur 2log II is agoin nsymptutirally opt.imal ln the ,enw that 

I. . f 1 71
2 

• f R(11,I) 1m 1n -- - 11'1 1Hp ---:,----,,----,....--,..,.- > 1, 
n • ..,.. 2 )ug n '7'2 " , ill'2 + ~~ ml.n(~ t1 2) -

L-1 - I . I ' I 

(2) 

where 7'2 is a q11nntity d.-pe-nding un V" to~ <HA.nfti in t.Jw fullowing. The inequalit.v 
(1) ia a µnrtirnlar rase of (2) ns"" = 1'2 = 0'2 in that situat.ion. Thelr proof of (2) 
relied un thf' ndditiunnl hyputhesis 

(3) 

with C 1 and C2 nut deµending un n. 
The nim of um runtril,11ti11on is tu prHent an alh,rnate pruof of (2). Onr prouf 

olsu relies un the pri-ndµle- 11wd in [Jj and [.aj, i.e., t.t1rntn1 (J illto a randum varial,le 
and 11sing thf' Bn:ves risk with r~µed with a C'ertain prior on 9. Ho11-ewr, by applying 
this methud in o slightly differf'nt way, um proof i~ eonwwhat almplff and d04'1 not 
mnkf' uf hyµolhfc'sis (3). 

Lei '" (.111 ••.•• ,11,.) Le 11 Cnussian dist.ril.mtion wit.h <'UVnriant"t' mat rix V,.. lt is o 
st ondnrd fort t hnt 1,. <"an be written as 

l ('" - m(y-z, ... , y.,)) ( ) 
-)1 Î'n I 1/1, • · • , 11,, 
TJ T1 

- 2 -
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where misa linear fundion of y2 , ... , Yn, "Yn-1 is a Gaussian dietribution and T1 doe.s 
not depend on 1h, ... , Yn (in fact. r! is the inverse of the firat diagonal element of 
V,, I). 

In a similar way one ron define r; for 2 $ i $ n. 
Johnstone and Silverman [4] ronsider the numbers 

1 " 1r'=-Erl, 
ni=I 

where al are the diagonal elemente of V,.. Wlth theee notatlons, our reauit is the 
following. 

THEOREM 1. Let 1/;(y1 , ... , y,.) bc an estima.tor o/6; /rom the data (1h, ... , y,.) ~ 
N(8, V,,) an.d let Cn bea constant for mich 

(4) R(,7,0) $ C,. (cJ'2 + trnln(Bl,_an) 
is troc for et1ery 01 , .•• , On. Then 

l. . f 1 o'2c, 1 
imin _2_1 ___ 2 "~ • 
n--•oo ogn l" 

We refer to [l] for det.nils. 
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Some more ahote RlemMn-StleltJes Integral 

J. Bucur 

Thc purpose of this pa.per l,s to compare the dHTerent ddinitions of Riemann
Stieltjea integrabillty of real titi,e, one caft encauftter ln literature. Surpri11engly we 
remule th.at the termJnotc,gy of" Rlemanr ·-S\lelija lntegrability" i1 often used for two 
dlfferent noliOM. W. !ntJOduee a new i::r,n,cep4 of •Oarboux-Stieltje, integrabillty" in 
order to aYOtd thb ambl:fUrly &M WR atrnlyi, amoftl othen, the relatlona of thi1 concept 
wit.h the other typn ol ~b+llt.y. 

Ali ihe (11ndicna UiMd kH, wHl tJe t-.~. We Nlmember the rollowlng defin
ition1: If (a, b) k a CGttr,pad lttienal of U. ral line then any finite and increuing 
fami,ly of the real line A =- (z1)11111• S; E ~bl, 
a .,, z 0 :5 .r1 :5 •2 ~ •.• s,. = 6 i■ u.l1ed- ii ihuion of [a, b). The set of a.li divi-
1ion of [a, b) i1 cileutcd bf f'fe, ~. • &l,i,rply t,. I( A„ â, E 1' we pul A1 :5 A2 if 
{ 1 1 '}c{.,, a '}·..J,.__-r0, z 2, ... r„1 z1, .r1 , s1, ... , z.,.. "''"'""" 

Jf Â az: ( .r; )e,;i11 ia Ul damrent af P thea we call Ul infrrnuJ.uar-y divi.,ion of A any 
division A'= (v;)o,.;, .. +1 o( [a,•J ruch that fi E 1•1-1,•,I for „ni E {1,2, ... n};. 

We sha.11 write s1mply &' l.4. Ala, I,(/, g.: fo.•J ➔ ll are two bounded functlons, 
and ~. A' u 11bove we r.k-ROte 

" 
CT(/,g,A,A') a Y~/(111)(,<:r,)-g(a:;-1)), 

i•I 

and by 11~11 ~he poaitiv.-r-eal Rutnowsup((s;-a:1-1)\i E {I, 3, ... n}}. We rembember 
tbe following duskal -'inilioa: 

Deftnltlon A. We HY tlm ti. (~dion / i. Ricmonn-Sticlljea integra6/e with 
nap«I fo llae /vndNn f lf th.,e exbta a ruf ttUMber / E ll 1uch thai for any e > O 
there exi.sta 'k >O~ tM.t /o(J,g:, 4,A')-// < dor any A e D[a,bJ with IIAII < '7, 
and any ~• E 1'[•, •J wi1!i A' .L~. 
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ll is \\'!'li k11ow11 lhal 1lw r1111clio11 .r is Hil'lllallll Stic-ll_j,·s i111.<•grabl1• \\'Îllr l't'Spl'd to 
llll' r1111ctio11 9 iff r11r a11y Sl'(lll!'II('(' (u .. )., rrom V such I.hal limn➔e>o IIJ. ,ii= o aud any 
Sl'(jllt'll('(' (J.'),, rro,11 D willi J.'.,1.J.,,, for ,111y n E IN, t.lw s1•qt1<'IICP I T(f,9,6 .. ,6'.,)) .. 
is co11v1•rg„nl. TII(' li111il do,•s noi dl'p<'nd on t.he seqtr<'IICPs (6,.),, awl (6:,),, a!. al,ov<' 

aud it is not.t-d by I = [' J dg. 

W'e recall also '' 
DeAnition B. Ir / = [a, b] ➔ lll is bo11nded any g = la, bJ ➔ IR is an incrcasing 

runction lhen we say lhat / is D-Riemrmn-Slieltjes integrable with respect to g if we 

have 

inr {S(f,g,u)/u EV}= sup{s(f,g,6)/ 6 E 'D} 

where for any 6 = (.r,)o$i$n EV W<' have dcnoted 

n-1 " 

S(f,g, 6) = L M1 (g(;1·;+ 1 - g(x;)), ,q(f,g, 6) :::c L m;(g(x;+i) - g(.T;)) 
i:O 

M; = sup {J(x)/:r E [.r;, :r;+rll, 711; = inf {J(.1·)/x E li:;,.r;+11l; i = O, I, 2 ... , n - I. 

Wc ad<lPd expressly tll<' partiele D, beforc lliemann-Stieltjes ... , lo mark I.hat thcre 
is a dislinction between lhe llicmann-Sti.-ltjes integrability gr,en in the ahovc defin~ 
tions A and B even ir in many malhcmalical tre11ti11e11 ,mch ~ cliatinction is not mAde. 

The following wcll known <'Xarnplc showi1 th11t distinction. 
Let f,g: [O, 2J ➔ IR giv"n by 

{ 
I if I < .r < 2 

g(.r) = O if OS r $ I 
Obviously g is incr1'11sing and / is bcJ'111d1•1I. lf wc ('()ll~idN 6 E 'D !O, 21, 6 = 

{O, I, 2} the11 wc havc 

S(f,g.(:J. =I· (g(l) -g(O)) + l(.q(2) -g(I)) = I 

.,(!, .<J, u) = O(!/( I) - g(O)) + I (!1(2) - !/(I)) = I 
i.c. f is D-lliP111a1111-St.i<'ltj1•s inl<'~rahl1· with l'l'Sp1•c·I to!/• 011 tlt<' ollwr h11nd if we 
consider o E V[O, 2], J. = (.r,)0 $•$" s11d1 that .r, "I I for auy i = I, 2, ... n - I 
thc11 there exists i E {1,2, ... 11} s11ch that J';_ 1 < I < i·,. Wc• ro11:1ider al"° Rn 

i11tcr111ediary division 6' or [O, 21 o' = (y) )0$1$11+ I. Sin cc• ,I/, E [.r;_ 1, .,·,I we 1111,y have 
eitlwr y; E [I;_ 1, I) or y, E [I, 2]. 111'11<'<' \\'I' shall haw 

r1ml t.lll'rrfore f is 1101. Hi<'111a1111 -Stic•ltjPs intrgrabl<' with rrsp<'d to y in tlw sc•ns of 
definitio11 .-\. 

lt is nol dillirnlt Io s,·,· lhilt if !I is I n·al. i11r1'1'11si1ip; f111H"lior1 r111d / is a bo1111dc1I 
r1111rt.ion 011 [a,/,] s11cl1 tli;il .f is Hi<"rna 111 Stirltjl's inlq~rahl,· with ws1wd to g tlwn f 
is alsp /) Hi1·111a1111 Slil'lj,·s i1111·1~ral,lt• \\'Îlh r,•s1H'.-t Io .f/. lll'nn• th,• Hi1•111a1111 StidtjPs 

-· 5 -
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intt>grahility with respect to n·al i11, n·asinp, f1111di,111s i~ ,tn•IH.!_t'r tli.111 /> Hi,·111,11111 

Sticltjcs intt'ii;rnbility. 
\\'p giw now t.hc L1llowinp, ddi11itio11, lnr~•·r thau ddi11ili1lll :\: 

Dcflnition C. I.el .f,!I: [u,b] ~ li, he tw1> real ho1md1•d f1111rti, 1ns. \\",· ~h.dl ,,,_, 
that f is l>!11·bouI-Stidtju, i111ff/l'llbl1 with 1'1',Pl'Ct. I.o !I if fc>r ,rn_l', > li tlu·r«· ,·xi,1, 

Jo, E fl[n,b] s11rh I.hat for any ~ 1.J. 11 E fl[u,/.] with Jo, S S, .. '.L ~ J. 11 
w1· ha\!· 

1. Proposit.ion. /.d .f,!I: [11,b] ➔ 1H l,r lll'o rrnl. bou111lr1I f1111,·fio11.,. T/1111 f ,., 
Da,·bour-Slirltj,·,• inft-yrablr ll'if/, ,., .,,,rct '" fi w· thrrT ,-.ri.,/.• <III i11rrrn.,i11_q .,, 1/11111,·1 

(d,.)., i,1 P[dj(c/,. $ cl.,+1 for 1111y 11 E ,\') ·'""" //,11/ fcn· !IIIJJ 111·q1,rr11·r~ (Jo'.,)., C 

P[ •. bJ a,1d ( d'., )11 C 'l\,.hJ ll'i//, d,. $ Jo:, 1111d ,f,, L1'., fnr 1111,11 11 E 1N, 1hr ,.,.q111 11n 
( ('7(/, g, ~~- c1:,) )11 j$ fOlll'f/",1/1111. 

Thr limil of 1hr .•11111rnn (cr(J,y.J.:,.rt'.,))., ,lor.• 11nl d,prnd "" fit,· r/w,;rn .sr
q11rnn,. (J.'.,),,.(i/'.,) .. i11 l\,.bJ mul 11 1i// br ,lrnot,·d by J: ftlr,. 

I'roo,f. \\'t' suppose tlwt f i~ l.l1ulio11x- Stidt_it•s int1-grn.hl1• w.r. to !I- Vilr a11y 

t: = t. li E IN" \\'(' l'Ollsid,·r ii division Jo„ or [o, b] 1111rl1 !hat. for 1111y .l', .l", ,I'. ,r' E 'P, ... ~, 
1<11ch that .l,, $ .1'. Jo,. $ J. 11

• ,/' lJ.1
, d" l Jo" IVI' havc 

Now, wt• rou~id<'r a 11,•w i<cq11t•nn· (d., )11 iu -v, •. ~, sud, thnt. Jo, $ d„ for any j :5 11 and 

d., $ d,,+1 for ;iny n E I.'\". 
lf (.1'., )., aud (d'., )., iii'<' tw11 s1·11111·nn·, in l\,.11 ,11.-h tl1,1t d,, $ .).~ 111111 ,f,,l~.,f for 

a11y " 1;: L, wr· h;wr• "• "' ::=: A· - .:lk ~ ,/., :S .1:,, ~~ :5 d.,. $ .6.'.,. 
and tlwrt•forr.· 

i.<'. tlw rt.'111 s,·111w11n• (rr(f.9. Jo.,. d;, )) 11 j,. ,:unv,•r~!'nl .. 
By a mixin~ pron·dur,· 0111· 1·a11 "t'{' th,tl tlw limit. of lhi11 ~'t(ll<'IH'P d0<'ll nul tll'pt•nd 

011 tlw s,•q11,·111"t'" (.1,,), .. (,(J in P d1<1st•11 a.< ahm·r•. 
('1111n·rs,·ly. w,• s11p1•0,.,· that tllt'l'I' exists a11 i11rn•ilsÎ11A s«-quc·nn• (,J,,)., i11 pt •. ,, H1td1 

that for an_1 s1•qtll'n,,·s IJ.'.,) ... (,(,)., i11 D with ci.,~ Jo:,. r(l~:. ('v')11 E IN, w1• hill't' 

wlwn- / i, a n•,d 11111111,,,,._ 1.1'1 11111\' : > li iii' arhitn1ry. \V,• a:-s,·rl thal tlM·n• ,·xi~ls 

11, E r, s11d1 ,1i .. , f„r illi_\- J. 1
• ,/' ': /) l\';,1i ,/.,, S „V illld ,/'_1..1' \\'1' hav,: ia(/,!/,,~'. 1f)--

11 < c-. 

l11d«-1·,I, i11 tlw n>11lrar_1· 1.is,· tll<'r«' 1'xisls c-0 > O s11d1 thal for illl,Y II E 1N 1.lwrt• ;u1• 
.1:,. d'., E P swh that 

- 6 -
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Tht- last inequalit.y contradicts the fact than limn➔oo u(f, g, 6~, d'") = /. 

2. Corollary // J, g are as in Proposition 1 then f is Darboux- '·, idtjes integmble 
w.1·. to g ijf therc rxis/.s rm incrca8ing sequence (d~)n in V with limn➔oo lld~II = O srtch 
lhat for any sequenccs (!::i~)n, (d~)n in V with d",, $ 6~ and d'n.16~, for any n E IN, 
the 8t:quence ( u(f, g, 6~, d~) )n is convergent. 

It is sufficient to consider the sequence ( dn )n from Proposition 1 and to choo,e a 
sequence (d~)n which is inc1·easing, with limn➔oo 11~11 = O and .uda that dn $ J': for 
anyn E IN. 

S. Corollary. // f, g : [a, b] -+ Ill are bounded and f is Riemann-Stieltju 
integmble w. r. to g {in the sens of Definition A) then f „j Darboux_:_Stieltfes inte,rable 
w.r. Io g. 

4. Corollary . lf f, g : [a, b] -+ Ill are bounded then f ia Darbouz-Stieltje, 
integmble w. r. to g iff there exisf,s a real number I such that for any ! > O there ui,t, 
6, E V such that for any 6, d E V with 6. $ 6 cmd d.16 we have 

/u(f,g,6,d)- // $ e 

Proof. lf /u(f,g,6,d) - I/$ efor a!I 6,d EV with Â, $ 6,d.16 then for any 
6 1

1 6 11
1 d',d" EV with 6, $ 6 1

1 6, $ 6 11 ,d' .16',cf' .16" we have /q(J,g, 6,d)-// $ 
e, /u(f, g, S', d") - I/ < e and therefore 

/u(f,g,6,d)- /u(f,g,6,d)/ $ 2e 

i.e. f is Darhoux-Stieltjes int<>grablc ".r. to g. Convcrscly, if f is Dllrboux-Stif'ltjes 
integrable w.r. to g then for any e > O W<' rhoosc Â, EV such that 

6 1
1 6 1,d',d" E V,!::i, $ .~•.~, $ t;."d' .16',d''.16" 

=> /u(f,g,6,d)- /u(f,g,t;.,d)/ $ e 

and we consider a sequence (cin) .. in V as in Proposition l surh that 6, $ Â and 
d.lt;. we have /u(J,g,t;.,d)- /u(f,g,dn,d:,)/ $efor all d'" E 'D,d~.ldn, Pll83ing to 

limit we have /u(/,g,t;.,d)- I/$ e, where / = t fdg. 

5. Pi:oposition. f, g : [a, 6] ➔ IR br fwo bo1111drd fu11ctio1u a11d such that g is 
ir1creasing. Thc11 f is Darbou.r-Stieltjcs i11fegmble u,.r. to g iff f jş D-Riemann
Stieltjes integrable w. r. Io g (i. e. rn lhe sens of Defi11itio11 B) 

Pl'O(?/. lf f is D-Hiemann-Stieltjes integrahle w.r. log lhen for any e > O there 
exists Â, E V such thRl S(f, g, 6,) - s(f, g, 6,) < ! . lf we C'hoose Â E 'D such thal 
6 E V such that 6, $ 6 we have 

S(J,g, 6) :5 S(J,g, .l,), s(J,g, 6,) $ s(f,g, â); 

S(J,g,6)- s(f g.6,' $ S(f,g,t;.,)- s(f,g,t;.,) < e 
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lfwe ta.ke now t:,.',t:,.",d',d." EV suc+ that t;., S t;.',t:,., S lJ." 11nd d' ..Lj,',d"..1.t:,." 1lw11 
we ha.ve 

s(f,g,t:,.') S (J"(f,g,t;.',tf) S S(f,_q,t:,.') 

8(/, g, t:,.") ::5 u(f. g, t;.", d") S S(f, _g, t:,.") 

ma.x(8(/, g, t:,.'), s(f, g, t:,.')) ::5 miu(S(f, g, t:,.'), S(f, g, t:,.")) ., 

and therefore 

/u(f,gt:,.',d') - CT(/,g, t;.",d")/ S (S(f,g,t:,.') - -"(f,g,t:,.'))+ 
( S(f, g, t;.") - 8(/, g, t:,.')) < 2e 

î.e. f is Darboux-Stieltjefol integrable w.r. to g. 
Conversely, if f îs Darboux-Stieltjes integrable w.r. to g then for any e > O 

we consider t:,., EV iiuch that for any D.1 ,!::,. 11,d!,<f' EV such that !::,., ::5 t::,.',D., ::5 
t:,.", d! l./:;.', d' 1./:;.', d" l./::,.11 we have 

/ u(f, g, t:,.', d') - <1(/, g, t;.", d'-') / < e 

Part.icularly, taking ~• = t;." = !::,., and d', d" E V 1rnch th11t el l.tl.., d'' 1./::,.,, we 
have 

/CT(f,g,D. 1 ,d') ·- u(f,g,t;..,,fo')/ < e 

Taking in 111incl t.hat 

S(f.g,j.,) = sup {<1(/,g.6„d')/d' ED,,/ 1./:;.,}, 

s(f, !I,~,) = inr { u(f, !I, t:,.., d'')/ d" E V, d" l.6,} 

i.e. f is D- Hi1•111a1111-Stif'ltjc11 i11t1•grE1l,le w.r to g. 

6. Theorem. /,d f. !I : ia, b; ➔ m bi: /11'() bo1111ded functi,m• &llrh thn.l f i.• 
Darbo11r-Sli1lljt.• i11/,yrnblr ,,._,., Io g. I/ /lu. /1111clirm., f nnd g hm,, 110 r.mnmon 
poinl of rli.,ror,/i1111il!{ i,i lh< ir,/1 rl'fll [<1, b] //1rn .f i.• Rir:mt11111 -Slidljrs (ilr.e dtfiriilion 
,\) i11lt9rnl,/, 11•. r. Io _q. 

l'mo.f. Ll'I ii.fli = sup {i.f(.r)j:.r E [a.b]}, llg(.1·)11 = RUP {.q(.r)l;.r E [a,b]} 611 
t.lw u11ifom1 11,m11 of /. n·,i,,·,·t in•ly :: ,,nd Id e· > O he arbit.rnry. Wt> mark h~• 
j,, = (.r, lo$,$k tlw di,·isÎllll uf ;a. I,] swh hal for ;1ny j_ d E D[a, b] wit.h o, :S ~ aud, 
d..L~ ,,·r haw 

1
1, 

/rT(/.q.:i.,I) - fdg/ < t. 
" 

We co11sidn nm1· 11, > O s11d1 1 h;it for auy i E {I, 2, ... I,:} we ha.VI' one of tllf' 
rdations 

e e 
/:: - .r.f :S 11, = /f(-:)-J(.r,)\/ :S - or /g(z)-g(xi)/ < -

111 m 
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where m := 4(11!11111911 +I)· (k + I). 
Let I).' E D[a, b] with IID.'11 < 7/, and Jet D.: he the division or [a, b] given by 

/).: = /). U {xi}. Supposc> that x; E [Y,o,Yio+tl, where YJ1Yi+t ED.' ,1nd we consider 
d' E D,d'l..D.',d' = (~i);, ~1 E [y1,Y1+d for any j. Let {~ E [x;,y,0 ],~% E [x;,Y;.+d 
and Jet d: be the division of [a, b] obtained from <I replacing {.ie by the cuple e;_, {%+1. 
We have 

u(J,g,D.',d') - u(f,g,D.:,d';) = (f({,e) - /({~))(g(x;) - g(y,e))+ 
(!(~,.) - J(e;:))(g(y,.+i) - g(x;}) 

and therefore we have 

/u(J,g,D.',d')-u(f,g,D.:,ct;)/ :5 4(11/11 + llgll) ·.:... 
m 

We proced as follows: 
We start with the divisions 6.', d' and taking i = 1 we construct, as a.bove, the 

divisions /).;, d;. _Then starting with the divisions 6;, tfi in1tead of 6.', <f and taking 
i = 2 we construct a.s above the divisions 6.; 2 , ~, •••• 

Finaly we obtain the divisions 6.", d" of [a, b] such that tl' 1..6.", 6. < 6" and 
moreover 

/u(f,g,6.',d') - u(f,g,6.",d'')II $ k • 4(11/11 + IIYII) · !.. $ !. 
m 

On the other hand we have 

/u(f,g,6.",d") - t fdg/ $ e 

and thercfore 

/u(f,g,tl.',d') ·-t fdg/ $ 2e 

for a.li tl.', d' E V, d' l..tl.' such that 116.'II $ 7/r• Hence the function / is Riemann
Stieltjes integrable w.r. to g 

7. Corollary. // the function f is Darbou:r-Stieltjes integrable w.r. to g and one 
of the Junctions f org is conliriuo11s then f is Riemann-Stie/tje, integra6le w. r. to 
g. 

Remark. The preceding results (Theorem 6 and Corollary 7) are known for the 
case where g is increasing. 

8. Proposition . a) /fin Darbou:r-Stieltjes integrable with respect to g on [a, bi 
then for any c E [a, b] the Junel ion J is Darboux-Stieltjes integra6/e w. r. to g on the 
intervals [a, ci and [c, b] and we have 

t f dg = [ f dg + l f dg 

b)- Conversely, i/ f is Darbo·ax-Stieltjes integrable w.r. to g on the intervala [a, ci 
and {c, b} (where c E [a, b]J then J is Darboux-Stieltjes integrable w. r. to g on [a, bi. 
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c) I/ /1, h are Darboux-Stieltjes integrable w. r. to g on [a, bj thrn o/1 + /3 fi i.• 
Darboux-Stieltjes integmble w.r. to g, for anu o,/3 E Dl a.nd we hnue 

{ (o/i + /3/,)dg = o [ !1dg + /3 l f1dg. 

d) lf f ia Da.rboux-Stieltjes integrable '"· r. to 91 and !h on [a, b] then f ii„ Da.rHvz
Stieltjes integrable w. r. to og1 + /Jg,,, for anu o, /3 E IR and we have 

l /d(ag, + /392) =ol fdg, + /3 l /dg, 

Proof. a) Let / he Darboux-Stieltjee integrable w.r. to g on I•, b) and let c E [a, b]. 
For any ! > O there exi1t1 6, E !>[a, b] such that for any A', 6", tl, <I' E 1'{a, b] with 
6, :S 6',6, $ 6",<l .16',<l' .16" we have 

The above inequality holds alao if we replace the division 6, by the divleion Â: f\ner 
that 6, (i.e. 6, $ 6!). So, we may euppose that c E 6,. Let A! (reep. A!) the 
divieion of [a, c) (resp. [c,b] ) given by .6.! = .6., n [a., c] (re111p. 6! "" A, n [c, J]). 

Let now 6~, Âr, ~, d'{ E !>[a, c] he sucit that A~ $ 6~, 6~ :5 67 fi; .l.6.~, J7 .lAr. 
lf we put .6.' = 6; U A~, 6" = aru a: and we chooee d2 E D[c, b], d2.l.6.! then noting 

d' = ~ U d1, d'' = d': U d2 

we have d' .lA', d'' .lA", A, $ 6', A, $ tJ." 11nd therefore 

On lhe ot.her hand wc have 

<1(/, g, A', cf) = <1(/, g, tJ.;, ~) + u(/, g, A!, d2) 

u(/,g,il",d") = u(/,g,6r.d':) + u(/,g,.6.!,d2 ) 

and lherefore 
<1(/,g,tJ.;.cr.) - "u,g,llr.,m1 $ ! 

Hcnce / is Darhoux-Stif'ltj<'s integrable w .r. to g on [a, c]. We prove ■imilarly the 
integrahility on the interval [c, bj and the assertion b). For the remaincled part of 
assertion a) 11s ,wll lht" slal<'mcnts c) and d) one can use Propo11ition I. 

9, Proposit.ion. lri f: [a,bJ--+ IR bea boundedfunction. /Jg„g2 are huo real, 
increasing funcl,ons 011 [a, bj thrn the following a:isertions are equiva.lent: 

a) / is Darbour-Sticltjes inffgrnble 1.11ith respect to g1 and g,. 
b) I/ f is Darboux-Stit:ltje.• inlr9rablc wilh respect to g1 + 92. 

Proof. The reh1tion a)==> b) follows from Proposition 8. If / i1 Darboux-Stieltjes 
integrable w.r. to 91 + 92 then for any e > O there exists tJ., E 1'{a,b], 6, m: (x;)o:5i:5n 
sucit that 

n-1 

L(:\/; - m;)!(g1 + Y1)(x;+.J - (91 + 92)(xd] < e 
o:O 
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wlwre Al, = sup{f( ., )/ .I' E [.r,, .r,+iJ}, 111 1 = i11f {.f(.r )/.r E [.r;, J'.;+.J }, i E I O, I, ... 11 -

I}. Since 

n-1 n-1 

L(M; - m;)(gi(.r,+i) - g,(.r;)) ~ O, L(M; - m;)(g2(x;+i) - g2(;r;)) ~ O 
i=O 1=0 

we deduce S(f,g,6.,) - s(f,g,6.,) $ f:,S(f,g2 ,6.,) - s(f,g2,6.,) $ f: and therefore 
(see Proposition 5) f îs Darboux-Stieltjes integrable w.r. to g, M well w.r. to 91. 

Theorem 10. /,el f : [a, b] ➔ Dl he a bounded function. We denote by I(!) the 
stt of all functiona g : [a, b] wilh bormded variation such that J ia Darbouz-Stidtjea 
i11legmble with respect to g and by V the set of all functions g : [a, bJ ---+ IR with 
bounded varialions. The liniar s11bspace I( F) is a band of the Dedekind c-0mplete 

Riesz space V endowed wit/1 the Jollowing o,-der N!lation 

91 $ Y2 <===} 92 - 91 i11 increasing and positive on [a, b]. 

Pmof. The fact that the set I(!) is an order ide11l (normal sub11p11.ee) of V follow11 
from Proposition 9. Let us consider a family (g;);e1 in (I(!))+ which is dominated 
by an element g0 of v+. We want to show that V g; E I(!) where V g; is the leRSt 

•EI •EI 
uppe1· bound of the set {g;/i E /} in V. Since I(!) Î!I an order ideAI in I·, without 
!ost of generality, wc may supposc t.hat t.he family (g, );ei is uppN dirt"rted. Since for 
any i E / there exists gl E v+ sucit t hat g; + gl = !Jo wc deduce the relat ion h + h' = !Jo 
where h, h' : [a, b] ---+ IR+ are df'fined by 

h(.r) = supg,(.r), h(.r)' = infg;(.r) 
iE I •& I 

Obviously h, h' E v+ and moreover, h - gJ E \ ·+ for Rrty j E /. IIJ(IN'd, for any i ~ j 
we have g; - 9J E v+ for any j E /. lndced, for illlY i ~ j we ha\'C .'/, - Yi E v+ and 
therefore, passing to thc limit, /1 - fli E \ ·+. Ll'l € > O he arhitrary and let j, E / be 

such that h.(b) - gJ,(b) < 
21
t
111

. Wc considl'r also ~ E V[n.b] s11ch lh11t 

11nd we denote by h' lhe rlenwnt of 1:+ givC'n by /,' = /, - Yi.. 
We have /, = .9i, + h' ,1nd lhcreforc-

S(f,h,~ - s(f,h,6.) = (S(f,gJ,,6.)- s(f._qJ,.~)) + (S(f,h',6) - s(f,h',â)) $ 

~ + 11111 · (h'(h) - h'(a)) $1 + 11111- lr'(lr) $ ~ + 11111 · :!ltfll = t. 

llenre h E I( .f) ,1111I from thf' const rurt ion of /r "'" Iran' Ir = i E / g,. 
Remark. Tlrr Hhow• thl'orr111 1•11,1I," 11s to 11sP<I tlu• tlll'ory of Ordf'king romplf'tf' 

Hiesz SpacC's in obtaini~1g no\\' r!'st1lts II tlw thf'or~· of DHrhoux-Stieltjf'~ integration. 
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Espaces ordonnes localement convexes et operateurs linea.ires continus 

Romulus Cristescu 

Dans cette note on considere des espaces lineaircs ordonnes munis de 

topologies vectorielles soumises â differentes conditions et on donne certaines 

proprietes des espaces ordoMts d'operateurs Iineaires et continus1>. 

§1 

Une topologie vectorielle t sur un espace linea.ire ordoMe X est dite (co)

continue si toute suite generalisee dccroissante vers O dans X, (,)-converge vers O. 

Un espace lineaire ordonne X muni d'une topologie vectorielle t est dit (to)

complet si pour tout sous-ensembte2
> (,)-borne et dirige superieurement ii existe le 

supremum. 

I) Les notions, dont Ies definitions ne sont pas donnes dans celte note, sonl celles de (S) 

2) On indique par t la refercncc ~ la topologie considere! sur un cspace lineaire ordonne X (par exemple: 

1."IISefllble (t}-bome) et par la lettre o la rc!fc!rence II l'ordre de X (par exemple : en.semble (o}-boml!) 
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Si X el Y sonl Ies csrrnccs lincaircs ordonncs. on dcs,!-!ncra par I{(\. Y 1 

l'cnscmblc des operalcurs regulicrs (dcli 1is5ur X ă valcurs dans Y) Si X ct Y ~onl 

munis aussi de topologics vectoriellcs, on dt'.:signcra par f( X, Y) l'cnscrnhlc de~ 

operateurs lineaires et ('t)-continus. En particulier on pose x: ==..C(X, R). 

Theortme 1. Si X est un espace lineaire dirige muni d'une topologic 

vectorielle et Y un espace lineaire ordone muni d'une topologie vectorielle 

locallement pleine, alors la topologie de la convergence simple sur l'espace lineaire 

ordonne3
> E(X, Y) est localement pleine. 

Demonstration. Si { U3 } lieA et {,1„lae4 sont deux suites genttalises 

d' elements de I' espaces ..C(X, Y) telles que O :i Ua s: V a, ('va e A) et 

('t) - limV. (x) == O 'vx e X alors ('t)-lim Uli(x)=O, (Vx e X+) 
lieA o • • lieA • 

parce que la topologie de l'espace Y est localement pleine. L'espace Y etant dirige ii 

en resuite ('t)-lim Uli(x)=O quelque soit x e X lieA • · 

3) Dans l'cspace .QX.Z) on considere l'mdre donne per le c6nc des opcraacun positifs 
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compkt p::ir rapport a la tl1pologie de la conn:rgen~·e !limpk. 

Demonro-ation. Soit { ull} lle .1 une suite genem.lis~ Cf\"li:-:-ante d'elemenL11 de 

l'espace .C{X, YJ bornee par rapport a la topologie de la corwergenc.e simple. Donc 

pour chaque element X E x„ la suite gfoemlis~ {ul\} 6E .1 est croissante et lt)-

bomee. L'espace Y etant lto}-complet, ii existe 

et l'operateur V: X+ ➔ Y doMe par cette formule est ndditif et 

V(ax) = a V (x), (\t'x e X+ ; Va e LR+) 

En posant 

U(x'-x") = V(x') - V (x" ), (x', x" E X .. ) 

on obtient donc un operateur lineaire U: X ➔ Y. Par consequence { ll11 } 11e A est 

une suite generalisee dans 1 'espace ..C(X, Y) telle que 
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parce que la topologie de l'espace Y est (m)-continue. D'apres le theorerne de 

Banach-Steinhauss [9] on a U E f(X, Y). Maintenant on vmfie aisernent que 

U = V U5 dans l'espace lineaire ordone f(X, Y). lleA 

Corollaire. Si X est un espace lineaire dirige muni d'une topologie localrment 

convexe telle que X soit un espace tonnele, alors dans lespace lineaire ordonne x;, 
pour tout sous-ensemble dirige superieurement et majore ii existe le supremum. 

En effet, ii est suffisant d'observcr 11uesi { \teA dfune suite generalisee 

croissante et majon!ed'elements positifs de x; .. alors pour chaque element x e X, 

la suite generalisee { '6(x)teâ est bomee. 

Theoreme 3. Si Y est un espace lineaire reticule archimedien muni d'Wle 

topologie localement convexe separee (ro)-continue telle que Y soit (t~mplet, 

alors Y est un espace lineaire complement . reticule. 

Demonstrat ion. Soit { y6 te A unc suite generalisee croissante ~ major6e 

d'elernents de Y. Posons 
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A= {y e Yly6 ~ y, v'6 e A} 

B={y-y6 lyeA,6eA} 

0n a O=infB. En efîet, si z est un minorant de l'ensemble B, allors 

y - z e A, (v'y e A). Por induction ii resuite que si y0 e A alors 

y o - nz e A, (v'n e /N) 

donc pour un element quelconque 60 e A on a 

nz ~ Yo - Y&o ,(v'n e tN) 
~ 

f L'espace Y ~t archimedien, ii en resuite z ~ O donc O ... infB. 

) 

0n verific aisement que l'ensemble B est dirige sup6rieurement. 

La topologie de l'espace Y etant (m~ntinue, pour toute semi-norme 

('t)-continue q sur Y on a inf q(B)=O. Donc pour chaque scminorme ('t)-continue q 

sur Y et pour chaque nombre t > O ii existe y • e A et 68 e â tels que 

II en resuite que si 6; 6" ~ 6. , alors 
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donc { y1J '"" est 1mc mile gcncraliscc Caud1y par rapport ,, la IPpolog11.: de 

l'espace Y. Puisque l'cspace Y est (1:)-rnmplet, ii existe 

y = V y6 car le cf>nc poidtif de l'cspacc Y est (1:)-fenne. 
l\eA 

Corollaire. Si Y est un treillis de Banach ă nonne (ro)-continue, alors Y est un 

espece lineaire completement reticule. 

Remargue. Si X est un espace lineaire ordonne et Y un espace lineaire 

topologique, un operateur lineaire U: X ➔ Y s'appelle operateur (0t)-wmpact si 

pour chaque sous-ensemble (o)-bome A de X, l'ensemble U(A) est relativement 

compact. Si X est un espace4
> de type (R) d Y est un espace lineaire completement 

reticule muni d'une topologie localement s1.>lide separee (co}<:ontinue telle que Y 

soit ('t)-complet, alors l'ensemble X(X, Y) des operateurs regulieni (0t)-compacts 

(definis sur X ă valeurs dans Y) est une composante de l'espace1t(X, Y), ((6), 3.4) 

§2 

Soient Y un espace lineaire dirige et X un sous-espace lineaire majorant. Si 

p: X ➔ R est une semi-norme monotone, nous posons 

p(y) = inf{p(x)I± y ~ x Ex}, (y E Y) 

4) On appele esp11CC de typc (R) lout espoces lineuire dirige qui satisfait a la cooditioos de Riesz (6) 
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La fonction p: Y -~ R donn6·par cette formule est une scrn1-normc solide et 

Si X est muni d'une topologie localement convexe-solide 't et si :J' est 

l'ensemble de toutes Ies semi-nonnes solides et (-r~tinues definies sur X. alors 

la topologie 't' dcfinie par'.}>= {PI jJ eP} s'appelle l'extension naturelle de 't 

sur Y. 

si 
Nous rappelons que Z est un espace lin~ ordonne muni d'Wle topologie 

vectorielle 't, on dit [5] que Z posede le propriete (S) si pour chaque sous-ensemble 

(t)-borne A de Z îl existe un sous-ensemble (t)-bo~ B d'elffl1ents positifs tel que 

Ac B - B. 

Theoreme 4. Soient Y un espace de type (R) et X un sous-espace lineaire 

majorant de Y. Soit 'tune topologie localement c.onvexCHOlide bomologique sur X. 

Si Y possMe la propriete (S) par rappc,rt ă l'extension naturelle 'f de 't sur Y, alors 

Y est un espace bornologique par rapport ă 'f. 

Demonstration. Soit q : Y ➔ R une semi-norme telle que pour chaque SOU8-

ensemble A c Y , qui est borne par rapport ă la topologie 'f, l'ensemble q(A) soit 

borne. En posant 
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qo(Y) ::-; supq([o,yl), (y E Y,) 

on obtient une fonctionelle sous-lineai.-c et monotone (Jo: Y+- ➔ R,. En ro~ant 

maintenant 

on obtient une seminonne solide q sur Y telle que iîl Y+ = q0 . 

Soit maintenant A un sous-ensemble de Y, bomt par rapport a la topologie î 

et soit B un sous-ensemblc de Y ... , borne par rapport ă la meme topologie, tel que 

A c B- B. En designant par B0 l'enveloppe pleine de B, ii existe A. e R tel que 

q(y) ~ Â, Vy E B0 . Si O ~ z ~ y e 8 0 , uiors z e Bo donc q(z) :s; '1., d'ou ii resuite 

q0 (y) :s; Â. Par consequence q(y) ~ 211., 'v'y (.: A. 

Puisque tl X= -c el l'espace X est bomologique par rapport a la topologic -c, ii 

existe une semi-norme solide p sur X, continue par rapport a -c, telle que 

q(x) ~ p(x), (Vx e X) 

Si y E Y, alors ii existe x E X tel 1-1ue ± y :s; x et puisque 1f est une semi-

nom1e solide, on a 

q(y) s <f(x):;; p(x) 
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Si y E Y., allors q(y) ~ q 0 (y). Si y est un element quelconque de Y el si 

± y ~ v, alors en posant 

1 l 
Yt = -(v + y), 

2 
Y2 = -(v - Y) 

2 

on a y = y 1 - y2 , O ~ Y; :s; v, (i = 1,2), v = y 1 + y 2 el 

d'ou ii resuite 

q(y) ~ 2q(y), (Vy E Y) 

Avec (l) on a 

q(y) ~ 2p(y), (Vy E Y) 

donc q est continue par rapport ă 111 topo ogie î. 

En conclusion, Y est un espace bomologique par rapport a la topologie î. 

Corollaire. Si X est un espace lincaire dirigc archimedien muni d'une 

topologie localement convexe-solide separee t lcllc que X sont un espace 

bomologique, alors l'cxtcnsion Dedekind 5{ de X est un treillis localement convt:xc 

bomologique par rapport a l'extension naturelle î de t sur 5{_ 
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En effet, en po~.ant Y=X, l'espace Y possede Ies proprictes du thcorcme 4 

(voir [5], 7.1.3, prop.5) donc X est uo espace bomologique. Si O~ y E X alors ii 

existe x E X tel que O :S x :SIY!, donc ii existe une semi-nonne solide p sur X. 

continue par rapport a 't, telle que p(x) :i1:0. lien resuite jl(y) ~ O. 

Dans le theoreme suivant, on designe par l(Y,Z) l'ensemble des operateurs 

lineaires definis sur un espace lineaire Y, â valeurs dans un espace lineeire Z. 

Tteoreme 5. Soient Y un espac.e lineaire dirige, X un sous-espace lineaire 

majorant de Y et Z un espace lineaire ordonne. Soient 't une topologie localement 

convex-solide sur X. t l'extension naturttJe de 't sur Y et 't1 une topologie localement 

pleine sur Z. On a : 

(i) Si O :s; U e.f(X,Z), O :s; V E l(Y,Z) et VI X= U alors U e.f(Y,Z). 

(ii) Si Z est (o)-complet et O :s; U e ..CCX. Z) alors ii existe un operator positif 

V E f(Y ,Z) tel que V I X = U. 

Demonstration (i) Soient q une ~emi-nonne absolument monotone'> et 

continue (par rapport ă 't
1

) sur Z et p une seminorme solide et continue (par rapport 

S) C'cst-â-dirc si ±z ~ v dans Z allors q(z) ~. q(v) 
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,I t) sur X lcllc quc 

(2) q(U(x)) -.:; p(x), (Vx E X) 

Si y c=. Y ct ± y :=::; x E X, alors 

± Y(y) :=::; V(x) s; U.x) 

d'ou, avec (2), ii resuite 

q(V(y)) :=::; q(u:x)) s; ~x) 

et donc 

q(Y(y)):S:p(y).('v'y E Y) 

Par consequence V E .f(Y,Z). 

(ii) D'apres un theoreme de prolongemcnt de L. Kantorovitch (generalis6 comme 

dans [7], 2. 1) ii existe un opereteur positif V E l(Y ,Z) tel que V I X = U. D' aq,rts (i) 

on a V E .f(Y ,Z). 

§3 

Si X et Y sont des espaces lineaires ordoMes munis de topologies vectorielles, 

nous posons 
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Theorcme 6. Soifnt X un espace de typc (R), G un sous-esp:icc lineaire, dirige 

et plein de X et Y un espace lineaire completement reticule. Si X ct Y sont munis de 

topologies localement solides, alors l'ensemblc 

est une composante6> de l'espace lineaire completement reticule.COC, Y). 

Demonstration. Il est suffisante de demontrer que l'ensemblc O est une bande 

de l'espace-C{x, Y). 

Evidemment,-6 est un sous-espace lineaire de.J!{x. Y). 

Si Ue -Set O ~ x e G, alors [-x.x] c O puisque O est un ensemble plcin. II 

en resuite IUi("~) = O , Vx e G+ et do•1c IUl(G) = {O}, puisque G est un cspace 

lineaire dirige. Par consequence,1 est un sou~pace lineaire reticule de.f!.(x, Y). 

-S est un sous-espacc normal de,C(X,Y). 

Si O ~ U8 ţ U dans l'espace J_:cx, Y) el U11 e -6, (V[ e A) alors 
lieâ 

U8(x) ţ U(x), Vx e X+donc U (G) = {O), c'est-â--dire ue1. 
lieâ 

En condusion,-0 est une bande dans l'espace lineaire completement reticule 

6) C'est-a-dirc.f, (X, \') = 1] + -r, 
- 24 -
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I'r(X, Y) ct le thcon::mc est demontre. 

Cc theoreme ~st unc gcneralisation d'un theoreme donne dans [6] ou l'espace 

X etait reticule. 

Remargue. Soit X un espace lineaire dirige muni d'une topologie localement 

convexe-pleine separee telle que le ~ne positif X. soit (-r)-complet. Si X posede la 

propriete (S) et si Y est un espace lineaire ordonnee muni d'unc norme qui soit 

additive sur le cone positif Y + , alors on peut demontrer que .f.(x, Y)=lt(X, Y). En 

particulier si X est w1 espace lineaire dirige et un espace de Banach a norme 

monotone tel que la cone positif soit (-r)-ferme, alors x; = ~(X, R). 
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THE SPACE OF REGULAR OPERAT<)HS 

Nicolae Dăneţ 

Ahloitrect 

This ie a ebort survey conceming the new results ebout the 11pece of re,tulRr 
uperatore obtained in the Ninetiee. 

1 The space of regular operators and some related spaces 

Let X and Y he two vector lattices. The spRCe of regular operators 
Letween X and Y, denotoo by r(X, Y), is the linear 1.1pen of thc conc of 
positive operators ordered by that cone, i.e., 

A natural question arise? \Vhat is the order structure of this l!lpace? This 
formulation is too general. We can reform11late the question more precisely. 
The space of regular operators between two vector lattices, L'"(X, Y), is a 
vector lattice? 

The answer of this question is well known. 

Theorem 1.l(Kantorovich, 1936 [7]) Let X and )" be two vt-ctor fottices. 
lf the mnge space Y is an order complde vector lnttice, thcn thr s,,acc of 
regular operotors, Lr(X, Y), is a vector latt.icc (e-ven ar& order complete vector 
lattice). 

ln this case ony regular operator ho.s a positive part, 1'4· = 1'VO, which 
h:i given, on the positivc cone X+ of X, by the f~ilior Riesz-Kontorovich 
formula 

T~(x) = supT[O,x] = sup{T(z) I O~ z::; x} (;r E X+)-

Along with the abovc formula for r+- there arc similar forn111lni: for the 
negative part 

T-(x) = supT[-x,O] 

and the modulus of T 

IT I (x) = supT[-x,x] (x EX+)-
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lt is wdl known that an orwm1.or hm; o posil iv(• p:-irl. if nud nnly if ii 

has a nwdulus (1111d :r ond only if it hns a negntive part,). lf an:v one nf 

this is givcn by llief'z-Kantorovich formula, then !'O Are t.he other1<, i-:inre 

TIO,x] = T(x; +Tl-.i:,O] - (T!-x,x] +T(x))/2. 
1f Y is not order complete then it. may i:till hnppen t.hnt oome r<'g11lnr 

operators have a positive part fn all CMes then this does exist it is given by 
Riesz-Kantorovich formula, b,1t it is an open question whether thi8 is AlwAys 
the case. 

A regular operators which hos a positive part given by Rlesz..Kantorovich 
formula has been termed tame by van Rooij in [10]. We .vili uee the not.ation 
Llrl(X, Y) for the .,et of thnse operator& from X into Y which hnve a positive 
1,art, and L"'(X, Y) for the subset of Llrl(X, Y) consisting of f.ame operatore. 
Thus, in these not.ations, the above mentioned question asks whether or not 
we always have the eqnolity 

L"(X, Y) = Lit'1(X, Y). (1) 

J,et L6(X, Y) be the space of order bounded operBtor11. (The order 
bounded operntors are those which map order bounded seta lnto order 
bounded sets.) Regular operators are obviouely order bounded but the con
verse is, in general, foise. 

With the above notation we have 

lf Y is an order complete vector lattice, then the above lnchmon are equali
ties. This mcnns that: 

( 1) every order bounded operators in regular; 
(2) the spnce of regular operators, Lr(X, Y), la a UflCtor lattiee (wen an 

orcfrr complete tJedor lattice ); 
(3) every regulor operator have a pooltive part; 
( 4) the poi.itive part (modulus) is given by the H.leaz..Kantorovlch for

mulo. 
Question: what's hoppen when Y is not an order complete vector lattlce? 
Y.A.AhrnmovÎC'h and A.W.Wickstead began the study of the space or 

r1!g11lor opt!mtors in the case when Y is not an order complete vector lattice 
([21). Tltey studicd the regular operotors onor in the space Zf'. lg9 11 the 
i:pnce of Ali real i:;equences which om constant except a finite eet. It i1, ln 
f:ict., I.he s111ollest possiblc non order complete vector lattice which i1 not 
cumplelt~ly trivial. 

The sit11atio11 when 10 is the domain of operators is simple. The or
der bounded upcrnturs arc always regular, i.e., L•(t'ţ, Y) = Lr(lg-, Y), but 
/!(lu', Y) is a vector luttice if and only if the range space Y i1 (o')-order 
complete nnd in this case U(l0 , }') also becomes (u)-order complete ([2]). 
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Civen thnt Lr(lif, Y) is not always a vector lattice it is importBnt. to 
know which opcrators hnve a positive part. The following resuit fcive,a a 
simple critcrion for t.his. 

'l'heorem 1.2([2]) If Y is a uect.or lattice and TE U(l0, Y) Ulen 1'' exists 
if <1nd only ij fhe suprt"mum 

c.xists in Y. 

The above condition seems to be much eMier to work with than the con
dition requiring that the supremum of the image of each order interval exiBt, 
although they are actua.lly equivalent. Using this criterion, Y.A.Abromovich 
and A.W.Wickstead proved the following theorem which show that for the 
space X = 10 the problem (1) has a positive şolution. 

Theorcm 1.3([2]) lf Y is a vector lattice and TE U(l0, Y) then r+ eriats 
if and only if T is tame. 

ln the case when the operators have t'1e range space l0 we have: 

Theorem 1.4([2]) Let X be an uniformly complete vector lattice. Then 
(i) L 6(X, lg") = Lr(X, lg"). 
{ii) U(X, l0) is a vector latticc. 
(iii) All lattice operations in Lr(X, l0) may be computed using the Riesz

Kantorovich formula. 

We recall that a vector lattice is called uniformly complete lf every 
(p)-Cauchy sequence is (p)-convergent. The uniform completeneas of the 
space X is not necessary for the validity or the conclusion of this theorem. 
If XL is the space of Lipschitz functions on [O, l], then the three assertions 
of the above theorem hold, but XL is not uniformly complete vector lattice. 
The authors give am exemple of a vector lattice X such that L6(X,l0) -:f. 
Lr(X, l0) and U(X, l0) is not a vector lattice and ask the question: there 
is a vector lattice X such that L'(X, lg") -:f. V(X, l0) and Lr(X, l0) ia a 
vector lattice? 

For the relation between regular operat.ora and continuous operator• on 
Banach lattices see [l] and [4]. 
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2 The space of regular operators and the Riesz condition 

An ordered •·ector space X satisfifs the Riesz conditinn if f'or sny p~
itive elements x, Zi, z2 , wiH, x $ Zi + z2 , there exist Xi, x 2 such that. 
O~ x1 ~ z1, O~ x2 ~ .21oi and x == x1 + x2. 

The ordered vector space X has the Rieu dea,mpoaition pn,pert11 lf, for 
any positive elemente x 1, x2, zi, z2, the relation %1 + X:t = z1 + ~ holde, then 
there exist four elemente tliJ 2: O, (i,j = 1, 2) auch that a:1 = un + u 12, 

X'l = '½t + '½21 Zt = U11 + U21, %:z = U12 + Uzz. 
The ordered vector space X bas the Rieu aepamtion propert11 if 

x1,x2 ~ z1,z:, then there is y with x 1,x2 ~ 11 ~ z1,~. The Riesz sepa
ration property ie sometimes called the finite interpolatlon r-roperty. The 
following resuit is well known. 

Proposition 2.lLet X be an ordered vector ,p4ce. Tho follllwing oa•rtion• 
a1"e equivalent. 

(i} X sati.sfies /he Riesz condition. 
(ii) X has t.he Riesz decomposition propert11. 
(iii) X has the Riesz separation property. 

I f the range space Y is not an (,rder complete vector lattlce, tho •pace of 
r<)gulsr opcmtors L'(X, Y) foils even to have the Riesz separatlon property. 

'1'hcor--'m 2.2([21) U(l0,lo') does not have the Riesz aeparation property. 

The spoce L' (l0 , l0 ) îs a very good exemple of ordered vector~ wlth 
genernting cone (i.e., o directcd vector spoce ) without Rleez 1eparatlon 
propcrty. Using this spl\ce the euthor showed the dllference between t'Vo 
notion of ideal în a directed vector spuce without Rleez aeparatlon property 
(151). 

ln the next pnrt of this section we preeent thc new reiuita of A.W. Wick
steod (111]) about the spaces of re~dar operator& between Banach lattioes. 

The main resuit is the theorem 2.5 which characterizes thoee Banach 
lattices E such that the space L' ( c, E) has the Riesz „eparoti'1n pn,pff1.11 u 
being thosc with cou11table intcrpolation property. 

Dc'inition 2.311n onkrcd t·cctor space E is said to have the countable in
tr.rpolution property i/, given two se.q~nces (:r,.) and (z:,.) i'1 E au.eh that 
Xn î, .::,. l and .r,,. :S .:,, fvr ,1ll m, n E N, then there ia 11 E E auch U&at 
Xn -.S: !I -:: z„ for· alt 7l E N. 

J-:ver,v vector lattice hai; thc Riesz separetion property, but not all the 
vector lntt.ict:>s have the cotrnt11ble interpolation property. For examplc: 
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S,,,;v,•r lins ,-huwn in [•Jj I 11,., r(/<) hn.'-' t.h,, cr>1111tabl" intPrpolation prop

erty if a11d only if /1· i11 an F-spa,·c, i.,!., anv pair of rlisjoint open 1';, s•1b:;;ct.s 

nf K lwvc di~joint. r-lo:,11n)S. 

C:. ll l l11ijrnnns 1111<1 ll. d,i l',wl,)r have shtJwn in 16] tlrn,t 1111 Ar, ',imedcan 

v,:l'l.or latt,ice F, hm, 1.h•~ co1111tnhle interpolation property if and only if E is 
uuif'ormly cum!Jlete und normul (the latter m~aning b' = {x 1 } 1 +{x- }J. for 
nll :1: CE). 

I )cfi11ition 2.4 ([11]) A vector lattice E is said to haue the strong counf.al,le 
i11lc171olulion prnpt>:r/.y if, _qillt!n /.1110 sequences (xn) and (z,.) in E such f.hat 
,c,n ~ z„ for all m., n E N, then there is y E E .,uch that x,. ~ y :-s; z„ for all 
nE N. 

h,r vector laLtiet$ the countable intcrpolation propcrty and the strong 
countable interpolation propert.y are equivelent. For more general ordered 
vector spaccs thc 1,wo notions are not equivalent. 

Thcorem 2.5(A.W .Wickstead, 1995 [11]) The following conditions 011 a 
Jfanach lattice E are equivalent: 

(i) E has the countable interpolation property. 
(ii) L' (c, E) has the strong countablP. interpolation pm-perty. 
{iii) L' (c, E) has the Ricsz scparation property. 

The following exemple !>hows that there exii.ts spnces of operntors bc
tweeu Banach lat.tice.s which are not latt.ices but which have the Riesz sep
aration property. 

Example 2.6 ([11]) If X is an F-space which is not quesi-Stoncen, then 
C(X) has the countable interpolation µroperty l,ut îs not (11 )-order com
plete (see [8], Proposition 2.1.5). By Thc3rcm 2.5, U (c, E) has thc Ricsz 
separation propcrty. On the other hand, by Thcorcm 3.10 of [3], // (c, E) 
is not a lattice. 

Exnmple 2. 7( [11]) If E does not hnve the count.nblc interpolat ion property, 
c.g. if E = c, then I/ (c, E) does not hovc t.hc Riesz i;cparotion property. 

lf the domoin of dcfinition of thc opcrators is allow to be an arbitrRry 
Banoch lntticcs, thcn one ohtains anothcr chamcterization of orcter complete 
Uanach lattices. 

Thcorcm 2.8(11 l]) Lct. E br o Rrmach l,dticc. Thcn /.he fol/riwi119 un· equiv
olent: 

(i) E ii; ordcr complete. 
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(ii} Fn,- oll Bnn,,ch l,1/licfs X, J: (X, E) i.q 1111 oni,-r· m1117,l,·I,· ,.,.,·1~1,· 
l,ittice. 

(iii} For (lll Bc1n,1ch fol.l.ias X, l.' (X, P,) /r,u thr Rfr.~~ .~l"f'1rn1tion pmp-
rrty. 
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POINTS-EXTRtMAUX 

dans le, espun Bloch B!IY} 

Marlnlcl GnrJli 

Josef A Cima et Waren R. Wottm cn [ I J ont denll6 une oaracteriation des 
points extremaux de la boule unit.nire de l'espacc l3loch B0(C). Dans cette note, on 

donne Ies conditions suftcientes pour Ies points-extrfm-aux de la boule unitaire de 
l'cs(lllce Bloch B0 (V), qui est un espacc de fonction1 a valeun vectorielles. Les 

demonstrations dans le cas B0 (V) sont diferente. 

Si V est un espace de Bansct., ii arrive i;ouvant d'utillsor la notion de point
extremal pour relever la geometrie de la boule unitai-re Uv de l'cspace V. 

Si A est un sous-ensc:mble nonvide et convexs d'un espace lineaire V, 
olors un sous-ensemble K ~ A porte le nom de sour-cm;cm!,/c c.ttrimal de A si de la 
relationax 1 +(1--o:)x 2 1::K oi,x 1,x 2 '=A et a'=(O,l),ilresultex1,x2 '=K. 

Si le ~ous--enscmble K est fonnc d'un seul element, K = { x0 }, alor.; x0 

s'appelle point-c:rtrcmal de l'cnscmble A Donc x0 est point-e:dr~mal de l'enscmblc 

A sidelareh,tion x0 -mc 1 +(1-a)x2 , ou x 1,x2 eA ct cxe(0,1),ilresulte 

l'eg11lite x 1 ...,. x 2 -=- x0 . L'cnscmble des points-extrcmnmt de l'ensemble A sem note 

ExtA. 

Remnrque /. Les points-extrcmnux de la boule unitnire U v, d'un espace 
Ban11ch V sont tou~ de norme I. Alors, on R l'inclusion: 

(1) Exl(Uv )!;;:; Sv 

lJ v = { x eV/ !!x!! s I} et Sv = { x eV/ lix!i = I}. 

11 est vmi quc, si x --r O et l!x!I < 1, nlors de l'egnlite x = cxx 1 + (l-cx)x2 , ou 

-11 li - X 0 a 
11
x,i, x 1 -

11 
-

11
, x 2 .,.... , ii resuite que x ne peut pas etre un point-extremal de la 

IIXII 

boule unitairc U v. 
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nnns la proposition suivnnte on donnrrn plusieurs v11ri1'"1cs de ln d,·tinitinn du po1111-

t:x1Iemul. 

PropoJitim, I. Soit A un sous-ensemble non-viJe el conv1:x1: J"un 1:span· 
linenire V ct x0 c :1 . Les offiITnntions suivnntes sont equivnlcntc~: 

o) x 0 est point-extrfmnl d•. l'onsamble A 

b) Si x1,x2 EA, x1 :,!=X2 et a e[O,l] tel que Xq =ax1 +(I a)x2 , 

alors a = O ou a = I ; 
~> L'cn,1;11mbl1;: A\ {x01 ~l convexe. 

- x, +X2 l d) Si X1,X2 EA et Xo - - - aors x, =X2 =Xo. 
2 

Demonstra1l0,1. d) ⇒ u) SoicnUi,x2 EÂ,a e(0,1) et x0 =c.a, +(1-a)x2 .Si 

Q = ½, 11lun1 vu l'hypulh&i~. un li x, z: Xi""' Xo• SI a e( o,½), Ilion; 

Vu l'hypothe,e ii resuit quei .t1 ""x4 = .,0 et a/ors x1 ,.. x2 -= x0 . 

Un e~pnce de RAnAeh V Avec IA rropri6" dim V ~ 2, 11 la norme unifo~ment 

convexe !ii pour tout &> Oii y a 8= 8{e)> Oet avcc la propri6te que pout n'import 

quels elements X,)' c V qui veritient Ies relotion li~"" b~ • 1 et ~x - y~ ~ E on o 

'Ix+ yll 
I . li< i -- o. 
I 2 ii 

Propo1-/tion l. Soit V un espace de Banach ayanl la nonne uniformement 

convexe. Si .î,.T1,x2 EV et .î=-.:!t_+X;z ,!lxl!=l!xdl•llx2 ~, a/orJ x::x1 =x2 . 
2 

Dl11w1utrat/o,1. Si x = O, nlors X 1 = x2 = O. Si X ~ O, et divisant par llxll, on 

obticnt trois tltmcnl~ l~II, l~:II, ct i~:II qui vtriticnt Ies hypothcsca de la proposllion 

2. 
Donc, on peut supposer que .î,.t1 et .t2 sont de1 elements de Sv. Si .r1 - .r2, Rlors 

!!x 1 - .T 2 !! > O . Soit E > O de sorte que !I-" 1 - .î 211 ~ & . La norme etant convexe, ii en 

resuite qu'il y II t5 = t5( c) '> O tel que I =!Ix!!= Xi ~ X2 ~ I - 6 reh1tion qui est 

contradictoirc. 
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n,m/111/re I. Si i · est un espace de Banach ayant la norme unifonnement 
conve:-te, »!nr~ 

(21 Ext( Uv) = Sv 

x 1 + X2 . 
Demonstratlon. Soit x E S v. Si x 1, x2 EU v tel que X ..,... ~-~ 11 resuite 

2 

!\xii\= 1!2x - x2 !! ~ j2llxl!-\!x2 jlJ ~I. Donc l!x11! =I. De maniere analoque on demontre 

llx2 li== I. En utilisant la l'roposilion /. ii resuite x 1 = x2 = x0 . Donc x E Ext(U v). 

Un rcsultat trcs important et bien conuu concemant l'ensemble des points
extremnux cl'un cnsemble, est constitue par Ic thcorcmc de Krcln-Milman: "tout soUJ
ememble K. non-vide, compacte et convexe d'un e.fpace local convexe Hausdorff V esl la 
fermcture de la convcrture de l'ensemble de ses poins-et:remaux". Donc, on a l'egalit~: 

(3) K = Co(ExtK). 
Unc Jircclion J'i~tudc dans Ic domaine Jcs puinls-clrcmaux est represcnlec par la 

caractcrisation des points-exlrcmaux de IR houlc umtaire de!'! CSJlllCC!I Ranach ditlerenl11. 

l'ropn.,·lt/011 3. Soient X ct Y dcu:"C espaces ayant d<"~ normcs li 11 1 et li 11 2 . Soit 

N:[0,cr;)x[0,oo) -➔ R 1111c fouction de sort.: quc (x,y) ➔ N(ixJ,IYI) soit w11~ norme sur 

R '.! . On definit la norme !I I! ser X$ Y par la relation suivante: 

(4) Px +vii= Nili:d 1ivii) \/x EX et y E Y 
' li J li \11 ,P11• 11 l 

Alors :x + y c~t un poinl-extrcmnl pour IR boule unitaire Ux@Y !li et sculemcnt 
si Ies conditions suivantes scmt remplics: 

(i) x est un poi111-extrcmal pour 111 b.JUlc de rayc,w llx1; de X; 

( ii) y csL un roint-extrcmal pour la boule de rayon l!Y!! de Y: 

I l (iii) C::x!,,b';:) est un point-cxtrernal pour ln boule unitaire de l'espace R , de 

norme N. 

Soii O la boule unit.air" ouvcrte du plain complexe C el V un ei;pace Banach 
(sur C ). On r:,ppllc qu'unc founction Ycctoricllc f: O ➔ V est holomorphe cn D si 

pour tout<: fonn.: lirn:airc et continue X• Ev•, la founction complexe < f(z), x • > de 

vnrinhle cnmplexc 7 e~t hnlomorphe cn f). On 111ilisc A11ssi IA notAtion s11ivAntc 

< f( 7). x• >= x• f(_71 

l:n oum:, !ii f e~t une foum:tion vectoricllc holomorphe dans une boule ouverte 
Dr + u. ayant Ic centre a E C. de r.i.yon r > O. â \"aleurs en V. nlors ([6), Theoreme 5, 

p::igc :!75) la founction f pcut ctrc dcYcloppee en scrie de Taylor autour du point a, 
s~nc qui est nbsolument et uniformcment convergente sur toute la boule fennce UP + Â., 

de centre a , de rayon p < r , de la fornv: suivante: 
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Si f: D ➔ V est un,: founction vec•orielle holnmol'J'hr rn (), on definit k 
nombre M( f) par ·,a relanon: 

(6) M(f) = sup{Jir' (z)ii{ 1 - lz'. 2 );z E o} 
Par/ 'espace des Hloch B( V) un comprend l'espace des founctions vectorielle~ de 

variable complexe f: D ➔ V, holomorphes sur D el pow lesqll\:lles Ies valeurs du 
nombre M( f) sont finies. L'espace de Bloch B(V) devient espace de Banoch (sur C) a,·ec 

la norme suivante: 

(7) ilt11 = llf(O)llv + M(D, v'f E B(V). 
L'ensemble de founction f E B(V) pow lesquelles on a la relation: 

(8) Iun il'i( (z)ll(1-j~2) = O 
lzl➔ I 1 li 

est un sous-cspnce ferme de B(V), nott pnr B0 (V). Joseph A. Ci.ma et Warrcn 
R. Wogen en [I] ont done une caracterisation des points extremaux de la boule unitaire de 
l'espace Bloch B0(C). 

Dans ce paragraphe, oa elargira cette caracterisation des poin~xtremaux de la 
boule unitaire de l'espace de Bloch B0 (V). 

D'ohord, on fera l'anolyse des f01,nctions nonnali11~s per f(O) =O. 0n fera le11 

not.otions suivantes: 
-
ll( V)=- { f E B(V); f(O) ~ O} 

(9) 
' -

La norme de tout element f de B(V) est egale a M(D. 
Prcmicrcmcnl, on curactcriseru Ies points-extrî!maux de la boule unitaire de 

l'espace Bo ( V) el puis ceux qui app:utiennent a la boule unitairc de l'espeee B0 ( v). 

Po_ur tout element f de la boule unit.sire de l'espaee B(V), onconsidere l'ensemble Lr 
defini p11r 111 rl"lation: 

{ I' . . "( I ,2) } I 10) Lr = z ED: 1f (z)i1 I - 7J = I 
li li ' ' 

01111oh.:1a par U 81 vi la boule w1ilairc fcrmce de l'espace B(V). 

Tlu!nreme I. Soit V un e~pace Bannch a nonnc uniformtment convexe. Si f un 

element de lJ l"t ii y a un nomhre reel, positif R, R <: I, ainsi quc l'ensemble 
D(\') 

Lrn{zeC/ :z::s;R} estinfini,alors fcstun point-cxbtmalpowU_ . 
D(V) 

Db11011tratio11: Soicnt g1 et g2 , deux founctions de U _ de sorte que 
B(V) 

f = gl ; g
2 

. On considere Z, un clcmcn'. quclque de Lr n{z EC / I~ S R} 
l'uÎSl!UC: 

- 36 -

https://biblioteca-digitala.ro / https://unibuc.ro



(lllf(z) =(1-/) et g,(z),::S(l- ,·~) 
1 

ic{I.:!) 

ii .:n r~sulte. 

(I'.!) :'._((â ~ _!_rl:·,;,(d + ;:o,(z)·:1 
li ii -, :. 0 :I 1:b„ d 

En utilisant la relation d·egalite: 

. I r . . ] 
f (z) = ~ l g1 (z) t g2 (z) on obtient que: 

" • 11 I [" , " ,, . "] (_13) 11f(z)11s- 11e 1(1.)11+11g ... (z)11 
11 11 2 ;1- · 11 11 - h 

.Complc tenu Jcs rdalion.s ( 12) d (13), on 11W'l1: 

;;((z)ll=_!_[::g;(z)il+ilg~(z)II] et en utili!lllnt le, relation~ (li), on obtient le 
11 li 2 li li li „ li 

resuit.al suivant: 

( 14) ii( (z)': = iig'1 (z)il = iin-'2 (z)li = (1 -1z12 )- ' 
li li li li llt:, li I I 

Car le nonne de I' espace V est unifom1ement convexe et considerant Ies 

relations (13) mais aussi le proposition l. ii en resuite que ( ( z) = g ~ ( z) = g~ ( z) pour 

tout element z de Lr n{z eC / izl ~ R}. Puisque l'ememble de cea points z e1t 

infini, \'U le principe du proloi;ement nalytique, on auro l'~gnlit~ suivonte: ( = g'1 = g~. 

Mais, f,g 1 el g2 appanieMent a l'espace B(V), et clonc, 

f(z)-= g1 (z) = g2 (z). Donc, f est un point-extrcmal pour U _ 
B{V) 

Coro/Jaju 2. Si V est un espace de Banacb ayant la norme unifonnement 

convexe, f est un clement de la boule unitairc de l'espacc Bo(V) et Lr est un 

ensamblc infini, alors f est un point-cxtr~mal pour la boule unitairc de l'espaec Bo( V) 

Theoreme J. Soit f un element de la boule unitaire de I' c:space B0 ( V) . AJon. la 

founction f est un point-extrc:mal pour la boule U Bo(V), ai et 1eulement 1i une dea 

affirmations suivantcs sonl remplies: 
(i) f est une founction constante de norme I. 

(ii) f(O) = O et la founction f est un point-cxtremal pour la boule Ho( V). 

Dtmon.stratloTL Pour toute founction f de B0 (V). la founetion g (qui 

represente la "<>-tran.'1ation de f "c'es- a-dire g(z) = f(z) - f(O) est un ~ltment de 

Bo(V). En utilisant ce resultat. on a: 

(1~) B0( V)= Bo( V)+ C, on par C on a nott l'en~mble de! founction 

const.antes. Donc, 
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(16) C =: {h:O ➔ V/ h(.z) == v 0 , v 0 EV, 'v'z eV} 

Puur unt: fuunclion f <lt: B0 (V) un Y l'~rilurt: uni4uc f = g + h. ou g est 

dcfinie par: g(z) = f(z) - f(O)('v')z E D,g E B0(V),et h E C el on le definit par la 

rel11tion h(z) = f(O) Vz ED. ConsiJ,;ranl une founction f de 111 boule unilllin: de 

I' espace 8 0 ( V) • la norme de f est d~finie par la relation 

11~1 = llfoll + M(f). 

donc, la nome N de la Pmpn.,itinn .J. e!'lt I.' nnrme "'ur R 2 . C'est de cette 

maniere que <lltoll, M( f)) C.'lt un point-extr.!mal pour la boule unitaire de R 2 au 11en11 de 

la norme L1 si el seulemcnt si f (O) = O M( f) = llfll = I ou !f(O)~ = 1 M( f) = O. 
De ces rclntions, le Thcortmc 3. resuite imMiatcmcnt. 

Remarque I. Considcrons Ies nonnes suivantes, equivaJcnt~ sur B0 (V). 
I 

Pourl~p<co et fEBo(V) soit "~'p""'(ir(o~P+[M(f)JP)P. 
La Proposition 3. produit (engendrc), dans le cas I< p < oo unc chwe de points

extr~maux essentiallement differente de celle du 11,io,~me J.(p=l).C'e,t analogue pour 
Ic cas ou p = w . 
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Central Limit Theorem end beyond it 

CONSTANTIN P. NICULESCU 

DEPAllTMENT OF MATHEMATICS, UNIVF,llSITY OF CRAIOVA, CIIAIOVA I 100 

One of the fundamental results in Probabilty Thoory is t.he Central Limit Theo
rem, which expresses the universality of normal distribution. See [2) for applicat.iom; 
and El proof based on characteristic function..'I ( actually the standA.rd proof in all major 
textbooks on the subject). 

We shall indicate a proof of this resuit based on Semigroup Theory. Our argument 
follows cl06ely that in Goldstein [1], but we emphasuie more on the role of functional 
calculus with distribution functiom1. 

Recently, Voiculescu [3], [4] succeded in creating a noncommutative analogi.ie of 
the Central Limit Theorem. This time, the role of normal distribution is played by 
t.he so calle<l semicircular law. We comment on the possible existence of a unifying 
approach. 

l. THE CLASSICAL CENTRAL LIMIT THEOREM 

Let (n, r:, P) be a probability space. Given a real random vsciable X on n, its 
di.,tribution function F x is defined as 

Fx(t) 0= I' {X< t}. 

Thc 110rmal dislrilmtion of mean m 1md variance (1
1 is 

I 

F ( ) I / -C•-ml2/:zu2d 
N(m,o-') t = rr.= e 8. 

(TV 21r 
-oo 

lt is worthwhilc to mention that 

X RIHI Y independent implies Fx+Y = Fx • Fy 

wherc the co11,·ol11tio11 of two distributions is given by the formula 

(F * G) (t) = L F(t - s)dG(s). 
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CE'\ITJIAL LIMIT THEOllEM AND 0EYOND IT 

Theorem 1. (The Classical nmtral Limit Theorem). Let X 1,X2 , ... l,e a sequcnni 
of i11depe11dent ide11tically distributed random variables, satisfying I he normali?A'<l 
co11ditio11s 

Then 

for all t E R. 

Clca.rly, it suffices to consiclcr t.hc case where m = O an<l a = 1. 
The proof depends on a functional calculus wit.h dist.ribution functions, wh.ich 

rnakes possible t.o infor the above resuit from Chernoff product formula. 
Let J be the set of all distribution functions anii p11t 

E = BUC(R), 

the Bana.eh space (endowcd with thc s11p nonn) of all 11uiforml.v cont.in11ous boundNI 
functiom; f : R -+ R. 

The functiona.l cakulus with e!Prncnts of J at.tad1es Io end1 F E ;J a c1111t.raction 

F E l(E. E), F'(f)(.ţ) = f /(8 - t) dF(t) . 
.IR 

Let us 111P11tion hcrc two lin.sic propcrti<~-.; of this fu11rtio11al cak11h1s: 

r~, -+ F at nll poi11ts of rn11ti1111it_v of F <=> F:, :: F 

F • G = F · G. 

Consider tlw opPrntor A= ~ · (½; \\"ith d<1111;ii11 P(.-1) = {/1/. f'. f" E E). Ttll'11 
t.hc C0 -sc111igro11p (T(f)),~ 11 nttadwd to tlll' Ca11d1_v ProhlP111 

vcrifiN; the forn111la 

lu fact, 

du 

dt 
11(0) 

Au 

/ E F 

T(t)f = F/\'l0.1lU) for all / > O. 

T(t)f = -- f .r - y)P- • dy 1 1 ( y';·>r 

.,/Fii R 
fur all f > O. 
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CENTIIAL LIMIT TIIEOllE~I ANIJ IIEYOND IT 

Let G be the common clistribution of the Xk's and for n E N• put 

Gn(r) = G( ../n · r). 

Then Gn = Fxtfvn for all k E {l, .. ,n} a11d 

L dGn(r) = 1 

L rdGn(r) = E(?n)=o 
L r 2 dGn(r) E(~f 1 

= n 

By the remarks above, the Central Limit Theorem is equivalent to 

Or, 

- -n ( Gn ~ • •· • Gn) = Gn 

so what wc have to show is 
Gnn ~ T(l). 

That will be clone using Chernoff's Product Formula. 

( 1) 

For, notice first th1tt each operator n( G,. - J) is the generator of a contractive 
C0 - semigroup. In fact, 

lle"<a..-l)tll = e-nt · lle"'a..11 $ e-nt · entllG..II $ 1 

for evcry t 2'.: O. 

Lemma 2. lim 11(Gnf - J) = Af, for evcry J E V(A). 

Pmof. v\,"p haw 

[n(G0 J - J) - AJ] (x) 

f n · rf(x - r) - f(x) + rf'(x) - T

2 

J"(x)] dGn(r) JR L 2 

f ~T

2 

• [J"(9) - J"(x)] dGn(r) JR 2 
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Ci.'.\1111\1. Ll~ll'I T111-:<>IIF\! .·\\dl 111-\0J.,II li 

1111~ hL~I sll'p lwi11g 111olivat<•d hy Ta_vlor's l;1,111111la. Ldti11~ / 1 (r<,sp1•,·11,,•l.v I,) 1111' 
I.L,I i11IPJ!,rnl ovPr 11·1 < h (n,sp<~:t.iwly lr·I ?'. li) WI' lrnve to ptnV<' thal / 1 I li • O ;is 
,, -➔ 00. 

Or, rro111 I lu• 1111ifor111 co11ti1111ily or/" WI' i11for I hat 

118 n --+ oo. ■ 

I12I :S 11/"l1 · 1. nr
2 dGn(r) = 

1•1::>:6 

11/"II · 1. _ ( Jn · ,·)2 
,lG( Jn · r) = 

l ✓n·•l2:,/n·6 

11/"II · / .,2 dG(.~) ....... o 
li.,t::>:,/iiA 

Now t.he convcrgence ( l. l) CIUi I)(• cfo<luced rnu;il:v lro111 : h,i followinJ?; two n.,,11lt s, 
applicd for\~= Gn l\lld C =A: 

Lemma 3. (Chcruoff Proouct Foriwrllt). u.•t V.. Vi, ... I><' 11 s<..-11w111:c• nf c1111trnl"/iw• 
operntors of L(E, E) aml supp<N• t/wn• rxisls mr op"1"11l 11r C': V(<"') -·• E gc•m•mti11,: 
11 routrnct.ive C0 -smuigroup (T(l)k_.0 sud, 1/1;11 

C(x) = lim n [\/n(x) - i:J for 1•1'"'Y .r E: V(('). 
n-•OO 

T/Jen 
lim 1,n(I'., · n.r ~, T( I).,· for 1T1•1y .r C /;'. 

". •X' 

Lemmo 4. Jf SE l.(E, E) 1111,/ IISII :S I 1/w11 

llr"1
~ -/i;r - S"i·I\ '.~ ,/ii !l-'>'.r .r!I 

for 1•11d1 x E f: 11111/ i"·adr 11 E N. 

V.'P Pnd I hi~ Sf'('I ion 11_\' :ii III i1111, i\1101 l11·r r11n11 of I I,,, c„111 ral Li111il Th.-..-.. 111: 

Theore1n 5. S11ppo.~,· 1/1111 .\1, x~ • ... IS ,, S('(/Ul'fll"I' ,.,-;,,,11'/,..lll/1·111 1";>/lf/11111 rnri:1/,/, -"· 
sud, tlw, sk E n1,.,,, '- /.1'(/'). 1-;(Sd ""li /i,r "" k aru/ 
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C'ENTll,\I. Ll\11 r TIIEOIIJ-:\1 A:-1> III-:\ o,s;p 11 

Thtm for cve1y k E N, 

i.e., the kth moments of ,'(,+J,tx. tends to the kth moment of a (0,tY2)- 11om111/ 
distribution. 

2. FREE PROOADILITY THEORY 

A noncommutative probability spare is a pair (A, ip), where A is a unltal c• - algebra 
and ip : A -+C is a linear functional with ip(l) = l; the elementl of A are cl\lled 
random variables. 

Let a E A. The distribution of a is deflned as 

µa: C [X)-+ C, µ.(p(X)) = ip(p(o)). 

IC a EA, aa• = a•a, then by Riesz Representation Theorem tt1ere existl a unique 
probability me11Sure II on tY(a) such t.hat 

ip(/(a)) = 1 J(t)dv(t) for al)/ E C(u(o)). 
17(•) 

In this cMe, we can identify µa and the COITillpondlng v. 
A sequence (a,.),. of random variables is said tobe convergent in diatribution to a 

random variahle a if 

µ •• (p) -+ µ.(p) for every p E C [X]. 

Let (A0 ) 0 be a family of unital subalgebras of A. The famlly bi eaid to be ~ 
provided 

ip(a1 ... a,.) = O whenever a; E Âo(i), the o(i) are dbltlnct 
and ip(a;) = O for all i. 

A family of elements is said to be free lf the family of unital subalg-ebru they 
generate is free. 

Wit.h this preparation we are now able to state Voiculmcu's Central Llmit Theo
rem for free random variables: 

Theorem 6. (The Noncommutative Central Limit Theorem). Let (.A, ,p) bea non
commutative probability space Md Jet a 1, a2 , ... bea free fanuly of random YBl'iables. 
Suppose that 

ip(at) O for al/ k 

sup ip(aJ) < oo for a.li k ~ 2 ,~· 
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( ·1 '. J J{ \ I I .1 ·.;II ·1 li I ',,, I \! \ \ 11 Jll \ 11', I 1 11 

I L" 2 2 li111 - <ţ(" ) = ,- /1 
t1 •'X, 71 J 

r-1 

for so111t• ,. > O. Ld. 

T/1c•11 (Sn)n com-r,rgr'8 in distrilmtio11 to I.he !'ICmicirculM dist.rib11tio11 ;-,, whcn· 

r 

i'r(xk) = ~ J xk Jr2 - x 1dx for al/ k. 
1rr 

Tllf' prcK1f of the ahove t.heormn depends upon a functiona.l calcullL'I with di11tr.ib
ut io11s, t.his t.ime having values formal series. 

Lei a, b t ~ free random variables. The additive frpe convolution of the dist.ributions 
µ 0 and /lb is 

µ,. EB µ.b = /la+b· 

Addit.ive free convolut.ion is 8880Ciat.ive, commut.ative and hM neutral elemr.nt. 
Let. µ. bea distribution. Then the R-transform ofµ. is the formal power ~iril'II 

defined as follows: Consider the formal powcr series 

00 

c,,((l = c 1 + Lµ.(X"Jc"- 1
; 

k~I 

as a formal power seriffl G„ has a unique inverse (with rP.Hpect to compo11ition) oftlK1 
form 

and wr. put 

R,.(z) = K,.(z) - !. 
z 

Lemma 7. Tlw R- trnw,form prnvicll"S II s,·migroup l1011K1111orpl,i,o;111 (rom t.l,r sd 

(E,83) of al/ rlistributions 1111dcr ndrlitiw fn"<i co11vo/11ti1m Io tll<' ,,;(•f. (fp.s.,+) of 

forma/ power series 1111der arlditio11, whid, is 011c-t<>-011<• 1111d 011to. 

The ahove lemrna shows that (E, 83) i8 actually an ahdi1111 11,roup. 

-ltS· 
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ON THE BISHOP - STONE WEIERSTRASS 
APPROXIMATION THEOREM 

Gavriil PĂL TINEANU 

Department ol Mathematics, Technlcal Unlversity ol Civit Englneering ol 
Bucharest, ROMANIA. 

The Stone - Weierstrass theorem is one of the principal pillars 
of modem analysis. Many generalizations of this Important theorem 
hava evolved since its discovery by Marshall Stone in 1947. 

We recall the Stone - Weierstrass theorem for real case. 

Theorem 1. Let X be a Hausdorlf compact and A c C(X,R) an 

algebra with the properties: 
a) A contains the constant functions; 
b) A separates the points of X i.e., for any x,yeX, x,;t:y there is 

aeA such that a(x) ,;t: a(y). 
Then A.= C(X,R). 
A proof of this theorem, which makes use of the means of 

functional analysis was given by L. de Branges. 
L. de Branges has established the following lemma: 

Lemma 1 (L. de Branges 1959). Let F be a vector subspace , 
of C(X,R), B the closed unit sphere of M(X.R)=[C(X,R)] and 

µe Ext{F0 ns}. lf ge C(X,R)is such that gµe F0 , then g is 

constant on S µ - the support of ~1. 

The conclusion of Theorem 1 is false in the complex case. Lat 

X= D = {z e c; Iz!~ 1} and let H be the algebra of all he C(D,c) 

which are holomorphic in the interior of O. H is the uniform closure 
of the algebra of all polynomials in the complex variable z. 

Obviously, H fulfils the assumptions of Theorem 1, but 
H .t: C(D,c), because the function f(z) = Rez, zeD is not in H. 

The conclusion of Theorem 1 still holds in the complex case if A 
is self-adjoint i.e., f eA implies f e A. 

Definition 1. A subset S of X is cal/ed A-antisymmetric if every 
fe A', real - va/ued on S, is constant on S. 

Let f IS be the restriction of f to S and Ajs = { fjS; f e A}. 
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ln the 1961 Errett Bishop extended Stone-Weierstrass theorem 
to the complex case. 

Theorem 2 (E. Blshop). Let A be a subalgebra of C(X.C) that 

contains the constant functions. Then: 
i) there exists a pairwise disjoint partition (S1)1e 1 of X formed by 

closed maximal A-antisymmetric sets; 

ii) a function f E C(X,c) belongs to A iff t)S1 e Ajs1 for each 

ÎE I 

Remark 1. lf A is self-adjoint and A separates the points of X, 
then every A-antisymmetric set is a singleton, and thus every 
f E C(X,c) trivially satisfies t)S1 e Ajs1 for every ie I, so feA; that is 

A= C(X,C). 

The original Bishop's proof of Theorem 2 1s difficulty of 
understood, because it is based on transfinite induction. 

Glickesberg is the first who has given a reasonable proof of 
Theorem 2. His proof is based on the following lemma: 

Lemma 2 (I. Gllcksberg). /fµe Ext{A0 ns}, then the support 

of p is A-antisymmetryc set. 
Some "elementary'' proofs of Bishop's theorem were given by 

R.B. Burckel (1984) and T.J. Ransford (1984). 
ln 1971 J.Prolla generalized Bishop's theorem for weighted 

spaces and the following version of Theorem 2 is due to Silvio 
Machado in 1977. 

Theorem 3 (S. Machado). For any f e C(X,C) we have 

dist(f, A)= supdis~ t!S1, Alsd. 
i1-cl 

Obviously, dist(f, A)= int{i!f - a'l;a e A}= O iff f e A, and 

therefore. Theorem 3 is a generalisation of Theorem 2. 
ln 1978 G.Păltineanu extended Theorem 2 considering instead 

of subalgebras A of C(X,C), the vector subspaces of C(X,C). 

Definition 2. Let F c C(X,c) bea vector subspace. A subset S 

of X is said to be F-antisymmetic if every f e F with the properties: 
a) fiS is real va/ued; 
b) fg:S E FIS foranygEF; 
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is constant,s. 
Theorem 4. Let F bea vector subspace of C(X,C). Then· 

i) there exists a pairwise disjoint partition (T1) 1e, of X, formed by 
closed maximal F- antisymmetric subsets; 

. ii) for each fe C(X,CJ one has: 

dist(f,F)=sup{dis(fjlj,~lj); ie I} 

D.Feyel and A de la Pradelle extended in 1984 the Blshop's 
theorem for a convex cone. 

Definition 3. Let Cc C(X,R) bea convex cone. A subset S of 

X is said tobe C-antisymmetric lf everyfeC wlth the properties: 
a) o~ t!S ~ 1 
b) fg+(1-f)glSe CIS foranyg,heC 

is constant on S. 
There exists a pairwise dlsjoint partition (U11) 11 of X, formed by 

closed maximal C-antisymmetric sets. 

Theorem 5. For any f e C(X, R) we have 

dist(f,C) = sup dis~tlUa, qua)-
a 

lt is well known that if I is a closed ideal of C(X) then there 1s a 

closed subset S of X such that I= {f e C(X); flS = o}. 
Therefore, there is a one - to - one map I S from the 

family of the closed ideals of C(X) anto the family of closed subsets 
of X. 

Starting from this remark, C. Niculescu, G. Păltineanu and 
D.Vuza extended in 1993 Bishop's theorem for M-ldeals ln Banach 
spaces. ln the sequel we shall presant a version of this theorem for 
Banach lattices. 

Let E bea Banach lattice. The centre Z(E) of E is the algebra of 
all bounded endomorphisms U e L(E, E), i.e those U for which it 

exists ~>O such that jU(x~ s )Jxl for all xeE. We define the real part 

of the centre by: 

Re Z(E) = Z(E)+ - Z(E)+-

For each closed ideal I of E we denota by 1t1 the canonicei map 
1t1:E' ➔·E /I.. 

Deflnltlon 4. Let F be a vector subspace of E. A closed ideal I 
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of E is said tobe F-antisymmetric if for any UE Re Z(E / I) such that 

U[n1(F)] c rr 1(F) 

it follows that there exists aE R such that U = a .r[,. 

We de note by A~ thP family of all closed ideals of E. 

antisymmetric with respect to F. 
We can prove that every I erl. contains a unique closed minimal 

ideal JeA •. 
Let ~ be the set of all minimal closed ideal of E, antisymmetric 

with respect to F. 

Theorem 5. Let E ba a Banach lattice of (AM)- type and lat F 
be a vector subspace of E. 

For each xe E we have: 

dist(x,F) = sup{dis~1t1(x),1t1(F)); IE ,,4y=} 
The proof is based on the following lemma: 

Lemma3. Let B={fe E';llfll<1}andfe Ext{F0 ns}. lfwe 

denote by I= {x e E; lfl(lxO = o}, then leAF„ 

Remark 2. Let E=C(X), S a closed subset of X snd 

1s = {f e qX); flS = o} the corresponding closed ideal of C(X). Then, 

n15 (f) = flS for any feC(X). We a/so hsve z(qx)] = qx). Now lt 1s 

clear that Theorem 4 extends Theorem 3. 
A version of Theorem 5 for a convex cane ln locally convex 

lattices of (AM)-type, was given in 1996 by C.Niculescu, 
G.Păltineanu and D.Vuza. 
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THE DUAL SPACE OF THE HARDY 
SPACE GENERATED BY A 

REAR.RANGEMENT INVARIANT SPACE 
X AND SOME APPLICATIONS 

NICOLAE POPA 

Abstract 

Lct X bi' a rearrangemenl invariant space (in short r.i.s.) elther on 
IR or on [O, I). First we introduce the n•al Hardy spa.ce Hx generated 
by .,· (resp«-ctively the dyadic lfardy space llx(d)) and we show tha.t 
th<' dual of flx (rl'SJ>l'CtivPly of lfx(d)) can he ident.ified to Hx, (re
spl•ctively to llx,(d)), X' being the a.ssociate spa.ce of X, in the cue 
X ,1. r.i.s. with an absolutely continuous norm a.nd such tha.t 9x < oo. 

\Ve use this resuit in order to show that llx ( respectively Hx(d)) 
îs not isomorphic to a r.i.s. l' on (O, l] a.s Banach spacea, improving a 
pr<!vious rE'sult of the author [Po2]. 

19,q J. O. Strombcrg [S] ga\'c a descrip:ion of the dual spR.Ce of a Ha.rdy
Orlicz spaccs lf..,, '-P being an OrliC'z function. In order to do this Stromberg 

introduccd the !--Jlilre L:,., an extcnsion of the well-known BMO-space. 
Using lh<" icka~ co111;,i11<"d in [S], [FJJ and [FS] as well as some lechniques 

dc\'dopp<·d in [Pol] W<' cxtend the Stromberg's resuit to a r.i.s. X with 
an ah,mlutl'ly rn11tirn1011s norm and h11vi11g thc upper Boy<l index qx < oe. 

h1rtli,·r "11 \\'e sli,,11· 1li11t llw curr,>po11di11g llar,ly SJHlC<' llx (its ddinition 
will be giH•11 latcr) is not i,-01110rphic to 11ny r.i.s. Y on [O, lj, irnproving an 
c-arli<'r r,•s,ill frorn [f'o2]. 

\\'t' uol,· 1 li,11 Ll1e spacc li,,·, in its dya<lic vc-r~ion, inherits many properties 
of a r.i.s. } · (s,·e [Pol]), ~o îl i~ nai urai Io ask if llx 11nd }' llft' or nol 
i,11111nq,liir ;,_, li.,11;,cli span·,. 
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~ow WC' rC'call somC' notions and definition11. For the unexplAinf'd termi-
11ology we recommend [LT] or [BS]. 

Lex X be a r.i.s. either 011 R or on [O, I]. The more naturAI eumplr11 of 
r.i.s. are the Lebe11gue spaces L", 1 :5 p :5 oo. 

We use the Boyd indices px And qx and we recall their definition ( see 
[LT],.[BS]) in the cue X ia a r.i.s. on R. 

Let /: R-+ C and s > O. Put D.J(t) =- /(i/1) Vt E R. 
Then D. acts boundedly on X and we put: 

. logs 
Px :::: hm I IID li-, •-oo og • X 

I
. loga 

9X a lffl •-o+ log IID.llx 

and remark that 1 $ px $ qx :5 oo and (px )' -= qx•, (qx )' = px•, where X' 
îs the associate space of X 1md p' is the conjugate number for p. 

lf X = L" we have Px = qx = p. 
Now we mie thw following notations from [S]. Let O < r < oo, O < s :5 l 

and Q be an intervAI in R. Then put, for every Lebeague measurAble function 
/, 

for z E R; and 

MJ,./(:i:) = sup inf inf{a ~O: l{y E Q;l/(1) - ci> a}I < •IQI}. 
QjrcEC 

Our task is to show that some results from [S], [FS] and {TJ can be 
exlended taking a r.i.s. X 011 R instead of L' or of an Orlicz 11pace L..,. 

The following lemma is well-known: 

Lemma 1 (Su [LT}, [A}) Let T bea q11a.(ilinear operator bounded on L00 (R) 
and of thr uirak type (p, p), 11•hue O < p < oo. // px > p then there ia a 
constant C > O drp( ndi11g only on T and ,\ such that T mapa X info X and 

IIT /llx :5 Cll/llx for evrry / E X. 

Note that Lemma 1 is an exlension of Lemma 2.2 -p.514-[S]. 
Next we exlend Lemma 3.9-p.523-[S] and for the convenience o( the reader 

we gave ita proof: 
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Propo!§ition 2 /_fi O< r < oc, O<,,< 1/'2 111,rl /,t .\" /,,,, ,., .,. 011 ,~. ,11,I, 

thal px > r. Thc n 1 ,·is/s tl,c conslcrnl C > O d<prndi11_q 011/y 011 ,. ,,,,,1 .\". 
such tlial 

IIM!.fllx :5 CIIMJ.,fllx 

for all f ,atisfying IIML!llx < oo. 
Moreover all the ezprusions IIM~,fllx, such that O < r' :5 r, and al/ 

IIML/llx, with O< s $ 1/2 are equivalent qua,inonns of J if MU EX a11d 

i/ r ~ 1. 

Proof We have 
(I) M!J(x) :5 CM,,MJ,.f(x) 

for all r E R, C > O depending only on r with O < r < r'. (See Lemma 
3.7-[Sj.) 

Now let px > r' > r and let 

for O < p < oo. Since we know that M, 11 bounded on L'""(R) and of weak 
type (p,p), O < p < oo (eee for in■tanee (S}-p.518) we apply Lemma 1 to 
T = M,, and we get 

under the above condition,. 
By ( 1) and (2) we get the first part of Propo■ition 2. 
For the 1econd part let u1 rernark that 

for all O < s < oe ancl illl O ~ g Lcbesgue measurable function~ on R, g~ 
being the d&reuing reamrngement of g, i.e. 

g~(.,) == inf sup jg(t)I. 
IEI•• 1Elt-E 

Take now g(y) = 1/(y) - clxq(y) for y E R and., =- tlQI, 
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Wc get h lf(y) - cl"dy 2: (IJ - cl.,.(tlQI))" · tlQI, 

lhus 

( 
1 . ) l/p 

ÎQÎ k lf(y)- cl"dy ~ t 11"inf{o 2: O; l{!I E Q: 1/(y)-cl > o}I < t!QI} 

and 
t1l"M~,,.f(x) $ M!f(x) 'vx E R and t E (O, 1). 

Finally we get IIM!/llx 2: t 1l'IIMJ,dllx for all O< t $ 1/2 and O< r < 

oo. Consequently IIM!fllx ~ IIMt/llx for all O < r < Px, O < s $ 1/2 

(with co11stants depending on r a.nd s) and all / such that M~,,f E X. 
If r ~ I and IIM:llx < oo, then IIM!,fllx < oo for all r' $ r. So Propo

sition 2 is proved. • 
Now we have the following version of Theorem 3.1 -[S). (Sce also [FS).) 

Theo1·em 3 Lel X bea r.i.s. on R such that qx < oo. Ld O < a :5 1/2 and 
let. O < r < oo. There is a constant C > O depending on X and r such lhat 

IIM,/llx :5 CIIM!Jllx for all J e X, 

if the right side of the above inequality ia finite. 

Proof We use the techniques developped in [S) pp.526--~27 and we get: 

(1) l{.r E R; M,(J -- a,)(.r) > o'}I :5 

oo b" , 
:5 C1:(CB-•)·lb e R;MU(z) > c~}I 

A:=0 

for all o'> O, b = 2- 2/•- 3/i, where 

a1 = Jim m1(Q), 
IQl-oo 

m1 being lhe median value of/, i.e. m 1(Q) is a real nurnbrr (if f is real) 
such that 

1 
l{x E Q; /(.r) > m1(Q)}I $ 

2
1QI 
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and l 
l{.r E Q,/(:r) < m1(Q)}I S 21QI. 

But (1) c:An be written also like this: 

eo 

µM,(/-•11(0 ') $ L,(CB-'tµcB•-•u!i 0 ') 

•-o 
for all o'> O, using the notation µ,(>.) for l{.r E R; 1/(z)I > >.}I and by the 
well-known relation between j~ &nd /J/ we have: 

(l') is equivalent to: 

00 

(2) [M,(/- a,)j~(>.) $ ECBb-"D120B-•J-•(M~/)-p.) 

"'"° 
for all >. > O. 

Since qx < oo, (3) a > O and ao > O tuch that IID,llx S , 1
/• for all 

I '.5 -'O• 

Tbeo, by (2), we get 

eo 

IIM,(f - a,)llx s E cB1,-•c2cB-r)•1·11M!!llx s C1IIA#!/llx 
•-o 

for a sufficiently large B > O. 
If 

la,1 .,. Hm lm,(Q)I > O 
IQl-00 

then, since li/ - a,llx S C,IIMUllx < oo, it follow1 that / - a., E X, l.e. 
a, EX if /EX. 

Then the function l E X and l $ IID,llx S , 1I• for O < , S •o, which i ■ 
impossible. 

Thus a,= O for/ E X and Theorem 3.1 ia proved. • 
Let u(.r, t) bea harmonic function on R!, I' the cone I'(z) = {(.r', t); lz'

zl S d} and 
u"(z) = sup lu(.r',t)l

(s',1JEr(sJ 
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Now for X a r.i.s. on R. with qx < oo, let us pul 

Hx := {u(x, t) := (P, • /)(x); for x E R; t > O; where f = f, -I iH f, 

wilh llfdlx,IIH/illx < oo}, 

where P1(x) is the Polsson kernel on R, H f is the Hilbert transform of/: 

Hf(x) = !li I ~-
"' -~lR-(,,,) X - t 

On H x we introduce the norm 

llullHx := llf1llx + IIH/illx-

Then a.rguing as in [FS]pp.185-187 we have the following exlension of 
Theorem 11-[FS]. 

Theorem 4 Let X be a r.i.s. on R ,uch that qx < oo. Then for each 
function f we have the equivalences: 

(A) u+(x) := ■up l'P1 • f(x)I EX 
1>0 

for some ip a fast decreo.sing /unction auch lhat fa i,,( s )Js = 1. 

(B) u• EX. 

(C) f(x) = limu(x,t), where u E Hx. ,-o 
Moreover 

Recall now the definition of Triebel-Lizorkin spaces, however in our, more 
general, situation. 

Let X he a r.i.s. on X with qx < oo. Then we drnote by F1°1
, 11nd call it 

thc Tricbcl-Li::orhn space gcntral<d by X the following: 

!1·1 = {/: R-+ C; 11/11~• := inf li sup f: w- 1
(1,?1-. F(/ + P))l1 llx ( )

,n 

x p polynome l>O 1-=-oo 

< oo} 
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wl1ell' .;,(.r) = 2\.,(2'.r) .. r E IR.-.,, E S (S is tl,,· ~.!,,•.;,1l1 '1'• 1"'' "'''' 

suppF-.,, = {2- 1 :S: 1(1 .S 2}, /·~hl'i11g thl' Fomicr tr;i11,fo1111 of r·· 

The clrfinilion of Ff· 2 in the case X = U, was gi\'en in [I',·]. [T]. [I-' I]. 
lf we idenlify u = P, • f E Hx with /: R--+ C such that J, + 11/_J, 0= f. 
and consequently llx = {u = P1 • J} with llx = {!: R--+ C swh that /, + 
iii / 1 = J, with 11/dlx + IIH /1 llx < oo }, we have: (Such a id,•ntificat ion is 
a known fact; see for instance [G], ch11p.ll.) 

Corollary 5 Let X be a r.i.s. on R with qx < oo. Then, with tq11irnlrnl 

norms, u•e hnvr. 

The proof is essentially the same to that given in [T) or [Pe) 11nd t1Re8 lhe 
equivalence (A)<=> (C) in Thcorem 4. • 

ln the next corollary Hx is also considered u a 11pace of function1 on R; 

Corollary 6 Let X b€ a r. i.s. on R such that qx < oo. Then we hav< the 
equivalences: 

11/IIHx ~ IIMifllx ~ IIMflllx + 11/llx-
P,-oo/Since M1 is the well-known Hardy-Littlewood maxim&! operator we 

have u• $ CM.J if u(z,t) = (P, • /)(z). (See (G), (BS).) 
Thus by Theorem 4 and remark before Corollary 5, we have 

11/IIHx ~ llu"llx $ CIIMifllx-

The converse of the above inequality follow1 Crom Riesz factorisation The
orem: // F E Hx, where X is a r.i.s. on R W1th qx < oo, then F • BG, 
where B is a Bla,chke product and G(z) ;. O for al/ a a ;r + it, t > O and 
moreover IIFIIHx = IIGIIHx· 

Take now G 1 == BG'll, G2 = G 1'3 and by Riesz theorem we have 
IIG,IIHx1 = IIFll;g, i = 1,2 and F = G1G2, (Here X2 

::::c {/: 1/1 2 EX} 

with thc norm llfllx1 = 111/1 1 11~/2
.) 

Let / be the boundary value of F E Hx. Then / = 9i!h, wht"re g; are the 
boundary values of G; and Mi/ :5 Al2g1 • M2g2 • 

Coni;equcntly 
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$ CIIYillx> · IIY2II.P = c11c:i11u; . IIG1II~; = CIIFIIHx $ CillfllHx. 
Hcncc the first equivalcnce is proved. ln order to prove the second Id us 

note that M: f $ Mi/, thus 

IIMUllx + llfllx :5 2IIMifllx 

and we should show only that 

IIMifllx :5 C(IIMUllx + llfllx ). 

But this is precisely the statement or Theorem 3. • 
Now we can give an extension of Lemma 6.1 -[S]-p.-542: 

Lemmu 7 Let X be a r.i.s. on R such that qx < oo and moreo1'rr assume 
that the 11orm of X be absolutely conti11uoua {i.e. if E„ i,tJ lhe11 IIXE.fllx i O 
for all f EX). 

Define 

Hţ = {! E Hx: such that Ff E C;{° and Ff = O on some 

neighbourhood of O}. 

Then ni is dense in Hx. 

Proof By Lemma 2.1-[FJ] and by Corollary 5 it follows that for t'ach 
fEHxwehave 

! = I: < f, ,.,,Q > ~,,Q. 
Q 

where Q runs into the set of all dyadic intervals in R, 'PQ(.r) = IQ1- 1n','(2v x -

k), (and similarly for t/•Q), where 

Q = Qv,k := {r E R;k $ 2v:r </..·+I}, A·.,, E Z. 

Here r,,, t/• E S(R), .rnpp F.,:, Fi:• C {( E JR:.; 2-• $ l{I $ 2}; IF,.:-(OJ. lf\•(01 ~ 
c > O for 3/5 :5 1{1 $ .5/3; and 

L f'','(2''{)Ft/i{2v{) = 1 if {:/:O. 
ve:: 
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t:~ing tlw c·stimat<· foi tlw Pi-Pin· function.il gi,i-n in par.G-[F.J] fur tlw 

couple 

and t.he similar eslimate for the spaces: 

"l-'Ql
1 

11111 } f°i2 := {/: R ➔ C; / = ~.,qhq; such that 11/111~2 := li(~ IQIXQ) X < 00 , 

where hq ia the L1-normalizecl Haar fundion supported by Q, we get that 

T., : fi ➔ /1·1 given by 

11.ets boundedlv. 
(Here, of c~urse, we identified / E /Jc-2 wlth the sequence, =- (,q)q auch 

that / = L"qhq.) 
Q 

X having an absolutely continuoua norm it followa that }: aqhq ➔ 
QIA 

L "Qhq, if A t {Q; Q runa over dyadic intervala }, in the norm of fx1
. By 

Q 
the boundedneea of T. and the absolute continulty of the nonn of X it 
follows that }: < /, 'i'Q > 'PQ conver.Jea to / in the norm of H X• Since 

Q 

L < J, ..,,Q > V'Q E Hţ (or A a finite set, we proved Lemma 7 .• 
QEA 

Now we describe the dual of Hx, under rather mild restriction■ about X, 
extending Theorem 5.l-[SJ-p.533. 

Note first that there are r.i.s. X on R (or, equivalently, on R+) 1uch 
that qx < oo without an absolutely continuous norm. For in1tance take 
X = (L,,,,.)'(O, oo) where w(t) :::z: t- 1/ 1 and L..,,1(0, oo) := {/ : R+ ➔ 
C; / 0

00 j~(t)w(l)dt < oo }. 
Tlit'n it is known (see [LT]) lh11t px = qx = 2 and X contain, a sub

lattice isomorphic to {oe,, consequently the norm of X cannot be ab10lutely 
cont inuous. 

Before giving the dual of H x we need to extend the definit ion of H x for 
a general r.i.s. X on R. 
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Dcfi11ition 8 l,tf X bt an arbitrnry r.i.s. 011 R. Thrn li;,; is tl,, .sd of al/ 
classcs [/]. modulo thf co11sta11ts, of Ltbesgue measurablc f1111clions 011 IR such 

that IIM;fllx < oo. 011 Hx wc pul llf!IH...- := IIMU!lx-

The definit ion 8 cxtends the previous definition of H x for an 1. i .s. X 
with q_'I( < oo, view Corollary 6. 

In<leed Jet us put [Hx] the set or all classes (/],for/ E li x, where qx < oo. 
Thcn thc formal ident.ity map 

/: (Hx,llfllx + IIMUl!x) ➔ ([Hx],IIM:Jllx) 

given by /(f) = [!] is a bijective and bounded map, as is casily scen. (The 
injt>ctivity of / follows from the fact that a co1ntant function c bdongs to .\', 
with qx < oo iff c = O.) 

But ([li x ], JJJ!Ullx) is a Banach spacc and by the open mapping theorem 
/ is an isomorphism and we may i<lentify Hx with Hx given by Ddi11ition 8 
if qx < oo. 

From now on wc consider H x as a set of c!asses of functions ral her than 
a set of functions. 

Theorem 9 Let X bea r.i.s. on IR with an absolutt:ly conlinuou.ţ normand 
such thal 1 $ PX $ qx < oo. Lei X' be ils associate spac, an,/ Hî C llx thc 
dense subspace git,en by Lemma 7. 

Then we hat•e: (I} for et•ery linear and bounded /unctional l on li x, there 
is g E H x• such that 

l(f) = k, f(r )g(:r idx 

for each J E H'l aud morcotu 

(2) lf g E Hx,, lhtn 

( 9 (!) = f f(.r)g(r),h }y .,. 

fo1· f E H'J, can bl u·/111drd Io a /ir,wr a11d bou11tltJ f1rndiorrn/ 011 li.,· 1111d 

llf,11 s CllgllH...-,· 
The rtprcsrnlalion givrn by (1) and (f!) is 1111iq11c, 1.f.. ( 9 ::e O iff g is 

constant. 
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/'roo/( I) it fullows t'Xact ly in t lw s11111e way ;is in jS] ."i:I I ,inc<' t lit· ,rnal, •g"1, 

of Lernma -1.2-[S] follows from Proposition 2 and Definilion 8, using tlw fa<t 

that px• = (qx)' > l. 
(2) lt is sufficient t.o show that 

I J.. f(x)g(x)dxl $ CII/IIHx · ll9IIHx, 

for f E H°x and g E H.'/('• 
The arguments of IS) work also in our ca.se. We use the notations from 

[S]-Theorem .'U. U~ing lhe proof of Proposition 2 and the facts proved in 
[S]-p.536-538 we have that 

IIS!u9 llx• $ CIIMo,,,M:gllx• $ (l'lince Mo,,, is bounded on X')$ CIIM:ullx• 

= ( by Definition 8) == CllgllHx,· 

Since Lemma 4.6-[S]-p.531 has an almost verbatim extension for an arbi
trary r.i.s. X with qx < oo, we have 

consequently, arguing a..s în [S), we have (2) .• 
Remark Theorem 9 ia etili true if the band of element■ with ao abaolutely 

continuous norm X. is nonvoid, replacing Hx by Hx •. So we can identify 
(Hx.)" with Hx,. 

Now we recall the definition of dyadic Hardy space Hx (d) gcnerated by 
a r.i.s. X on IR. (See [Po2).) 

For J = L sqhq we note by 
Q 

m(/) = sup [( L l-'PIJ XP )1/JJ"'( IQI )XQ 
Q dyadic interval QcR PcQ IPI 2 

J~ being thc decreasing rearrangement of f. 
(Note that in [Po2J,[F J), m(/) has a sligthly different definition, the func

tion whkh enters in definition of m(/) being computed in ,, but thi11 change 
is nol important for ours aims.) 

Then we have: 
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Def111ition 10 /.tl .\ br r, r.i.s. 011 IR. J'/,rn 1n p11l 

lfx (d) c-.: {f: IR. --t C; J /,rbcsgue mrnsurable suci, /hal 

f = L.sqhq and IIIJIIIHx := llm(f)lla;< < oo}. 
Q 

We have the following interpolation resuit: 

Theorem 11 Lct X be a r.i.s. on R. Then there is a linear opero/or U in
d1 prndcnt on X sucii thal U: Hx --t Hx(d) bea Banach space isomorphi.,m. 

Proof Sin ce there is well-known that there is a simultaneous isornorphism 
U: ll1 --t Hi(d), U: BMO --t 81\IO(d). (see [Ml) we have: 

K(I, U f; H1(d), BMO(d)) ~ J((t,f: H1 , BMO). 

By the known fact (see [F J]) thal 

we have 

K(t,UJ: H1(d),BMO(d)) ~ K(t,m(U/);L1,L00
). 

By Corollary 5 we have that H LP coincide with ~-2 in the sense of [F JJ, for 
1 $ p $ 00. 

View Theorem 2.2-jF JJ it follows that 

J((t,f;H1,BMO) ~ K(t,/1;H1(d),BMO(d)) ~ K(t,m(fi);L1,L00
), 

where !1 := "'f:,(S~/)qhq, S~J := ( < /, l.{)Q > )q, < ·, • > being the scalar 
Q 

product in L2, and 'r'Q being described in the proof of Lernma 7. 
These results and the fact that X is a monotone inlcrpolation space for 

(L 1
, l 00

), in the sense that if K(t,g: L1 , l 00
) $ /{(t, f: L1 , l 00 ) and f E X 

then it follows tha.t g EX and llgllx $ llfllx, give us: 

llm(U f)llx ~ llm(fi)llx-
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B11t r10111 [1·.1] 

then: 

IIU/IIH,.(d) ~ 11/IIHx·■ 
Now we can prove an analogon of Theorem 10 for dyadic Hiudy spaces: 

Theorem 12 Let X he a r.i.s. on R with an ahsolv.te/11 continuou$ nonn 
nnd such lhat qx < oo. Then its lopological dual Hx(d) can he identified to 
Hx,(d) h11 a Banach space isornorphism V non drpending on X. 

P,-oof Ry Theorem 11 it follows thl\t there is an isomorphism U : f1·1 
H 

Jf-1 (see the proof of Lemma 7 ror corresponding delinitions) non depending 
011 r.i.s. }' on IR. 

Then view of Corollary 5 and fheorem 9 we have 

(Hx )" 
t u· 

(llx(d))" = 

Hx, 
t u 

Hx,(d} 

Here V is defined by the commut.ativity of the diagramm before. V i ■ obvi-
011sly an isomorphism .• 

Now let X bea r.i.s. on [O, l] such that qx < oo and such that its norm 
be absolut<'ly continuous. Then i1. is known that there ia a r.i.a. Y on (O, oo) 
sucii I hat } · lio.1) = X ( i.e. if / E Y, its decreasing rearrangement t~ he such 
that J~ · .\(0.11 EX and 11/llx ~ IIJ~X(o,11IIY-) Moreover if / E X then for 

7(r) = { J(x) .r E (O, 1) 
O xE[l,oo), 

\H' hall' :ir;;.\ ~;:Iii,. (S«·•· The(Jll'l11 S.-1-[J~fST]). 
Tl1<'11 if X is as hf'fore aud / = L sqhq, f E Hx(d) it followa that 

QCl=(o,1) 

7(.r) = L sqhq aud 5(7) = ( L l$Ql
2 

Xq) 112:::: S(/) EX. 
QCI QCI IQI 
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Ol,,·io11sly [5(7)".\(l•,1)](1) = 5(/)"(1) fort E [O, IJ, sos([_) E } 1,0. :~). 
;,ml IIS(/)ili ~ IIS(f)llx, so 7 E Jh(d), i.e. the map .f ➔ f fro111 //., ld) 
iuto /fi.-(d) is an isornorphic embc<lding. 

'.\lorcover Y has an absoluldy continuous norm, because if .\E,. : O and 

/El', then O :S (fx,:;J~ :5 f~X(o,IEnl) which implies, for IEnl :S I, that 

Ily Theorem 12 we have that 

wliere [Hx(d)] 0 is {! E Jfi,.(d) so lhat l/hQdt = O for all Q C /}. 

Thcn we have for/= L sqlrQ E H1,,(d), where A is a finite s<'I of d_\'adic 
QEA 

intervals, that thc class[/] E ~~Î~~i coincidcs with !fi], where /1 == L sqlrq, 
QEA 

or even to f1-
B11t .suppm(/1 ) C !O, I], so 

1 [ g m(/1)dtl :5 L' g~m(fi) ... dt = 

= Io"'° g~(t)m(fi)~dt :S (since m(/i) E }'') :5 

:s ll9~11i, · llm(/itll1·• = IIYllx · llm(J1n1i,, for 1111 g E ,\", 

Then m(fi) EX' and llf1ll11x,(d) = lim(f~I.-:• ~ ll/dl111 • ., which iu turn 
implies that the dual of [//x(d)]" c11n be idcutified witl, tl,c ru111plctio11 of 
{f1; fi = L SQlrQ, A 11n 11rhilrary fini le set of dy;,di.- int1'nitl~ i11 (O, oo)} 

QE.4,QC/ 

for the 11orm of llx(d), that is wit.h llx,(d_l itsrlf. 
So I\"<' pron·d the foll"wing 1lwo1e111 whicl1 c·x11·nd, ,, r,r,·.,.j,,", !•·-1111 of 

[Po2]. 

Theorem 13 Ld X bt a 1·.i·"· 011 [O, I] u•i/1, an 11bsoluttly rn11li111wr:., 11or111 
,111d q:,; < -x. J'hen tl,e topologiml dual .,pace [llx(d)]" is i.,omo1pl11l in a 
natural 1rny Io lfx,(d). 
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:'\ow i11 l lw Siilllt' w11y 11s i11 [Po2] wr Cl\11 li~<' Theorr111 t:J i11 urd,·r lo p1 "' •· 
tllf' following <'Xlr11,ion of Th1•orP111 1\.4-[Po2] and of I\ w<'ll-known r,·sidl 11 f 

BourgiiÎII [U]: 

Theorem 14 Ld X bea r.,.s. on [O, l] with an absoluldy conli1111ou.111n1 111 

.such /hal qx < Iii. Then Hx(l2) is nat isomorphic as Banach .•pacr.• Io H\ 

WI' recall that 

Hx(f1 ) := {/ = (/;)'(:,1;f; E Hx;such that llfl1Hx(t2) := 

= ll(L IJ;j1)' 11 IIHx < OO }, 

i 

where ll(L lf;i1)'/2 is given by Krivine functional cakulus in the 81\n11cl1 
i 

lattice Hx(d), ordered by f = L•qhq ~ O iff sq ~ O for all Q. 
Q 

We reml\rk that Bourgain proved Theorem 14 only in the rMe X == L1
. 

Similarly to [Po21 we derive then: 

Corollary 15 Ltt X be a r.i.s. on (O, 1) as in Theorem 1„ Then Hx(d) is 
not isomorphic as Banach space• to anyone r.i.s. Y on [O, 1). 
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DISSIPATIVE ANO ACCRETIVE OPERATORS ON 
LOCALL Y CONVEX SPACES 

Mihai Voicu 

R S Phillips (9) introduced the notion of dissipative operator on a 
Hilbert space in 1959 and apllied it to hyperbolic systems of partial diffarential 
equations. Later G Lumer and R S Phillips (6) introduced e new notion of 
dissipative operator on a Banach space in 1961. with respect to a semi-inner 
product compatible with the norm and used it to characterize the generators 
of Co - one parameter contraction semigroups. Almost simultaneously, 
accretive operators on a Hilbert space were introduced and appli..:j to 
differe.ntial operators. 

ln 1972 F Hirsch (3) defined the notions. of M-codissipative 
(resp. M-dissipative) operators with respect to the norm and used them to 
charactenze the l1mit operators of the Lo (resp. L) resolvents, including !he 
abstract potentials and generators of C0-semigroups 

ln this paper we introduce the notions of accretive and dissipative 
operators on a locally convex space 

ln the first sect,on some basic properties are presented The second 
sectIon Is d8d1cated to Lo and L. resolvents and their I imit opera tors. The last 
sectIon Is devoted to resolvents and potentials on ..L'0(X) Tne accretive 
operators are used to characterize the !imit operators of the L0 resolvents, 
while the diss1pat1ve oper~tors are used to characterize the limit operators of 
the L. resolvents Corollary 3 8 and Corollary 3 9 cover similar results 
obtained by Hirsch in (3) 
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1.Basic properties 

Throughout th1s paper X is a real or complex Hausdorlf locally convex 
space, whose topology is given by the directed family of seminorms P=(p.,). 
o.,~A. 

Oeflnltion 1.1 A linear operator V:D(V)---+X is called dissipative (resp 
accret,ve) if for every a !:'A. there exists M( a)>O such that p,.( AX) ~ M( a)p .( h
V(x) ) 

( resp p,,( A V(x)) ~ M( a)p,,( x+,W(x) ) for all l>O and x ED(V). 

Remark 1.2 lf X is a normed space we wifi find the concepts of M
dissipativity (codissipativity) introduced by F.Hirsch in / 3 /. 

Proposition 1.3. Let V:D(V)-➔ X be a linear operator Then the 
following assertions are equivalent 
1. V 1s d,ssipative 
2. (-V) Is accret,ve. 

Proof We suppose that V is dissipative. Let fl ,, A, x €D(V) arid i. O We 
have ,1_ V(x)=A. V(x)-x + x. 

Lei a EA, x eD(V) Then p,,(). V(x)).::p,,(). V(x)-x)+p,,(x)<p.,(). V(x)-x) + 

+M(a)p.,(x-iV(x))=(M(a) + 1)p,,(x-J.V(x)) and consequently -V is accretive 
We assume now that (-V) is accretive. Let x,, D(V), A.>0 and ,u,A 

Since x=x-). V(x)+). V(x) we get p,,(x)-;(M( a) +1 )p .(x-). V()()) which Is 
equivalent to p,,(Jx)s(M(a}+1)p . .(;.x-V(x)) and hence ii follows that V Is 
dissipative □ 

Proposition 1.4. Let V.D(V)--> X be a linear operator. Suppose that V 
is one-to-one Then the following statements are eqwvalent 
1. Vis diss1pat1ve ( accretive) 
2. (-V- 1

) is accretive (dissipative) 

The proof is easy and we omit ii 

Proposltion 1.5. lf VD(V)-> X is d1ss1pative then ;/--Vis one-to-one 
and for every u, A. there ex,sts M(, r ! c-0 such tl1at 

I 
p,.(0./ -· IJ '(y)J ~ ·~ .\l(((JJ•Jv) forai/ J>O and y,~R()I--VI 

Proof. Lei X•= D(V), >-.>O such that ix-V(x)=O aml ,, A Then from th'-' 
dissipativity of V, we obtain p,,().x)=O and hence x=O 

Lei y ,,R( ),/-V) and x =( )./-Vf '(y) 

Then 11 (.r)==-~-/' (h)::. -
1

A/(0)11 (Jx--1·1x))· \/11111•. 11) 
" ;, " ; " ; 
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, M(a) 
Finally we have p.,(('>..I - i·) (y)) s ---:;:- p.,(y) □ 

Proposltion 1.6. lf VD(V)--> X is accretive, then /+,l Vis one-to-one and 
forevery aEA, there exists M(a)>O such that p,,((/+,lVf'(y))5(M(a)+1)pu(Y) for 
a/1,l.>0 and yeR(/+,lV). 

Proof. Let A>0, XED(V) such that x+,lV(x)=iO and aeA. Then since Vis 
accretive, we get p,.(,lV(x))=O and consequently x=0. Let yeR(x+,lV) and 
x=(l+,l.Vf'(y). Then we have pu(x)5Pa(x+,lV(x))+p,.(,lV(x))sp,.(y)+M(a)p,,(y)= 
=(M(a)+1)po(y), hence po((/+,lVf'(y))5(M(a)+1)p,,(y). □ 

Proposltlon 1. 7. Let V:D(V)--+ X be a linear operator such that D(V) = X 

or R(V)c I>O). lf V is dissipative then it is closable and its closure is 

dissipative 

Proof. Let x ED(V). Suppose that V is dissipative and D(V) = X. Let 

A>0 and x.ED(V), «5E~ provided that (x., V(x.))➔(0, y). 
l l 

For each aEA, p,.(,l(x,,+ix))5M(a)p,,(,l.x,,+x-V(x,J-i V(x)). Sinea 

l !J~ x,; == o, from the above inequality we obtain p,,(x)sM(a)p,.(x-y-i V(x)), for 

all ).>O Hence it follows that: 

( 1 ) p,,(x)sM,,pa(x-y) 

for all aEA. 
lf />(I")= X , the inequality ( 1) holds for all XE X and consequently for 

x=y ln conclusion p,.(y)=0 for all o.EA. 
Hence it follows that y=0, which means that V· is closable. Let us 

as sume now that R(V)c /J(I '). Then yE /J(V), because y = lim V(x,,.). Let 
ffe.\ 

y,;€ D(V) such that 1\m y., == y. By using again ( 1) for each y6 and by passing to 
.,e.\ 

limit over «5 we conclude that y=0 and consequently V is closable. 
Let (.-n(() ➔ X be its closure. Let iE/J((), A>0 and XAED(V), Xs---+x end 

l'(x_, J ➔ ((_i). On the other hand for each a EA. there exists M(a)>0 such that 

p,,(J..x.;).sM(a)p,,(,l.x,,V(x.,)) for all «Se~. and finally it follows that 
p„0 ... rJ:;: M(a)p,,0•-..i-((.i)J. Therefore the dissipativity of i1 is proved. By 

proposition 1.3, the resuit holds also for accretive operators. C 

Corollary 1.8. Let X be a Frechet space and V. X--+ X a linear operator 
lf Vis dissipative (accretive) then Vis continuous . 

' 
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Proof lndeed V is closed and hence continuous 

2. Resolvents and limit operator• 

We denota by ,.!fXJ the space of al/ linear and bounded operators on X 

Oeflnitlon 2.1. A mapping R: (O, ro)-+./(X) is cal/ed a resolvent if 
the following condition is satisfied 

(2) R(,l,_)-R(ţ1)=(p-).)R(A.)R(1-1), for all the l, 1-1 ,= (O, r) 

Definltion 2.2. Following F. Hirsch, we say that a resovent R is of type 
L0 ( resp. L) if lim AR(). )(x) = O, (resp . lim A.R(A. )( r) = x) for al/ x eX 

A-o A➔~ 

Propositlon 2.3. Let R:(O, a:)--,...f(X) be a resolvent. The follow,ng 
assert,ons are equivalent· 

1. R is of type Lo 

: ,I) N1! - )R(J.)) = X. Ji,rall). E (O. x). 

2. j h) For e,,dr a E A tlie 111appi11gc!J,
1 

: X ➔ R ,frfi11ed hv c!J., (x) = \im .1,,,, /',, I ,l.R(). )(x li 
,4. .... ,, 

' 
1 i.1 I '(111/illllOll.\. 

Proof. Let us suppose that R is a re solvent of type L0 and x"' X Then 
x = lim(/ - ).N(Â ))(x) and hence a) holds 

; .. 
The continuity of <t>,, is also obvious because <t>.,(x)=O for all x.= X 

Conversely, let F=\x.::x!1indR(),)1x)=O) and observe that /- ,-- n<t> '1n1 
/Ă.---+0 ,, I ,, 

Since <t>., is continuous, F is closed On the other hand by rearranging the 
re solvent equation (2) we get for A, 11 E (O. :.(_) and x-= X the following equalrty 

(3) 
). 

,Jm.)(x - pR(~1){x)) = -,-OJ(( i. li x ! · ,1N(11)(x)) 
11.-11 

By using once again the contrnuity of <t>., we obtain from (3) t~1at 
~i1~1 ).J<(). )(x - pR(.11)(x)) =O. ·This means that R(/-,11R(,11)):F and consequently 

F=X and the proof is complete □ 

Proposition 2.4. Let R(O, x) -->.!(X) be a resolvent The follow111g 
assert,ons are equivalent 

1. R IS of type L. . 
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1

a)R(R(Â.)) = X, forai/ Â. E ((}.-rJ). 

2. /J) For each a E A the ma1,ping cJ> a : X ➔ R ,lefine,I hv cJ>,, (t) = lim .rnp p,, ( J..R( ,l )( r J J 
A ..... ~ 

i.1· continuous. 

Proof. Let us suppose that R is a resolvent of type L~ and xEX Then 

x = lim ,lR(,l)(x), which proves that R( R(A.)) = X. Moreover ct>a(X)""Pu(X) for all 
J. -~ , 

a EA. Conversely, let XEX and a.EA. We hava alsa 

!'., (R(Â ){x)) = ± f',, ()R(,l. )(x)), and hence tm,R(,l )(x) = O. lt is easy to see from 

(2) that lim Â.R(J.)U(p)(x) = R(ţ,)(x) for all XEX. Because of the density of 
Â ,., 

R(R())) and the continuity of cl>u we conclude that lim ,lR(,l)(x)"' x for all 
J---,..,., 

x.=:X a 
Definition 2.5. A linear operator V.D(V)-~X is ca/led a cogenerator if 

there exists a resolvent R of type Lo such that 

/>(I')'"': r '= .r Iii~~',, U(). )(xi 1·.1i.11.1/ and l"(x)= J.i_1~R())(x). forai( x ED(V). 

Definition 2.6. A linear operator VD(V)-+X is cal/ed a generator if there 
I 

ex1sts a re solvent R of type L. such that n(I') 0~ : x E Xi fim Â(A.R(..l )(x)- x) 1•.1·i.1·rs/ 
1,{-,r 

and l't\"J"' Iun J().N(i.)(xi ,l°).fi1r(l/fx.::D(\IJ 

Proposition 2. 7. Let R (O. , ) >..l(X) be a resolvent of type L. and 

})cc :x- .\ 11111 ;(;_N,;_)(r) ·\'l,111r.,/ Thenthefollow,ngst"tementshold: 
I- •. 

1. (1 .. \ 
2. The lrnear operator VO ,X defined by l'(x) lim ).().J<().)(x)-x) is a 

). _,..,. 

generator and R(i.)=(;t-vr· for al/ ).>O. 

Proof F 1rst we rernark that the re solvent equation (2) can be written as 
follows 

;_R( ).)R(u)(x) R(u)( x) =.uR( ).)R(.u)(x)-R( ).)(x) 

forai! i. ll·.(O ,)andx-0 X 
lf we replace R(p)(x) by y in the above equality we obtain 1i.(iR(Â)(y)-y)= 
=.11/R().)(y)-).R(;J(x) and by pass,ng to the limit as ).--H we conclude that 
y=R(it)(x)-,D. R(R(11)) D and V(R(rt)(x))=~1R(~1)(x)-x or equivalently 

(4) (.11f-V)R(.11){x) =x 
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Bui N(l<(J,)) =X and consequently /) = X 

. Let XED and ~1>0. Then by the definition one can wr1te 
R(,u)V(x)= /(p)(lim ).(,1.R(J)(x)- x)) = lim A.(~J)R(J.,)(x)-/(µ)(x))= VJ(u)(x) = Ji~)(x)-x 

.A......:: ,.1,......, 

Therefore R(µ)V(x)=~1R(µ)(x)-x. ln other words we have 

(5) R(11)()1/-V)(x)=x for all XED and µ>O 

Looking at (4) and (5) we can state that R(µ)=(µI-Vf' for all µe(O, ao). C 

Remark 2.8. Given a generator V.D(V)-+X there exists a unique 
resolvent R:(O,oo)-+4X) of type L. such that R(J.1)=(111-Vf' fo, al/ µE{O, a,) For 
this reason we wi/1 say that Vis the generator of R. 

Proposition 2.9. Let R:(O, oo)-+LîX) be a resolvent of type Lo and 

D = (x E x!lim R(l)(x) e.tim/. Then the following statements hold: 
,i ... o 

1. D = X. 
2. The linear operator VD-+X defined by V(.t) = limR(l)(x) is a CO{lenerator 

A -"I 

and R(J)=V(l+lVf' for al/ J>O. 

Proof. Let Â., ~1E(O, x:) and xEX. By the resolvent equation (2) it follows 
that R( ,1.)(x-pR(p)(x))=R(µ)(x)-,1.R( ,1.)R(µ)(x) and 
lim R(Â )(x - µR(µ)(x)) = R()I )(x). 
J--+O 

This means that R(l-µR(p))cD and 

(6) V(/-pR()l))=R(p) 

which is equivalent to 

(7) (l+pV)(/-pR(p))=I for all ~1>0 

Since R(I - ~iR(µ)) =X we conclude that I>= X. let now XED and A, µE(O, x.). 

We have from (2) R(J)(x)-R(p)(x)=(p-J)R(l)R(p)(x). By passing to the limit as 
~t➔O in the previous equality we get R(l)(x)-V(x)=-JR(l)V(x) which is 
equivalent to the following equality 

(8) (l-lR(,1.))(/+l V)(x)=x, for all XE D 

From (6), (7) and (8) we deduce that (/+..l vr'=l-lR(..l) and 
R().)=V(l+..lVf' for all Â.E(O, ;x)) and the proof is complete. C 

Remark 2.1 O. Given a cogenerator V:D(V)-+X there exists a unique 
resolvent R:(O, x)----,>.LŢX) of type La such that R( l)=V(/+,1. Vf' for al/ ,1. E(O, x) 

For this reason we will say that Vis the cogenerator of R. 
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3. Resolvents and potentlals on ..L'o(X) 

Oefinltlon 3.1. Set 

(9) ...l'0(X) :=(TE...l'(X) :VaEA, 3C(a)>O VxEX prr(T(x))sC(a)p,,(x)} 

For each a EA we define qa: ...l'o(X)---+R as follows: 

( 1 O) {
p,,.(T(x))I } 

q,.(T) = !>11p ( x E X,p,.(x) :re O . 
/J„ x) 

Lemma 3.2. The fol/owing asserlions are true. 

1. q„ is a seminorm for all aEA. 
2. Q={q,,, a EA,' is a sufficient family of seminorms on ..l'o(X). 
3. For each TE -.l'o(X) and a EA the fol/owing formula holds 

p,,(T(x))5q,,(T)pa(x) for all )(EX. 

The proof is obvious. 

Lemma 3.3. lf X is a sequentially complete locally convex space, than 
(./i,(X), Q) is a sequentially complete m-convex algebra. 

Proof. The inequslity q,.(TU)S'Qa(T)qu(U) is a consequance of (10) 
Thus, (..L'o(X), Q) is a m-convex algebre. 

Let now TnE ~o(X), neN be a Cauchy sequence, e>O, and aeA. Then 
lhere exists N(r.)eN such lhat, for any n, m z N(e) it followa q.(T,,-T,,,)<€, hence 
p,,(Tn(x)-Tm(x))5r. p,,{x) for all x1::X. This means thal for each xeX lhe 
sequence În(x) is a Cauchy sequence in X and consequently is convergent 

Lei us denota by T(x) = lim 7'.,(x). Then Pu(Tn-T)(x)s:r.p,.(x) for all nzN(E) 
11---t>"' 

and x .-c X Therefore TE ..L'o(X) and lim /~ = r in ...L'o(X) C 
1'-+T 

Eumple 3.4. Lei X=C(R) the space of the real contiuous functions 
equipped wilh the following family of seminarms, /',,(/) = sup{IJ(x~.lxJ s; 11), 

n'=N and fEX 
Lei alsa T-X ~x be defined by lhe following formula 

. . jJ' j(I }dr, X 0 
l(f )(xJ= 0 

0 , X$.0 

li is clear lhat T i,s a linear operator and Pn(T(f))::::npn(f) for all fEX and 
n- N Therefore Ţ;:: ..L'o(X) and qn(T)s:n for all nEN. 
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Example 3.5. Lei X=C(R) equipped with the same topology as above 
and T.X ->X be defined by the following formula 

!
e-•]1(t)dt. X 0 

T(J )(x) = o 

O , x5.0 

lt is easy to prove that T is linear and Pn(T(f))spn(f) for all feX and ne N. Hence 
it follows that Te .,,l'0(X) and q"(T)51 for all neN. 

Theorem 3.6. Let V:D(V)-->X be a linear operator. The following 
assertions are equivalent: 

1. Vis the generator of a resolvent R:(O, +oo)--> . ../'o(X) of type L„ verifying that: 
for every a EA, there exists M( a)>O such that Qa().R(J.))sM(a) for a/I). E(O, ev). 

2. h) Vis dissipatiw, 

l
a)D(V)= X. 

c) R( )../-V)= X for a/I ).. E (0,oo). 
' 

Proof lt is enough to prove the dissipativity of V, because the other two 

conclusions are consequences of proposition 2. 7 which states that D(I ") =X 
and R(),)=(J..I-Vf' for all AE(0, oc). Let XED(V) and >..>O. Set y=(J..1-V)(x). Then 
J..R(2)(y)=J..x Lei alsa aeA and M(a)>O such that p,.(J.R(J.)(y))= 
=p.,( ).x)~q,,( ).R( ).))pu(y)sM( a)p,,(y)=M( a)pa( J..x-V(x)) . 

Hence it follows that for every aEA, there exists M(a)>0 such that 
p,.().x)sM(a)p,,(J.x-V(x)) for all XED(V) and AE(0, -:c). Therefore V is 
dissipative Conversely, if V is a dissipative operator then Al-Vis one to one 
and by using proposition 1.5 we know that R()..)=()./-Vf' E ..l'o(X), for all 
AE(0, :c). Moreover R:(0, cc)➔ -l'o(X) is a resolvent because R(A)=R(A, V). 

On the other hand we know from proposition 2.4 that R is a resolvent of 
type L, and pu(}.R(J..)(y))sMaPa(Y) for all AE(0, :c) and yEX. This means that 
qu().R(;.))sM,,. 

ln conclusion V is the generator of R ar.d the proof is complete. □ 

Corollary 3.7. Let X be a Banach space and V:D(V)--+X a linear 
operator. The following assertions are P.quivalent. 

1. V is the generator of a resolvent R:(O, +x,)--> ✓(X) of type L. verifying that 

there exists M> 1 such that IIU<(>..JII:::; M for al/).. E(O, x). 

11) D/\') = X. 

~- h) Vis ,\,f - diuipariw. 

' 
ci Tir Ne exists )." E (n, :c) .rnch tlrat ROJ - /") = X. 
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The proof is a consequence of Theorem 3 6 and of the following 
remarks. 

Sinea X is a normed space ..l'o(X)= .J'(X). On the other hand, to say that 
V is dissipative · is equivalent to say that there exists M>0 such !hat, 

IIÂ.rll:,; Mll(Â.r -V(xJII for all XED(V) and AE(O, oo). 
Moreover, in the Banach algebra .J'(X), under the conditions 2.b) and 

2.c) one can prove that R(AI-V)=X for all AE(0, oo). 

Theorem 3.8. Let V:D(V)-+X be a linear operator The foflowing 
assertions are equivalent: 

1. V is the cogenerator of a re solvent R: (O, oo) ➔ . ../'o(X) of type L0 verifying that 
forevery atc"A, there exists M(a)>O such that q,,(AR().))~M„ forafl Â.e(O, cc). 

I a) D(\I) = X. 

2. 

1
, /,) \' i.1 a~·cr,•ti1·1:, 

c)U//+,-.VJ=.\ Ji1r111/ ÂE((),r:.). 

Proof. Proposition 2.9 shows that /l(l')=X and R().)=V(l+AVF' for all 

}.,::(O. ., ). Lei yc.D(V) and ),,>0 and x=(l+JV)(y) Then ),,V(y):=) .. V(I+ 
+,.vr 1(x)=i.R(i .. )(x) Lei now U'=A and M(a.)>0 such that q,j).R(,t})5Ma for all 
},.,:(O, ,-) Then 1t follows that p,,(Â V(y))=p,,().R{A}(x))5M„p,,(x)=M,,pu(y+,t V(y)). 
Therefore V is accretive Conversely, from proposition 1 3. we know that 
(-V) 1s dissipative. According to Theorem 3 6, (-V) is the generator of a 
resolvent S.(0. +,). > -L'o(X) of type L, . We define the following mapping R:(0, 

I I I 
.,,_ )-.. ..' c(X) by the formula NO.)= -r I - -S(- )). li is easy to see that R is a 

}. A. ). 
resolvent of type L, We suppose that W: D(W)-►X is its cogenerator Let x '° 
D(W) Then ll(r) ·• lim f<(,u)tx) == lim -~(x- -~.,-(~-J(.r)) = l'(x). Hence it follows 

11-•'' 11-•" )I J,.1 J,.I 

that Vis the cogenerator of R and R().)=V(/+,1.Vf' for all AE(0, <Y:). Lei x<::X. 
1. 1-(0 ,) and y=(/+JVf'(x) Lei alsa o.-=-A and M(r,.)>0 91ven by the accretivity 
of V We have p ( }.R( }.}( x)}=p,,( ;_ V(y,').<M( a)p,,(y+l V(y))=M( a)p,,(x) and finally 
q ,(}.R().));M().) for all i. 0,(0. f) and the proof 1s complete C 

Corollary 3.9. Let X be a Banach space and VD(V) -+X a ltnear 
operator The followmg assert,ons are equivalent: 

1, V 1s the cogenerator of a resolvent R:(O, r)--> ../(X) of type Lo, verifying 

that there exists M> 1 such that ';:-.1<0)!-: A/ for afl; ec(O, >?). 
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2. b) V is M - codiuipaivr, 

i
a) D(V) = X, 

cJ lhrrnxisu ..to e (0,m) .rwch that R(I + A„ V).., X. 

The proof runs as in Corollary 3.7 becauaa ln thia context R(l+)..V)=X 
for all Â.E(O, oo) 

Daflnltlon 3.10. A linear operator V:D(V)-+X ls ca/led 8.f1 abstract 
potential if V is the cogenerator of s resolvent R:(0, co)~ ..l'o(X) of type Lo and 
L. verifying that: for every aEA, there exi.ts M(a)>O such that q.(.lR(A))sM(a) 
for al/ ). t=(O, oo). 

Theoram 3.11. Lei V:D(V)-+X be a Hnnr operator. The following 
assertions are equivalem: 

1. Vis an abstract potential. 

i

a) D(V) = R(V):: X, 

2. b) V is accretivr, 

c) R(l+).V)r:.X forall A>O. 

Proof. Suppose that V ia an abstract potential, then tha equelity 

R()..)=V(l+)..Vf1 holda for aU >..>O. T~1 means that R(R(>..)):iaR(V). 8ut from 
proposition 2.4 lt follow1 that R( R(X)) • X and conaequently R(J1 ) = X. 

Conversely, accordlng to theorem 3.8. V 11 U,e cogenerator of ■ reeotvent 
R:(O, oo)➔ .,.l'0(X) of typa Lo 1uch that qa(Aflt().))sM(a) for ail >..&(0,~) ■nd xeX. 

ln addition the formu._ A(>..)•V(l+>..Vf1 holda. Let )..e(O, oo), x.:X and 

aeA. We have p.O.R(A)(x))sM(a)p.(x) ■nd hance p.(R().)(x)) i; M!°) p.(.T), 

thus Jim R(>..)(x),.. O. Let u1 wrlte ■g■ln the reaolvent equation 
).➔ m-, • 

R()..)(x)-R(µ)(x)=(µ-l)R(l)R(µ)(x). By pa11lng to the limit ■1 Â➔z we get 
/imAR("A.JR(µ)(x)= R(µ}(x). On the other h■nd R(R(µ)J =X, which 1how1 th■t 
~ .. ~ 
Jim AR(l)y = y for all yi:X. Therafore R ia• resolvent of type L„ and th9 proof A._..,_ . 

is complete. C 
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Theorie de Choquet pour Ies contractions 

Gheorghe Bucur 

Sort (E, ~) un c~pace ele Rieszarc::himedien. On notP pe E+ l'esembkd"selrements 

po11itifs de E. 
Definition. llne application lineaire /: E--+ E sere nom111ee co11lroctim1 si pour 

tout clement ,r E E+ on a 

L'e11se111ble dP toul<•~ 11.•:; eoni ract.ions sur E sern noii• par A..'.. Le ro111· convexe 
engendre par A.:, c.,ul. l'ensemhle dt•s appli<-ations ,\: E--+ E pair le11qt1<'ll,·~ ii exiHte 

des nomhres o E m+ et des contractions T sur E 11'1~ que .-\ ~ nT, srrn note par C. 
Un t'lt•lll<'llt. A E C l'SI appl'li• C-t.rln'mnh si pom to11t couple ;\',.-\"de C t<>l <(li<' 

A= A.'+ A" on a .-1' = A:\, :1" = 11:\ pour ccrtains 110111hrrs >..11 claus Dl+· 
On rn11arq11<' q111· !'c11se111hl1· A..' est ronn•xp <'I pour 10111 <'l1•11irnt .-\ E C, A f. O ii 

existe I(• plus grnnd 110111brc n(.·\) E Ill+ l.q. 11(.I) •.IE~.'. 
Proposition 1. Po11r /011/ t'/,:,,,, 11/ C-t.rlrrnrnfr .-1 E C I 't'l,'11u·11I cr( A )A r.sl r r

lnmalt da11.s I 't 11,-r·111bl, ro11r, .r A..' . .'i, . I c~/ , .rlr·r 111ul,· ,Io,,.• A.,' .. -1 "·, .,/ /)(/.~ /011jo11r., 

C-ufre111oh. 

P1·opositio11 2 . . '-i11ppo:wns 'I'" !"t11.,r111h/, t·· ,I,.• "l'fllir11/io11.s l1111'11ifft1.• ,I ,,.-..,. 

itit·1·.~ s111· F s,'p11r,' lu, f10i11/., ,/, /-.'. /"n111· /.,11/ rou/11, (.r,11) E /:'+ , /·.': 011 a.,,<01·i1 

l'upplirntion L,.,,, : C--+ IH+ d1fi111 11ar 

L 't11st111hlt A... c,/ 1111 c111111J111 I ,·0111:1 r 11111· Hl/1/IOl'I ,i /,, /opolu_qi,· la 11,oi,1.s fi11r .<ur C 
n:11</a11/ ro11/i1,,;,., Ies •tflfllirnlw11.• /, 1, .. ,,J,:r E E+•I' E /:"~ 

Proposit.ion 3. /'11 ,/r1111nl TEC (n.,p. '/'EA..'),.,/ C-,.1·/1·111wl, (1·,.,p. ,.r
lremai<) ... , ,I.,,.,,/,,,,, 11/ .,, 1111111' /1111/ r/,11,nil .r 1:: 1-.'., /11 n.,/r·id,1111 d1 1' 11 1·,.,,1111·1 

Er := {11 E /:'°!ul~ cu·," ED(+} ,.,f 11111/u11111/ C-u·/1·11111tl (,·,.,p. 1.rln11111/r). 
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Theoreme 4. 8u.ppo1<rms q11, ( E. $) rsf un f'Spare "" Riet•:: romplflrn,rnl ,·flint/( 
(on u-riticuli). Alors Ies illme11/s rXl'emeau:r de h' ,,onl e.raclemml I,., prnjeclio11 ,J, 
l'espace (E, $). 

Theoreme 5. Dans Ies conditions du thioreme • pour tovte contraclion T ii 
eziste une mesu1Y extremale µ sur K tdle que 

'i'(z) = j A(x)dµ(A). 

Theor~me 8. Dans Ies conditions du theoreme • pour tout element X E E+ ii 
existe une application dicroissantt o ➔ A 0 R+ dans l'enseml,Je de pointa eztremeauz 
de K: te/le que 

X= J. A0 (x)do. 
R+ 
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I I 
Operateurs totalement (o) - bornes 

Irina CIJtuneanu 

Je veux presenler dans cel travail une ide'e concemant l'adaptation de la 
no11on d'ope'rateur compact pour la situation des e~paces lineaires ordonnt!s. 

Le travail contient Ies premieres re'sultats que j' ai obtenu apres la 
constructions des definitions et je n'ai pas la pretention que le sujet soit 

I , I 

epu1sc. 

o/finit ion 1: Soit X un espace lin;aire r~ticul~ archime'dien. On dit que 
l'ensemble S c X est totalement (o)-bomt si et seulement s'il existe aeX+ 
ainsi que (V) neN, (3)?.: c X fini, ainsi que (V) x e S ii existe au moins un 

rr' 

z e Y.i ainsi que I x - z I ~ .!.a . ,, 

D~finition 2: Soient X un espace lin/aire ordonni et Y un espace linc~ire 
reticule' archimedien. Un operateur U:X ➔ Y est totalemcnt (o)-bomţ si et 
seulcment si (V) A c X ensemble (o)-bome' ⇒ U(A) c Y est un ensemble 
totalement ( o )-borne. 

Proposition 1: Si X est un treillis nonne" et Y un espace reticule' de Banach ~ 
c6ne fo11, alors si U:X ➔ Y est un operateur compact ii en re'sulte queVest un 
ope'rateur totalement ( o )-boml Si X est un treillis nonne' ă cone fort 
I' ensemble des ope'rateurs compacts et l 'ensemble des opefateurs line"aires, 
totalements (o)-bomes, U:X ➔ Y, coincident. 

Proposition 2: Soient X et Y des espaces line"aires ordonne"s et Z un espace 
lineaire reticule archimedien. Si U:X ➔ Y est un operateur regulier et 

1 I I 
V:Y ➔ Z un operateur totalement (o)-bome alors VU est un operateur 
totalement ( o )-borne'. Si Y est un espace line"aire reticule archimeclien et Z est 
un espace line'aire completement reticule, alors, si U:X ➔ Y est un operateur 
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totalement (o)-bom/ et V:Y ➔ Z est un op/rateur regulier, ii en re'sulte que 
/ I 

VU est un operateur totalement ( o )-borne. 

Proposition 3: Soient X et Y des espaces line~ires reticule~ archi~iens.Un 
operateur linefure U: X ➔ Y est totelement ( o )-borne si et seulement si 

I 
(v') Xo e X+, U( [O, Xo]) est un ensemble totalement (o)-bome. 

Proposition 4: Soient X un espace lintaire dirige qui satisfait a la condition 
de Riesz et Y un espace lineaire completement reticule'. L · ensemble des 
operateurs aditifs et totalement (o)-bome's. U:X ➔ Y, est un sous - espace 
line'aire de R(X. Y). 

Proposition s: Soient X un espace linlaire reticule' et y 1D1 espace l~e 
compl~tement re'ticuli et c,.., - re'gulier. Si U~ U dans 7{ (X. Y) et 
Un:X ➔ Y est un o~rateur totalement (o)-bomc{. (v') n e N, ii en r:Sulte que 
U:X ➔ Y un ope'rateur totalement (o)-bome'. 
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Some C*-algebras with 
Fourier-Parseval property 

SILVIA-OTILIA CORDUNEANU 

Department of Mathematics, Technical Univt•rsity 

"Gh. Asachi" leşi 

Consider a locally compact, u-compact Hausdorff abeliRn ,;roup G Anrt let ,\ 

be the Haar meMure on G. Let C( G) clenote the c· -algd,rn of houndt•rl coutiumms, 

complex-valued functions 011 G. Dcnotr hy PAP(G) t.hf' set of al! pse11<lo nlmoRt. 

periodic fuuctions on G[l]. 

In this paper we prove necessary ancl sufficic11t rouditions such that. 11 funct.ion 111 

C(G) belongs to PA.P(G). 

C. Zhang defines tlw fonctions of C(lR) witli Fo11ricr-Pars,..v11l propert.y (FP. for 

short) iu liis doct.or11l tlwsis [2]. We p;t•111•rnliz1· this notiou from Dl to tlw 1?:n>11p G. Wt· 

define nlso a c• -nl~eLrn of fnudiom, witli Fo11rin- P11nwv11l pro1wrt.y. 

\\Te dP111011sl.ralt• that PAP( G) is tll<' lar,l!;t'SI ftllHlllg c· -s11brtl)!;t'lirns of C( G) with 

thP FP propcrty. 

Finally wt• 1n·t•,wnt. ~ouw otlwr C·-a]grbrns with Fm1ri1•r-P,u·st'\"al pn,111-rty. 
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ORDER HOMOMORPHISMS (II) 
by Rodica-Mihaela DĂNEŢ 

This paper Îl inchadod in my work dewtcd for fonnulating in the dlrccted case 
IOfflC noâona and l"OIUlla valid in the laUicc caae (ace (2) mel (3)). 

fiere we wiD 1CC the corresponding nodon COIICOl nilll thc "ladice-
homomorphillms". 

We tMe the teaminology of[l]. 
The lattice-homomorphism& were studied in [6). 
We recall that a ('vector) latti~-ltomomorphum bot9fflffl two ~ laaioel "X llld 

t ia a linear map T:"X ➔ 1ţ preacrving thc latlic:e opcraliom or oqulwleady ullafying 

the following condition: ( 1) T(!xl) = tr{ x ~. for alt x E "X . 

'll1e extension of the notion of latticc homomorphiams ii duc to Z.Upocld ['] (800 
the definition below). 1n the sequel, "X and t are two orden,d rul wctar lplC8I, "X 
being dirccted by its ordcring and t being an order complete laUicc. 

OEFINITION I A positive linear operator T:"X ➔ t ia an ord.r "°""""orrJl,l,,m 
iff: 

(2) inf lT(Y)I ±x~y)=tr(xţforallxe"X. 
lt can be proved that IIOffle tanice homomorphisma an, extremii pointl of a Nt of 

linear operator.i. 
Jn [ 4] it is !lhowed that this is also truc for thc order homomorphilml. the main 

resuit bcing u<icful in thc extcnsion problem. (aee also (2) and (3)) 
Now we can prove that the lattico homomorphisma and lhe ordor homomorphiuna 

havc similar propertics. 

PROPOSITION l If T:"X ➔ 't is a positivc linear operator, thon the following 
statements are equivalent: 

(i) T is an ordcr homomoaphism and the infimum in (2) ia reached for NCb x e "X ; 
(ii) a) KerT= (KerTJn"X+ -(KerT)n"X+; 

b) TC"X+)= {T(x)+lx e"X}. 

COROLLARY J If T ia asin the propoaition above andin addidon it ii "onto", 
then the following atatemcnts an: cquivalent: 

(i) T is an ordcr homomorphism and thc infimum in (2) ii nachod for eadl x e "X; 
(ii) T("X+) = t+. 

REMARK 4 Note that the condilion (ii) b) in PROPOSITION 2 ia automalically 
utisfied in the casc 't = R. But the condition ii) a) ii noi impliod by tho linalc 
auumption that T ia "1 ordcr homomorphiam CWII for "X Ard1imodean lllCl , = R . 
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lml..:cd, Ici X he thc v,:ctor ~pac<! nf ,1ll real rnlynomi.1ls rcg,1nlcd .1~ limclion!l on 

1-1, 11, with lhc poinlwisc onlcrfog. Define T c L 1 (:t,R) hy T(f) =- f(O). li follows 

from lhc \\'cicrslr,L-.s lhcorcm that T is a lallicc homommphism. Nc..·vc11hdcSH if g ,-_ :t 
anJ iX< g(x) forall x, [ 1,11,thcn g(0):--0. 

ln the 11equcl we usc thc following notion of ideal in a dirccted vector space :t. 

I >F:FJNITJON 5 A linear subspace G c :t is an ideal (or a normal suhspace) i1 ii 
is a solid set, thal is: 

(S 1)forall XEGn::t~ ⇒ r-x,x).:::G: 

(S2) for al! x EG, therc exist'! y EGn:t+ IIO that x E(--y,y); 

or cquivalcntly 
(NS) for all x EG and y E:t sucit !hal Ay ~Ax ⇒ y EG, 

where Ax denotestheset {zE:ttl±z~x}. 

We also usc the following notion of orthogonality. 

DEFINITION 6 The elements Xi, x2 of :tare orthogonal if inftAx u Ax ) =O. 
I 2 

11IEOREM 7 If T is an order homomorphism onlo f then: 
1) T(:t+) = 1/+; 
2) If T is in addition onc Io one and Xi, Xi are lwo orthogonal elcmenlli of :t. then 

T(x1)J.T(x2) in1ţ; 

3) Kerr is an ideal of :t. 
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CLASSICAL EXTRAPOLA TION PROBLEM 
FOR FUNCTIONS OF SEVERAL V ARIABLES 

Lumlnlfa Lemnete Nlnulacu 

ln thls note, we give a necessary condltion 1uch that a preacribed finite aequence of 

< omplex numbers are the coefficients in the Taylor'• exp1111ion of an analytic function of 

~everal variables with values in the unit disc. 

The problem is lhe following: Let la
0

J:~0 • a0 eC, 'v'aeN". a:c:(a1,. ,a,.) be 

:. n-multiindex, n> I. Determine a necessary condition such that there exl1t1 a f\lnction 
:·l>,.=lzeC".l:,l<l.'v'l~i:511) ➔.\'1 c/), FeO(D,,) with the coefficients in the 

·:·aylor's expansion the given numhers lt1
0
1::0 • 

The condition is lhal the Toeplilz operator associated to the solution of the problem 

,.-. n,. ➔ C. F E .,·, has the norm 117;.-II~ I. (,\'1 = lf: D,. ➔ C. f eO(D,.). 

I III .. = ~!W.l.f (:)I~ I). 

To solve this prohlem, lei H 2 he the Hardy space or analytic function1 / on D" for 

I 2f 2f . . 
,,hich 11/11 11 : = sup --n ... J 1/(r1e' 81 , ... ,r„e'9~ )ld81 ... d9,. < O. H 1 11 a 

lkr, d. lsk Sn (2,r) o O 

I lilhcrl space includcd in /.2. For the solution F of the problem, lei the Toeplitz operator 
', < i -= I~;; FC i. I~/ is the orthogonal projection of /,1 onto H 2

• We have proved that if the 

~11l ution F ellists, 1hcn li 1;. 11 s I. 

: M. Hakonyi anti T. Co11s1a111i11escu, Shur's algorilhm and several applications, Pitman 

I :cscard1 No1cs in Malh. Ser ies, 1991. 

I. S. Kranlz, Complex Analysis in scveral variahles. 
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Two Moment Problems in a Spacc of Radon 
Measures 

Octav Oltea.nu 

We apply theorem 4[5, p.741] (or theorem 2.1. [6, p.513]) to 110me moment 
problema in the 11pace X = (C[a,b])" or all Radon meMures on [a,6], where 
0::;a<b::;1. 

X+ will be the usual conc or all positive Radon meMurf'fi. Irµ E X and 
h E L1([a,b]), we shall denot.e by h(t)µ the meRSure defined by (h(t)µ)(z) := 
µ(hz), 'r/z E C([a,b]). By dt we dcnote the Lebesque mrR!<ure on [a,b]. 

Theorew 1. Let X, X+ be as above. We denot.r by 111 I.he melUlurr ti dt, j E 
N, t E [a, b]. Let {µ; : j E N} he a sequence in X. \VI' ron~ider the following 
888ert.ions: 

(a) there exist-11 / E L(X, X), sur.h I.hal f(v1) = 11; Vj E N and t,, $ /(µ) $ 
I' 'r/1, EX+; 

(b) 'r/n E N, V{Ăo, .. ,,Ăn} C R, 'r/z E (C[a,b))+, wr have: 

(c) 'r/j E N, there exist~ Îi; E /}([a,b)) 811ch that 11; = h;,II and ti+l $ 
h1(t)::; ti -(dt) a.e. in [a,b]. Thm (h) (:)(a) ⇒ (r) holil. 

Theore.w 2. IA"l X,X+ b,• as ahove, 1.-t {r-; : j E J) C [a,b] C [O. I] and 
let us denot.e by c., the correspondin~ Dirac mea.sur<"". Lei {111 : j E J) C X. 
Thc following a.'ISertions are equivalc•nt.: 

(a) there exista/ E L(X, X) such that /(c,,) = l'i Vj E J and t1, $ /(11) $ 
µ VµEX+; 

(b) 'r/F C J, F finite suhtWt, V{A; : j E F} C R, wt' ha\"t' 

(c) 3{o;: j E J} C R, O$ r-1 $ o1 $ I, such that µ1 = o1c,, Vj E J. 
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REPRESENTATIONS ASSOCIATED WITH POSITIVE DEFINITE 
MEASURES ON HYPERGROUPS 

LILIANA PAVEL 

In thie paper we conetruct and study the representation aaociat.ed with a poeitiw 
definite meBBure on a hypergroup. 

Hypergroups are locally compact epaces, whose regular complex Borel meuuree 
form an algebra which has properties similar to the convolution algebra ( M ( G), •) of 
a locally compact group. We ehall denote by C,(K) the set of continuoua functione 
with compact eupport on K and by M(K), the bounded regular Borel meaeurw on 
K. 

A measure µ E M(K) is called poeitive definite on t.he hypergroup K if 

{ f * /" dµ ~ O, V/ E C,(K). 

Proposition. Let /L E M ( K) positive definite measure. Then, 

Lo*f *f"*0°d11:'.::'. 11011 2 LJ•f"dµ, voeM(K),V/eC,(K). 

Furµ E J\./(K) pusitive definite measure, we rnnstruct the associated reprf!ffnta
tion 'f(I')_ One regards C0 (K) as a s11balgebra of T)( K). By the previoue Propoeition, 
.N,,(K) = {f E C,(K) I f„ f * /° dµ = O} is a left. ideal in C,(K), 10 we obtain an 
inner product. epace (1-t,,"(K), <, >,,) with 1-l

1
,"(K) = C0 (K)/N,.(K) and 

< [/] '[9] >,,=LI. g' "'' 

l 
We set li / li,, =< [/], [/] >,~ fur [/] E 1-l,.°(K) and denute by 1-l"(K) the Hill>ert 
epac,., which is obtained from 1-t,,"( K) Ly c-ompletion with respect to li · 11,.-

For each arbitrary x E K we consider t.he operator'/~''' : 1-l,.°(K) --+ 1-l,.°(K) by 
T,r>([J]) = [6,. • /], V[/] E 1-t,.°(K). lt fullows that 

< '/~1•>[1], [g] >,.= f <. '/~1•>1J], [q] >,. dv(x) },. 

is a representat.ion of K, called the representatiun associated to the positive definite 
meas11re µ. 

1991 Mnthematics Subject CIW'8ilicntion. 4:-IA62, 13A6-'i, ,t:iA:-15. 
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LILIANA PAVEL 

ln 12]. F. Greenleaf and M. Moskowit.z. 11sing the theory of operotur a.lgel,1 ns. hnv, 
proved that for G a sec-ond rnunt.nble locally compad gru11p, '/"(,,) is cyrlir (when• I' 
is an arbitrary posit.iw definite mea1mre on G). They ha.ve ubtnined the followiriµ, 
resuit, in U1e theory of W"-algebras : if .A is a lV'-alg('bra un a separable Hil11ert 
space 'H. such that there exists a sequence {{n}n C 'H. whirh is a!lllymptot.irally ryrlir, 

then there is a cyrlic vector in 1-l. By considering .A = f'/~1•> I x E G}" = Pt1 I f f: 

Cc(G)}", they have remarked by l'.1E't.t.ing {n = [cn] (where {cn}n ie the st.an<l111d 
approximate identit.y uf T) (I\)) that .A hae the µropertiee req11ired, so '/'<1•> i11 ryrl ic. 

In order t.u do the same fort.he algebra K, = {'/;1•> I x E I(}" = Pt) I J E Cr ( K)}". 
wherE" K is a ser<Jnd rountable hypergroup, Wt' first hnve to observe thill, K, is a IV' -
algebra un a separnble HillJert space. Second, by t.aking into acrount that, ::l{Un}n 
ie a count.able derrea..,ing basis of rompad neighbourhuods of e, one can construd. a 
standard type countaLle approximat.e idfc'ntity of T) ( K) (e~ = Cn, Cn E C0 ( K), Cn ~ O, 
l!rnll I = l. Sll}'P r„ C (Tn ), lt is easily SN"n that. (/ * f'.n - /) .. (f „ f!n - n· conwrges 
to O in the indudive !imit t,ypolugy. The following lemma ştates the exietencE" of an 
assymptul.icnlly ryrlic st·quenre. 

Lemma. Let. {l,.} .. C 1-l,,(K). ~ .. o= [t·,.]. Then, V(. E 1-l,,(K). t.here exist the 
upernturs { ;\,. }n C K. s11rh thnt 

With the nl,o\"P, wr havP j11~tifif'd that. like in t.he group ca!<e, the next resuit holds: 
Thcorem. L„t 11 b':' an:v pusit.ive definite meo1mre un n 11eco11d cuuntable hyper

gro11p. Tlwn, t he n~su,iat!'J H·prPsPnt ol ion 'f'(,,) hn~ a ,yrlir vertor. 
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NEW RESULTS 0N PARETO EFFICIENCY IN SEPARATID LOCALLY CDNEX SPACFS 

Vasile PoatolicJ 
Romanian Academy of Scientista 
Bacilu State Univeraity 
Department ofMathematical Sciencea 

This reaearch paper is devotecl to recent reaulta on Pareto efficiency 
in Hausdorff locally convex spaces,that ia,in the fraaework vector apacaa 
with unlcnown geometries.Firstly,we preaent general new propertiea lihich 
illustrate i.nmediate links between Strong Optimiution and Vector Optiaiaation 
and a dual characterization.Afterwards we offer pertinent e:xanelea and 
significant rernarks on su~rnormal canea and ve preaent our m&1n reaulta 
conceming recent propertles of efficient pointa uaing (weak) supernonal 
cones and (weak) completeness instead of canpectneaa.Finally,ve gi'III acae 
considerations concerning the best approximation sina.iltaneowi and vectorial 
in H-locally convex spaces as particular casea ofgeneral vectorial 
optimization problems. 
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GENERALIZED BERNSTEIN OPERATORS ANO LIPSCHITZ 
CLASSES 

I. Rafia, T. Vladielav 

For some generalized Bernstein operators B„ there exist& c = c(o) :::: 1 such tha1 

n :::: I. 

Recent resuite of this type have been obtained by Y.Y. Feng [l) and F. Chen [2), [3). 
Particularly important for applications is the ca.se when the operators B„ are 

associated to an Altomare projection and when c = l; this cil8e hu been investigated 
by the authors [4). 

We sliall present some results in this context, related to th08e contained in [1]··[4]. 
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Fspaccs v~xt.c,,:icls onlonnc~ ~ţi:~(a,.'>Wlt la C<!ndiţi~m_ ~( :) 
ţ~~ i~~n_,~ ~ ţ:?!i~)f) 

par Timoflc Vlnd-Tcodor, Univeuite de Rucarest 

Dans Ct.~t exposc, on rresente des conditions en pre,;ence de lesqudhtlll, 1111 

cspnce vectoriel ordonne, muni d'une topologie lineaire et vcrifiant la condition de 
Riesz, sotisfnit au,;si l'ax.iomc de Cantor. 

Dcfinitions 

Soit X un cspace voctoricl ordonnc et Y un wus - ensemhle de X . Alor1: 
l. Pour w1e topologie line~11re,: sur X , Y satisfait la condition: 

J .C(i:) o Chaque suite generalisce monotone, (o)-homee dt'. Y, admet 11.11e 

SOIL<;-SUÎ1e gencralisee 't~nvergenlc en Y. 

2.<\,(i:) w Chaque suite monotone, (o)-homee de Y • admct une wus
suite 1-,:onveq~entc en Y. 
ll. Pour tel x lopologies lincaires sur X ,Y sa1isfa1t la cond1tion: 

1. C(t,'X,) .:.:> Chaque suite g~nl•ralii,:ec rnonotonl.!, (o)- homt'e el t-Cauchy 
de Y, admel lUW sous-suite gencrahsee X - convergt>llll~ CIi y 

2. C's{t,X) .:-:- Clwquc suii,' monotone, (o)- honll;c ct t-Caud,y de Y, 
admet une sous-suite x - conv,•rgente cn Y 

:meori:me_L 
Soit X un cspacc vcdoriel ordonne . mw1i d'u.ne topologic linc11irc Hausdorff 

't et verifia.nt unc des hypothcscs suivanks . 
1. X+ s.atisfait la oondition q,:). 

2. X; est sufli!Wlte, X; c X' el X.. salisfait la condition C.\o,o) 

(o et.anl lu topologic faihle sw X). 
3. X: est suJfo,untc el d1aque (o) - sci;mcnl de X csl faihlcmcnl compttcl. 

AJors: X salisfait la condition de Ricsz o X satisfait la wndition (C) 

TI1coremc 2. 

Soit X un espace vccloriel cmlonnc, nmni d"w1c topologic lincaire Hausdorff 't, 
d'm1e fonctionelle rcelc strictcmcnt croissante sur X. ct ,·crifiant W\I! des 
hypothcses SUIV:Lllll\S: 

I. X, satisfait la ~011d1lion Cs ( t) 

2. X; est suflisaute, X: c X' d X, sat1sla1l la co11d1lion Cs(a,Ci). 

3 X~ est suflisantc el chnquc t_o) -segment de X est scqucnticl faihkrncnt

cornpacl. 
Alors: X satisfait la wndition de Hiesz -.--:· X sa11sfait la ..::onclit10n (C) 
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Thcorcmc 1. 

Soit X un espnce vectoriel or<lonne, muni d'une topologie lineairc Hausdorff t, 
albncttant une base t-bomee d'clemcnts positifs et verifinnt une des hypothoses 
s111vanles: 

l. X: est suffillante et X.. ~tisfHit la c.onclihon C8(t,o) . 

2 X+ su.tisfait la condition C11('t,t). 
Alors: X satisfait la condition de Riesz 6 X satisfait la condition (C) . 

Ţhe_oreme 4. 

Soit X un esp11ce vectoriel dirige, muni d'une topologie loouement oonvexe et 
V t un esp1u:e localement convexe, V+ satisfaiBBnt la condition C(t) et X verifitmt 
une des hypothcscs suivMtcs : 

1. X est tonnele. 
2. X est infratonnele et satisfait la condition (S). 
1. X est (o) -infratonnclc. 
4. X est b:irille (voir la note). 

Alors: L (X.Y) snlisfail la condition de Ries7. (::> .t (X,Y) satw'a.it la oondition (C). 

Soit X un espace vectoriel dirige, mwti d'une topologie locaJemont convexa,: et 
verifiant w1c des hypothescs suivantes: 

1. X csl tonncle. 
2. X est mfratonnele ct satisfait la condition (S). 
J. X est (o) -infratonnele. 
4. X est bariile. 
5. X; salisl:til la conuilion C(o",0°) (0°=0()( ,X)). 

6. X: c~t muni J'une fondionclle rcde strictemcnt croi1SCU1te tur (X:), et 
snti-;foit la comlition C\(o•,o°). 

7. X est foihkmt:nt scharnhlc ct X; sutisfoit la c.ondition C1(c,,o"). 

8. X ad.mel un clement nxial el X sntisfait la condition C8(o·,a). 
9. X admct wi clement axial, X; est suffisMte et satbfait la condition c,(µ•,aj 

(µ·"'µ(X; ,X l est la topologic ~ Mackcy sur X ). 
o 

1 O . .Y. "<D, X; est suJlisantc ct sntistait la oondition c„or,0°) (P" ==POC: ,)C) 
est lil topologie forte sur X). 

Alors: X ; satisfait la comlilion de Ricsz o X; satisfftit la condition (C). 

Note. X est bariile C..'-Chaque so11,;-enscmble barille W(i.e. W est ahflorbant, 
baJance, convexe ct conticnt le (o)-scgrnent (o,x] pour chaque clement x de W) de 
X c11t un voisinuge de l'uribr:ine cn X. 
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INEQUALITIES C)F HORN ANI) KY FAN TYPE 

~ICOLAE TIŢA 
"Trano;ilvanb1" Univer:o;ltJ of Braso\' 

Depnriment of Mathematlcs 

lfTfL(H) is compact,where H is a 1teparable Hilbcrt space, are well 

known the inequalitiei: 

(a) f:.. s.(S+T) '= Î. ( 110(S) + ~(T )) , k=l,2,3, ... 
( I 

(b) Î s.(ST) ~ i_ su(S) . ,;a(T) 
I 1 

(~(f) = Â..,._ (IT)\ L\.,) is the sequence of thc eigenvalues of (lT .. ) \: 

convenient ordered). 

Since so(T) coincides with a..(T)=inf { li T- K 11 : K, L(f I). dim K < n } 

we remnrk that the abovc re~ults can be extcnde<l to ru1 operator TE L(X) 

where X is a Banach space. 

Now are well kno\lrll the inequalities : 

... ... 
(ll) 2. tlu (S+Th 2~(1ti. (S)➔ Rn(T)), k=l.2.3. 

\ I 

(ll )'!_ a..(ST) .c:: 2 i Ila (S) a.. (T) 
1 ' 
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lf the following we consider (X.•· n) a normed Abelian group end let 

S be a subgroup of X. On S we consider Rn other norm 11-11" 

For alt f, X , thc functions E (t,f) ere def med BI follows: 

E(t,f):=inf\ • f :-811 : g E: S, • gt < t 1. h. R ... 

Remark. lf X=L (H) end S=FL (H) (the 11et of all finite rank 

.. 
operetors. li Th=dimn, 

E (n.n = a. (T), where T c:; L(H). 

Proposition 1. The fW1ction, E (t,f) verify the inequalities: 
d. a( 

(a-) S E(t.f1+ti)dt~ 2 ~ (E(t.f1)+E(t.f1))dt, at'-R+. 
o o 

If (X, 11.11) is a normcd ring; S is a subring AJtd l[f1 f2 W <lf1•-nf2\\; #• 
~ 

li d1gJ\'E max ( 11g11i",,;g.z1~
1
it results: 

Proposition 2. The ti.mctions E( t,f) verify the inequalities : 
,:I... ,{ 

lb.) ~ E(t, f,-C) dt ~ 2 ~ E(t, f1)• E (t, f2) dt, ~ ~ R +. 

l' 0 ~ 4 4 t 
Let he AM lX) =t f '= X : ( ~ (t'T - f E(t. t)) lt}1 <-J Thi, is en 

o I 
. . . .,..,l.l î)Î 

approx1mat1011 space, qua.fi1-11ormcd by 11ţ11~,{l~ (e 'l-ttt,ţ))n- , oe~,- ,o.:i<-· 

Lct B: X x X ~ X he a hiliniar 1md how1ded operator. 

ll is of intcrest to know if thc induced opcrntor B: A,,_q (X) x. A,,q (X)""'7 

Ap.q (X) is also bow1ded. The reponses is not (for al! p,q, (o,-)). But is 

lrue that 8: A
0
v, (X) x A019 q (X)-, Aa,.q (X) is bounded (O< q <eo ). 

I I 
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FIXED POINTS FOR MULTIVALlJF.D MJ\PPINGS 

Florica Voicu 

Let X and Y two set. A multivalued mapping ( brictly, m- mapping) 
defined an X with values in Y is a mapping T:X➔"fl(Y).We dcnote this 

mapping by T: X--o Y. 
Definition 1.Let T: X--oX he a m - mapping. 

Then by definition an element xEX is a fixed point of T if xET(x). 
We denote by Fix(T) the fixed points set. 

Definition 2. Let T:X--11 Y be a m- mapping. 
A single valued mapping s:X➔Y is called a sekction ofT if s(x)ET(x) for 
all xEX. 

We suppose that X is a complete vector lattice and Za non-cmply set. 
Considering that d:Z, Z➔X, îs a vector metric wc dcnolc hy 

cS(A):=sup { d (a,b)/ a,bEA}. AE;Ph(Z) 

o(A,B):=sup{ d (a,b) / a EA. bEB}' A,BE"fi,(Z) 

D(A,B):=inf{d(a,b)/ aEA, bEB}.A,BEfl(Z) 

H(A,B):=sup{D(a,b)/ aEA}vsup{ D(b,A)/be BI ,J\,BE ·P 1,,1(/) 

LEMMAI Let A,BE;}Jh.d(Z).Then ifq>I, lh.:n for cvcry aEJ\ thcrc exist 

bEB such that d(a.b)s qH(A,B). 
THEOREM I Let X a complete vector latticc, /.#J),scqucnt ial 

d- complete,T:Z➔;J'h.-i(Z) am -mapping, for which therc exist <tE (O. I] 

such that: 
H (T(x),T(y))S a d(x,y) for all x,y EZ. 
Then T has a fixed point. 

LEMMA 2 Let b<t> sequential d - complctc,J\E t> ~(Z). Thcn for cvcry 

xEZ and 0<q<l, there exist aEA such that: qo(x,A)~ d(x,A). 
THEOREM 2 Let X a complete vector latticc. Z;t:<ll scqucntial 

d- complete and T:Z➔'Pt{Z) am- mapping for which there exist 

a,p,yER,, a+P+y<I such that 
6(T(x),T(y))$a d(x,y)+p6(x,T(x))+y6(y,T(y)) for all x,yEZ. 
Then T has a unique fixcd point x• and f(x•),~tx•:. 
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THEOREM 3 Let X a complete vector lattice,b<!> sequential 
d- complete and T:Z➔'P b,d (Z) he m- mapping for which there exist 

a,p;ye R,,a+J}+y< 1 such that: 
H(T(x),T(y))~ a d(x,y)+l3D(x,T(x))+yD(y,T(y)) for all x,yeZ. 
Then T has at least a fixed point. 
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